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PEEFACE. 

rr^HIS memoir "On the Sub-Mechanics of the Universe" was com- 
municated to the Royal Society on February 3, 1902, for publication 
in the Philosophical Transactions ; it was read in abstract before the Society 
on February 13. It was under criticism by the referees of the Royal Society 
some five months. I was then informed by the Secretaries that it had 
been accepted for publication in full. At the same time the Secretaries 
asked me if I should be willing, on account of the size and character 
of the memoir, which seemed to demand a separate volume, to consent to 
what appeared to be an opportunity of making a substantial reduction 
in what would otherwise be the expense. The Cambridge University Press 
had already published two volumes of my Scientific Papers and were willing 
to share in the cost of publishing this as a separate volume to range 
with the other two, special copies being distributed by the Royal Society 
as in the case of the Philosophical Transactions. To this proposal I 
readily agreed. 

OSBORNE REYNOLDS. 

January 23, 1903. 
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SECTION I. 

INTRODUCTION. 

1. By this research it is shown that there is one, and only one, 
conceivable purely mechanical system capable of accounting for all the 
physical evidence, as we know it, in the Universe. 

The system is neither more nor less than an arrangement, of indefinite 
extent, of uniform spherical grains generally in normal piling so close that 
the grains cannot change their neighbours, although continually in relative 
motion with each other ; the grains being of changeless shape and size ; thus 
constituting, to a first approximation, an elastic medium with six axes of 
elasticity sjrmmetrically placed. 

The diameter of a grain, in C.G.S. units, is 

5-534 X 10-" = 0-. 
The mean relative velocities of the grains are 

6-777x10 = 0". 
The mean path of the grains is 

8-612 xlO-« = X. 

These three quantities completely define the state of the medium in 
spaces where the piling is normal ; they also define the mean density of 
the medium as compared with the density of water as 

10* = 22a 

The mean pressure in the medium, equal in all directions, is 

1172x10"=;). 

The coefficient of the transverse elasticity resulting from the gearing of 
the grains, where the piling is normal, is 

903 X 10** = n. 

The rate of propagation of the transverse wave is 

3-004 xl0^«=T or Vn/p. 

B. 1 
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The mU; of proptigatioii of the normal wave is 
7161 X 10»*=2 387xT. 

The rate of degrndation of the transverse wave.s, i.e. the clissipatian 
resulting from th** angular nKlistributioii of the entTgy, or visconity, is 

5G0:J xl ()-»« = /, 

or such as would nHjuin* fifty-six million years to reduce the total energy in 
the wave in the ratio 1/e', or to one-eighth; thus ju»counting, by nu^chanical 
consitlerations, fur tin' blackness of the sky on a clear dark night ; while the 
degradation of the normal wave. i.e. the dissifmtion rt»sulting from the linear 
redistributi<m of energy, is such that the initial energy would be reductxl 
to one-eighth in the (.S'92.S x l()~'*)th part of a second, or befon* it had 
ti-averscMl 22()0 metres ; an<l thus would account by mechanical consitlerations 
for the absiMice of any physic^il evidenci* of nonnal waves, except such 
evitlence as might be obUiined within some mt»tres of the origin i>f the 
wave ; as in the ciise of Kiintgen niys. 

2. In s|)a(vs in which there are local ine<|ualities in the medium about 
local centn»s, owing to the al^sence or pn»s(»nce of a rnimber of grains, in 
deficiency or excess of the numbtT n<HM»ssjiry to nMider th<» piling nonnal. 
such local inequalities are |H»rmanent ; and are attendi^l with inwanl or 
outwjinl displacenjents and strains, jis the ciuse may 1h\ exti»nding indefinitely 
throughout the me<lium. causing dilaUition ecjual i'Verywht»re to the stniins 
but of opp<isite sign, i.e. dilatation (Hpial to the volume of the grains, th<* 
presence or aV>sence of which cause* the i inequality. 

When the arrangement of the gmiiis ulnuit the centres is that of a nucleus 
of grains in normal piling on which grains in th** st mined n<»rmal piling n^t. 
th(* nucl<Mis in normal piling eannot gear with the grains iMitsid** in strainetl 
nonnal piling; so that there is a ningidar surfac*e of misfit In^tween the 
nucleus and the gniins in strained normal piling. 

Such singtdar surfact»M are surfaces of weakness and may be surfac€« of 
fn*<Hlom or surfaces of limittnl .stability with th<' neighlx»uring grains. 

Thene singular surfa<'es. when th^'ir limited stability is overtime, are free 
t«» maintiiin th<'ir motion through the nu*<lium, by a process of pro[Migation. 
in luiy dinM'tion ; the nundnT of gmins entering the surface on th«* one side 
U'ing exiM'tly the siun*» as the numlsT heaving on the other side; so that 
when the intMjualities are the re.sult of the al>H4ii(*e of grains they c«»m»^{)ond 
t4) the moliH^ules (»f matter. 

If the HJngular .»»urfjM*e of » negative inii|uality is prr>|iAgating through 
a huHJiuni whieh is at n\Ht. the gmins forming tin* nucleus will have no 
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motion, whatever may be the motion of the singular surface : but the strained 
normal piling, which surrounds the singular surface and moves by propa- 
gation with the singular surface, being of less density than the mean density 
of the medium, represents a displacement of the negative mass of the 
inequality, %,e. of the grains absent. And in whatever direction the singular 
surface is propagated the motion of the medium outside is such as represents 
equal and opposite momentum ; as when a bubble is rising in water. 

In exactly the same way, for inequalities resulting from an excess of 
grains, the momentum resulting from the displacement of the medium 
would be positive. 

The principal stresses in the medium outside the singular surface of 
a negative inequality are to a first approximation two equal tangential 
pressures equal in all directions; 

and a normal pressure Pr = iP> 

the mean of these pressures being everywhere the mean pressure of the 
medium p equal in all directions. 

Efforts, proportional to the inverse square of the distance, to cause two 
negative inequalities at finite distances to approach are the result of those 
components of the dilatation (taken to a first approximation only) which 
are caused by the variation of those components of the inward strain which 
cause curvature in the normal piling of the medium. The other components 
of the strain being parallel, distortions which satisfy the condition of 
geometrical similarity do not affect the effort. If the grains were inde- 
finitely small there would be no effort. Thus the diameter of a grain is 
the parameter of the effort ; and multiplying this diameter by the curvature 
of the medium and again by the mean pressure of the medium the product 
measures the intensity of the effort. 

The dilatation diminishes as the centres of the negative inequalities 
approach, and work is done by the pressure in the medium, outside the 
singular surfaces, to bring the negative inequalities together. 

The efforts to cause the negative inequalities to approach correspond, 
exactly, to gravitation, if matter represents negative mass. 

Taking the mean density of the earth as — 5 6 7, as compared with water 

(-1). 

the reciprocal of the density of the medium being tO~^. 
the mean pressure of the medium 1172 x 10'*, 
a the diameter of the grain 5534 x 10~", 

the mean radius of the earth 6%3709 x 10» ; 

1—2 
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the effort U) cause approach between the earth and a unit of matter on the 
surface (- 1) Ih the product of these quantities multiplied by 4?r/3, or 

jxrxlO-^xfivx 5 67 x 6 3709 x lO* - 9-81 x 10«. 

The inversion is thus complete. Matter is an absence of mass, and the 
effort to bring the negative inetfualiticH tijgether is also an effort on the mass 
to receile. And since the mictions are th«KSt» of positive* pressure there is no 
attraction involved ; the efforts l>eing the n\sult of th<» virtual diminution of 
the pressure inwards. 

S. If instead of the negative inequalities, as in the last article, the 
inequalities are positive, the efforts would be reverscMl, U^nding to separat^^ 
the positive ine<}ualiti(^, and the analysis would be the same, except that the 
curvature would be* negative. And it is im])ortant ti) notice that if such 
positive inequalities exist, the fact that they repel ea<»h other — i.^. they would 
tend to scatter thnnigh s[>ace — together with the evidence that the number 
of ine(|ualities either positive or negative occupy an indefinitely small space 
as comfwired to the total volume of the medium, places any importance such 
positive ine<|ualities might have on a footing of indefinitt'ly less importance 
than that of the negative ine4|ualities which are cau.siHl t4) ac(!umulati^ by 
gravitation ; and thus we have an explanation of the lack <»f evidence* of any 
positive ine^iualities, even if such exist. 

4. Besides the positive and negative inequalities there is another 
ine<iuality which may be easily conceived, and — this is of fundamental im- 
portance — whatever may be the cause, it is possible to conceive that a 
number of grains may U' n^movcKl fnmi some [losition in the otherwisi* 
uniform medium, to another position. Thus instituting a complex in- 
equality, as betwtH>ii two in«M}ualities, one positive and the other negative; 
the number of grains in excess in the one being f*xactly the same as the 
number deficient in the other. 

The complex inet}ualiti(*s diff«*r fundamentally fn>m the gravitating 
inequalities, inasmuch as the fonner involve an al)S4ilut<* displact»ment of 
mass while the latter have no effect on the mean p<jsition of the luam 
in the medium; and in n^siK^ct of involving absolutt* displacement of mass 
the complex intN|ualiti(»s corn*sp<md with electricity. 

Apart fn*m the disphicement of miiss the complex inequalities differ 
from the gravitating ine(|ualities. In the ct>mplex ine(|ualities the |iara- 
metiT of the dilatation is not the diameU'r of a grain but one half the 
linear dimension (»f the volume oc*cupied by the grains displaceti, taken 
as spherical. 

The effort Ut n»vert in the cas«» of the complex incNpiality is the pmduct 
of the prettiun* multiplie<l by the pnMiuct <»f the volumes of the |Kisitive 
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and negative inequalities and again by the parameter r^. This is ex- 
pressed when the positive and negative inequalities are at finite distance 
apart by 

R being essentially negative and the dimensions of the effort (—-ft) are 
mltr* which express an effort to the displacement of mass. 

The complex inequality which corresponds to the separation of the 
positive and negative inequalities is one displacement, not two. This 
fact admits of no question and might have been recognised long ago had 
it not been for the general assumption that positive electricity repels 
positive electricity, the fact being that the apparent repulsion of the positive 
electricities is the result of their respective efforts to approach their re- 
spective negative inequalities. By the assumption it became apparently 
possible to express the potential F, and the electricity q as rational quantities, 
when, as it now appears, the potential V and the electricity q are re- 
spectively — (- e^)^ - and (— e^)*, which arc both irrational. Their product 
being the rational quantity 

1' 
r ' 

which, differentiated with respect to the distance, is 
and the mechanical explanation of these is, 
and for the effort to revert, we have 

Kt)'^-* 

Then for the electrostatic unit we have, since r = l, and /2 = — 1, 

and from the known value of j7 the number of grains displace<l through 
unit distance necessary to cause the unit effort is 

1-615 X 10«, 

and To = 6*493 xlO~', from which we have the ratio of the effort to reinstate 
the normal piling, to the effort of gravitation, from the same number of 
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grains absent in t'jvch ine(|uality i\h are displaced in the complex inecpiality, 
the distances being the same, 

12 xlO» 

S4) that the effort of attniction lH»tw<»en two ine<|nalitieH, the grains absent 
about each of which is the same iis the gniins displac*ed in instituting the 
complex ineipiality, is eighty-one thousand billions less than that of the 
electric effort. 

6. Coht'sion l>etween tht' singular surfa<M's of the negjitive inequalitit*?^ 
n»8ults from the U*rms which were not Uikvu into account in the first approxi- 
mation which corres|)ond to gravitation. These sc»condairy ti»rms involve 
the inverse* distance to the sixth jxiwer, and then;fore have a very short 
range, and so corresponcl to efforts of cohesion of the singular surfact»s as 
well as surfiu'e tensions having no rffect unless the singular surfaces, or 
molecules, are within a disUmce very small co!n|>ared with the diameter 
of the singular surface. 

6. Traiisversi» undulations in the me<lium, corres| Hauling to the waves 
of light, are instituted by tht* disruptive reversion of the complex in- 
equalities. The recoil sets up a vibnition which is exhausted in initiating 
light. 

7. Thus far the sketch t»f the results has inclucU^I only thtjse for which 
then* exists sutKcient evidence t<» lulmit of detiniti* quantitative analysis. 
Nevertheless these quantiUitive results show that the granular nuHlium, 
as aln»aily detiiie<l. iu*(*ounts by pun?ly mechaniail consid(*rati(»ns for the 
evidenc(\ and affonls the tmly purely m<H*hanical explanation possible. If 
then the substructure of the universe is nu^chanical, all the <'videmv. not 
already adduce^!, is such as may be lurcounted for by an extension of the 
analysis, and this is foumi to be the C2i.se. 

The results of the further analysis affoni pnH>f : — 

Of the existence of coincidence l)etween the ptTitnls of vibration of 
the moleiMiles and the periisls of the waves; 

that diswKnation of eom]M>und molecules proves the pn*vious state t4> 
have been one of limite<l stability; 

that the n*aM.H4>ciation of c< mi pound molecules n^sults from the roveniion 
of complex molecules; 

of the al>s«irption of the energy of light by inc^ipndities ; 

that negative inei{ualitieii affect the waves itassing through ; 
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that refraction is caused by the vibration of inequalities having the 
same periods as the waves; 

that dispersion results from the greater number of coincidences as 
the waves get shorter ; 

that the polarization by reflection is caused only by that component 
of the transverse motion in the medium which is in the plane of 
incidence and results from the passage of the light from a space 
without, or with few, inequalities, through a surface into a space 
in which there are more inequalities; 

that the metallic reflection results from the relative smallness of the 
dimensions of the molecules compared with the length of the 
wave and the closeness of their piling when the waves pass from 
a space without inecjualities across the surface beyond which the 
inequalities are in closest order ; 

that the aberration of light results from the absence of any appreciable 
resistance to the motion of the medium when passing through 
matter. 

8. It may be somewhat out of the usual course to describe the results 
of a research before any account has been given of the method by which 
these results have been obtained ; but in this case the foregoing sketch 
of the purely mechanical explanation of the physical evidence in the universe 
by the granular medium has seemed the only introduction possible, and 
even so it is not with any idea that this introduction can afford any pre- 
liminary insight as to the methods by which these results have been 
obtained. 

Certain steps, as it now appears, were taken for objects quite apart 
from any idea that they would be steps towanls the mechanical solution 
of the problem of the universe. 

The first of these steps was taken with the object of finding a mechanical 
explanation of the sudden change in the rate of flow of the gas in the tube 
of a boiler when the velocity reached a certain limit — perhaps this would 
be better described as a step towards a step*. 

The second step was the discovery of the thermal transpiration of 
gas together with the analytical proof of the dimensional properties of 
matter f. 

The third step was the discovery of the criterion of the two manners 
of motion of fluids^. 

• Manchester Lit. and Phil. Soc. 1874—5, p. 7. 
t Royal Soc. Phil. Trant. 1879. 
X Royal Soc, Phil. Tran$. 1883. 
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Au(l it was only on tjiking the fourth step, namely, the study of th«* 
action of wind, which revealed dilatancy as the ruling property of all 
granular nie<lia^, which <lirected attenticm to the posnibility of a mechanical 
explanatit»n of gmviUition. In spiU' of the apparent possibility, all attempts 
to effect the necessary analysis failed at the time. 

There wjis however a fifth sti»p ; the effecting of the analysis for viscims 
fluids, and the detenu i tuition of the criterionf , which led to the recognition 
of the |Mtssibility of the analytical sepamtion of the general motion of a 
fluid int^) mean varying motion, dispbvcing momentum, and relative motion ; 
and this suggested the possibility that the medium of space might Im.* 
granular, the gniins being in relative motion and at the same time being 
subject to varying mean motion. And this has proved to be the case. 
At the s]ime time it became evident that it was not to be attacked by 
any method short of the geneml iMpuitions of a conservative system starting 
fn»m the wry first principles; and it is from such study that this purely 
mechanical account of the physical evidence has been obtained. 

• rhil. Mitij. 18H5. 

t lUtyal Hoc. Phil, Trntu. istlf,. a. 



SECTION 11. 

THE GENERAL EQUATIONS OF MOTION OF ANY ENTITY. 

9. Axiom I. Any change whatsoever in the quantity of any entity within 
a closed surface can only be effected in one or other of two distinct ways : 

(1) it may be effected by the production or destruction of the entity 
within the surface, or 

(2) by the passage of the entity across the surface. 

To express this general axiom in symbols I put; — Q for the quantity 
required to occupy unit volume, as an indefinitely small element of volume, 
SS, at any point within the surface is occupied. Q is thus the density of the 
entity at the point, and however it may vary from point to point is a single 
valued function of the position of the point : 

X{Q8S)= llJQcLcdydz is put for the quantity within a space 8 enclosed 

by the surface s at the instant considered, 

2 (oQSjS) is the quantity enclosed at a previous instant. 

2 (pQSS) is the quantity which has been produced within 8 during the 
interval, and 

2 (cQ^S) is the quantity which has crossed the surface inwards during 
the interval. 

Then 2 (QBS) = 2 (oQ^S) + 2 (pQSS) + 2 (cQBS) 

is a complete expression for the Axiom. 

Using 5 [ ] to express any change effected in the time Bt this may be 
written 

B[^mS)] = S[^(^Q88)] + B[:i{,QB8)] (1). 

And this equation (1) is the general equation of motion of any entity Jis 
founded on Axiom (I.). 

10. Oeneral eqaati(m of Continuity. 

Axiom II. When the entity considered is some particular form, or mode 
of an entity which, like matter, momentum, or energy, can neither be 
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produced or destn)ye<l, any production or dcstructiou of a particular form of 
the entity at a |>articular place an<l instant of time involves the destnictioo 
or pnxluction, at the same place and time, of an equal quantity of the aaiue 
entity in aome other form or mode. 

To express this in symbols let Q refer to the general entity without 
distinction of form or incxle and y,, (^,, &c. res|X)ctively refer to the severml 
particular fonns or modes of the entity. 

Then since 

s[i:(^y.SN)] = -si^(p(Ms + &c.)j (t\ 

whirh is a genemi expression for the law of conservation, and is the general 
equation of continuity in terms of the several distinct actions of exchange 
between the diffen.»nt modes of the entity. 

11. Tramfhnwttion o/ the EiiniUivna of Motion and continuity for a 
steady surface, 

E(|uati<ms (1) and (2) hold however large or small the s])ace »S' and the 
inti*rval ht may be and whati»ver may bi* tht» m<»tioii of the surface 8 encloftiiig 
the space »S ; for the i covers the S ( ). 

If however the surfiice 8 l)e steiwly or fixed in spiice the 5 may be covered! 
by the 2£ ( ) and the iH{ nations writU'n 

il«(ysN)] = :i[S(pysN)j + ^[S(.y&s')] c^k 

^{h(,Q,hS)]=--:L[h{,qM^'r)] (4). 

Since these expiations hold for indefinitely small s|NU*es au<l indefinitely 
hUiall intervals of time in the limit, when dor, dy, dz and dt are severally 
zero : — 

'i(iihti)^Q(Udydz (5), 

and i(S(ySN)] = ^^(y)c//rfurdyc/^ (6), 

In crises where y is not a continuous function of t the meaning of such 
diflfen^ntial et)ethcients as that in the right member of ei|uation (G) become 
uninti'lligible without further definition, and it seisms d(*sirable here to point 
out, ontv for lill, in what S4*nse tht»y are um^l in this |Ni|ier. 

12. IHscont in u ity. 

If ii is any function ai xyt and t, which is single valued at every \nnui of 
s|ittce at every instant, but which at a particular time ( is discontinuous at a 
surface which is expresiM*<l by 

♦ -^(x, y, t, 0-U. 
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Where <f> has positive values on one side of the surface and negative 
values on the other, then putting Qi for the continuously varying value of 
Q where <f> is negative and Q^ for Q where <f> is positive, Q is at all times 
expressed by the limiting value of the function 

when n is infinite*. 

For any finite value of n F i^ a. continuous function of the variables, as 
are also the derivatives of F] and substituting F for Q, the limiting values, 
when 71 is infinite, of any functions derived from F by any mathematical 
process are taken as the values of the function expressed by the same mathe- 
matical process performed on Qf, 

13. Having regard to the foregoing definition of the interpretation to 
be put upon the meaning of the differential coefficients in cases of discon- 
tinuity, the expressions obtained by equations (5) and (6) for the rates of 
convection into and production in such indefinitely small spaces may be 
treated as continuous functions of the coordinates. 

Thus taking u, v, w for the component velocities of the entity, to which 
Q refers, passing a point x, y, z, relative to the surface of the elementary 
space dxdydz at rest or in steady motion, since u, v, w are single valued at 
each point at any instant of time the convection into the space in the 
interval dt is expressed by 

dt ^^ (,Q) dxdydz = - d< j-^ («Q) + 1. (vQ) + ^ («;Q)| dxdydz ' 

or at a point the rate of change by convection is 

dt^ \ dx dy dz ) 

♦ Electricity and Magnetiim, Maxwell, § 8. 
t Electricity and Magnetism, Maxwell $ 8. 

dF_ dt dt _ n {Q j- Q^) r"*^ ilip 
<*« ~ 1 + <j»^ " (1 + e»»^)« di ' 

From which, taking it iniinite, when 4> is negative -r- =-^ , when is positive -- = ^' 

dt dt dt dt 

and when ^=0 

dF ^-"*S(«i-W 



.(7), 



dt (l + e^^f 

which is infinite, but which, integrated, from 4> negative to <p positive over an interval 51, indefi- 
nitely small, gives 
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whence substituting in equations (1) and (2) for the indefinitely small 
element dxdydz and the mdefinitely small interval of time dt, these 
become: — 

dt'^^dxdydz^dt\^^^(,Q)-^(n(i)-^^(vii)-^(wQ^dxdydz («). 

dt^{,Qddxdydz=-dt |^(,Q, + ic.)|(irrfyrf« (»). 

or at a |K)iiib thv nite of change in 

,t,(Q) = *[,(,V)- {;i(«V) + ;-,(H^) + ;l(«'«)} (10). 

^,(.Q.) = -^,(,«,+&c.) oi>. 

K(|iuiti<»n (10) expn'HHeH the rate of change in the density Q at a |)oint in 
tenns of the densities of the actions of production and convection at that 
|M>int. While i*(|uati<in (11) expresses the relation which holds betwet^n the 
densitit*M of the Si'veral actions of exchange between the different moiles 
of y. 

14. Moving Sur/iice. 

In the eipiations (5) to (11) the surfaces of the element of sjiact* (SN «»r 
djcdtfdz) are sti^wly, and in (M|uutions (.S) and (4) the cIiisihI surfacv over 
which the summation is taken is also sU*2uly — the h In'ing covertMl by the i. 

If, however, the motion (»f every |M)int of tht^ sur£u*e Ik* taken int4» aci*ount 
it is possible to sum the results of equations (7), (S), (9) over the space 
enclosed by a surfiice in any manner of continuous motion. 

Putting II, », t/» for the cMm]>onent vt»l«K*ities of the surfiux* at the point 
X, y, z, then the c*om|M»nent motions i»f tht» entity n»presenteil by Q relative 
to the surface at this point are res|)ectively 

14 — tt, a — p, u; — v\ 

and although u, v, f' an* only defini*<l at the surfiu*!?, si nee tin* motion of thin 
surface is continuous, U. r, ir nuiy Ik* taken as omtinuous function of x, y. x 
thnMigliout the t*neloHiHl s|i«u:e. Then the rate «»f t*onv(*<*ti<»n m*nie<s the 
surtiu*e is (*xpn*}%m*4l by 



i ^ ^<<^«'^'> - -\\\\L u« - «) y) + jy K" - «•) Q] 



\ ' ((M* - "•» V), djdijdz (12>. 
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The instantaneous rate of production within the surface is not altered by 
the continuous motion of the surface. Therefore equation (1) becomes 

and integrating equation (10) over the surface, the rate of change in the space 
instantaneously enclosed as by o, fixed surface is 

whence substituting in equation (13) for 
from equation (14), 

or as it may be written 

^ fdu dv dw\) .-^v 



SECTION III. 

THE GENERAL EQUATIONS OF MOTION. IN A PURELY- 
MECHANICAL-MEDIUM, OF MASS, MOMENTUM AND ENERGY. 

16. These equations arc obtained by taking Q in equations (1) to (16) to 
refer Fuccesnively to the density of nuiss, the density of the component, iu 
a particular direction, of the momentum, and the density of the energy. 

The f(»rms of the equations so obtaine<l, as well as the circumstances to 
which they are applicabhs d(»|H'nd on the definition given, respectively, to the 
three entities. 

If this definition is limited, strictly, to that affonled by the laws of motion 
as distinct from any physical or kinematical pn>iK'rties of matter, the equations 
will hv the most general possible and applicable to all mechanical systemii. 
In which case by introducing separately and step by st4*p farther definition 
of the <»ntities th<? efTect of each such definition on the fonn of the equations* 
and of the expressions for the n^sulting actions, to bt? obtaine<l by intt^gratiou 
of the e<|uations, will bi' ap|)arent ; S4» that the individual efTectn of the m»veml 
particular physical pro|H'rties of mattt»r may Ih» analysinl. While on the other 
hand if the definition is, in the first instance, anch as that on which tht* 
CM|uations of motion for fluids and elastic solids have b^M^n foumltMl the 
equations so obUiintnl will be esst*ntially th»» siime. And, although the 
signilirance «»f the sevenil expressicins in the e(| nations as relating Ut accii> 
mulation, eoiive<'tic>n and pnxluctioii will W uuin^ riearly bn»ught out they 
will at!onl no iqqxni unity f»f analysing the S4»venil eflr«»cts resulting fmni 
{Nirtieular physical definition. 

In this invt^stigiition the <ibj«^t sought, in the first instance, has Inn^n to 
n*nder the e(|uati«inh the most genenil |>oHsible. (Jidy intn»<luring rc*strictive 
definition wheii* th«* efTei't, of sueh definition, on the fonn of the expr«*ssion!i 
whieh ent«T int4> the tM|uations and <lefine the limiting cinninistAnces U» 
whieh the (N|iintions are applicable. Ik'couh^s clearly define<l. 

16. A mechanical -syst4'm implit*s the exist^-nce. in the space ttccupitni by 
the sysU^m, of an entity whieh |Hiss4*sKt»t* pnqMTties which distinguish the 
H|Mict* HO ooMipitHi fn»m that whieh is unfMH-iipitnl. If this entity includt*M 
everything that can occupy s|)ace, within the s|iac(* oc(nipie<l by the system, 
it is the m«N*hanical-nu*<lium in which thi* sptem exists. 
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The sense in which mechanical-medium is here used is uot that in which 
the term ' medium ' or * medium of space ' is generally used in mechanical- 
philosophy, nor yet that for which "matter" is used. For although that 
which is recognised as matter is the only entity included in the equations of 
motion which has the property of occupying position in space, it is found 
necessary in order to account for experience to attribute to matter properties 
extending through spaces which are not occupied by matter, and to reconcile 
such extension with the absence of any mechanical properties as belonging to 
space itself it has been recognised that there exists in space some other 
entity, besides matter, which has the property of occupying position and is 
recognised in mechanical philsophy as the medium of space or the ether. 

To the ether are attributed such mechanical properties, whatsoever these 
may be, as are necessary to account for the observed properties of matter which 
are not defined by implication in the laws of motion, as well as to account 
for all the properties extending outside the space occupied by the matter. 
This amounts to an admission that these physical or extended properties are 
not inherent in the matter nor yet in the ether, or in other words that they 
are not the properties of the entity which occupies position in space, but are 
the consequence of the mechanical actions and of the arrangement of the 
mechanical system of the Universe. 

If then everything that occupies position in space is included by definition 
in the mechanical-medium, experience affords no reason for attributing to 
such medium inherent properties other than those required by the laws of 
motion and the law of conservation of energy, and so defined, the medium is 
here designated a Purely-Mechanical-Mediuvi. 

17. The properties of a piirely-mechanical'medium necessitated by the 
laws of motion are 

(1) The property of occupying definite position in space ; 

(2) The continuity or continuance in space and time ; 

(3) The property of definite capacity for momentum, i.e. definite 
mass; 

(4) The property of receiving and communicating momentum in 
accordance with the laws of conservation of momentum and energy. 

Since the mass of any particular portion of the medium measures the 
quantity of that portion of the medium and hixs identically the same position 
in space as that portion of the medium, this mass is identified with the 
particular portion of the medium. The density of the mass at every {)oiut 
in space is thus a measure of the density of the medium at every point ; and 
the equations of motion and continuance in time and space of the mass are 
the equations of motion and continuance of the medium. 
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18. The equations of continuity of mans. 

Putting pSS 

for the capacity for momentiim or mass in the indefinitely small space &S 
and subfltituting p f(»r Q in e<|uation (2) the equation for conser\'ation of 
maAs becomes 

B[-S.(^BS)]~0 (17); 

and hy equations (1) and (17) the ecpiation of motion of mass becomes 

8[2(pSS)] = 8[S(.^&S)] (18). 

Whence for the indefinitely small element of space dxdydz and the inde- 
finitely small interval of time di it follows by e<|uati(»ns (7) that 

P's^X^t-" «■»'• 

which is the general (hj nation for density of mass or medium at a ]>(>int. 

19. Position of vuiss. 

Taking r, y, r as defining the position of the indefinitely small sU*ady 
space &r, and putting pjc, py, pz successively for Q in e4|uation (2), the e({ua- 
tions for the conservation of the position of the mass become resfiecti vely 

2[8{,^)&|] = 0. 2[8{,(py)«i.l]-0. 2[S!^,r)rf.)] = 0...(20). 

The equations for the rate of change of position of the mass within 
space over which the summation extends, become by e<|uations (1) and 
(20) 

S[S(/>x&)l = 5[2UfM:)&il]. &c..*c. (2U 

Since x, y, t are not functions of the time, it follows by Cifuation (19). 
if r, f/, z define the position of the centre of gravity of thr mai« in th«» 
steady space over which the summati(»n is taken, that 

For in a fixed space, 
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For a space moving with the mass by (15) 



dt 






dt 

+ 2 



v.. .(22a). 



whence since x is not a fiinction of t, , 

S f p -7T & J = 2 {puis), &c., &c. 

20. Before proceeding to the consideration of momentum and energy 
it will be found convenient to express certain general mathematical relations 
between the various expressions which enter into the equations for quantities 
into which p enters as a linear factor. 

When Q is put for pq, where ^ is a factor which has only one value at 
each instant for each point in mass, but which value for the point in mass 
is a function of the time, then the derivatives of discontinuous functions 
having the meaning ascribed in Art. 12, 



dt 
And since by equation (17) 



d(pQ)_d{j,p) dU) 
'^ dt f" dt ' 



.(23). 



d(pP)_r. 

dt " ' 
d(pQ)^d(^q) 

dt ^ dt 



.(24). 



Also 



and 



dQ _ dp dq 
dt~^di'^fdi' 

dLQ) 

dt 






.(25); 



whence subtracting and having regard to equation (19) 

therefore by equation (8) ^ 

d(pQ)^Jdq dq ) 

dt ''td<+''(ir+*''j ' 

Again, if Q = pq = pq\qt and Qi = p9i, Qi = pq^, by equations (26) 



(20). 



-['■ft^"£-^H*"lt-'£^M]) 



(27). 
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and putting 91 aud 9, respectively for q in equations (26) and substituting 
in the right member of the et^uations (27), 



dQ d (,Q) ^ (dQ, d (,Q,)\ (dQ, d (,0.)\\ 
di^'dt ''^'\dt' "Wl'^'^'Vdi' dt ) 



rf(.Q)^ ,d{,Q,)^d{^Q,) 



dt 



= 7 



dt 



-^'/^ df- 



.(28). 



21. In the e(|Ui\t.ion8 (25) to (28) p is subject to the condition of 
conservati4>n of niasH, equations (17) and (19). If instead of p we take p" 
as an abstraction of the density we obtain a corresponding but nuire general 
theorem, by putting 

%'-\^^t^'m^'^ <-- 

where the last ti»nn on the right expresses an arbitrary density : then 
fit " Jt ^ ' 'i* l***>. 



dt 



dt 



dO dp" „ da 
J. ='/ 3. +p .7 



dt 
d(,Q) 



dt 



it 



.(25aX 



Equating by (23a. 24a. 25a), 

Ami putting <i = ii,q, nml Q, = p"Q,. Qt = p"Q„ wo hnvo 

/f/V, d{,Q,)\ d{,^') ..fdq. <i'h , I \ 

'''(dt dt )"l"'^ dt "''P (rfi+",/;^H 

FixHii which it np|M-nrM 

'''[dt - ,U )"'Adt - dt )"'"'^ dt 
dt ''' dt ^ '' dt '''' dt 



.(26 a). 



.(27 aV 



dQdLQ) 
dt dt 



..(28a). 
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22. Momentum, 

The definition of momentum afiForded or required by the laws of motion 
is, that the momentum in any particular direction is the product of the mass 
multiplied by the rate of displacement, in the particular direction, of the 
mass in which it resides. Since at each instant mass has position and 
capj\city for momentum, and the rate of the displacement at the instant 
has magnitude and direction, momentum has position, magnitude, and 
direction. 

Taking ns before w, v, w to represent the component velocities of the 
mass passing a point at any instant, and p for the density of the mass at 
the same instant, the densities of the respective components of momentum 
are respectively 

Mx = pUy My = pVy Mz = pw. 

Substituting M^ for Q in equation (1) it becomes 

8[2(J^/^SS)] = S[2(^i^f,Sfir)]-f.2[Gif,SSf)], &c., &c (29). 

By equation (2) substituting ^Afa- for pQi, 

S[S(pilf,8fif)] = -S[2(pQ,8/S + &c.)], &c., &c (30), 

where — S[2(pQaS/S-f-&c.)] expresses the rate of destruction of momentum 
in direction x, in all other modes than that represented by Mx&S within the 
space of S, 

23. Conduction of momentwm by the mechanical medium. 

As X (M^BS) represents the sum of all the momentum in direction a; 
within the space S, there is difficulty in realising how momentum in direction 
X can be produced or destroyed in any other mode. If, as in this research, 
pSS is defined as including the total capacity for momentum within the in- 
definitely small space, SS, the production or destruction of momentum in 
direction x in any other mode than M^SS, at a point within the space SS, 
requires that momentum should have entered the space without having been 
conveyed by the motion of the mass across the surrounding space. The 
difficulty thus presented naturally raises the question as to whether such 
production or destruction is necessarily implied in the laws of motion ? — as to 
whether the entire exchanges of momentum cannot be accounted for as the 
result of convections by the moving mass ? 

That it is possible for momentum to be conveyed acrass a finite space by 
the mass within the space, and at the same time the momentum of the mass 
within the space to be zero, has long been recognised, and follows directly as 
a geometrical consequence of the fact that momentum possesses the property 
of being negative in exactly equal degree with that of being positive ; just as 
does electricity ; so that a stream of negative momentum in any direction, 

2—2 
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crossing a surface in a negative direction, has exactly the same geometrical 
significance as an equal stream of positive momentum crossing the same 
surface in a positive direction. The result being the convection by b<>th 
streams of positive momentum in the pasitive direction and negative 
momentum in the negative direction at equal rates, while the sum of the 
momenta of the masses in the two streams taken togi^ther within the space 
is zero. 

In such streams of momentum the action at a surface is» though purely 
kinematical, that of exchanr^ of momentum between the spaces on the 
opposite sides of the surfaces such (exchange procetHJing at a definite rate, 
which mte has a definite intensity at each point of the surface, and the 
direction of the juoijietitiim exchanged is the direction of the motion of the 
rtuiss at (>a4*h point. The condition that iiction and reacticm are tM|ual awl 
op|)osit4^ is thuH (•om])letely satisfied — that is to say, not only is the acticio 
one of exchange of momentum, hut it is also one of exchange of moment of 
momentum al>out every axis. Hence, where the boundary condititms of the 
medium admit of such oppositi; streams of momentum in different directions 
through the same space in the sunw inU'rval of time, i^xchanges of momentum 
in any direction across any surfju'e may bt» effecUnl while the aggn*gat<* 
momentum is zero. 

In this way, in the kinetic theory, the stresses in gas«»s at any instant are 
complet4*ly accounted for, as the; result of the convection of momentum 
convi-yf<l by the molecules amongst whirh the motion is distributed uui- 
forndy in all directions. But even in the wise of gas such c«)nvection dm** 
not at^)unt for the niaint<.*nani*<' of thu distribution of vel<>cities amongst the 
mole<»uK*s. This requires that the moh^^ules should exchange momentum, 
and such exchange as ap]H'ars by equation (13) cannot Ih» acHN>unt<'<l for as 
the result of kinetic conv4»c»tion by moving mass, but requires nuH*lianical 
action In'tween th(» mol<»cules. In the kinetic theory, tluTefon*, it is a-ssunKnl 
that *fon'es* exist U'tween the niolcH*ules, when within certjiin distanc4»> i»f 
each other, either as tht» n-snlt of varying stresses in the matt<T, oras exerU'd 
thn»u^h int^TViMiing s|Kice. 

From th<»s«' and like considerations it ap{M;ars that, t4> whatevcT exti^ni 
the tmnHmiHsion of momentum from one |>ortion of s|Kiee to ant»ther mav be 
accounUnl f<»r as tie n^sult <»f convectiMn by moving nuuss. the eommunicHtitm 
of momentum fn»m one ]>ortion of uuiss to anothtT rrqnin»s eith«T that it ho 
tnuismitte^l thmugh space (Mvupie<l by mass otherwis*- than as moving mat«» 
or that it Im* destn»ye<l in one plaiv and pnHlueisI in ant»ther. 

Unh^sH, then*fore. it is assunHHi that, while masH hits C4intinuc»uii existence 
in time and s|)ace. momentum n\u e«*HH4* to exist in one phuN* and. at the 
HjifiM* linn* rttuw int4> existeno'. in th** >jinic quantity, ut unoili«>r phuv, thai in 
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unless we accept action at a distance, and thereby preclude all further 
definition and explanation, it is necessary that the purely-mechanical- 
medium, in addition to the properties of occupying position, and having 
capacity for momentum, should have the property of transmitting or con- 
ducting momentum through the space it occtipies otherwise than by the 
convection consequent upon the motion of the mass ; and, to completely satisfy 
the condition that the direction in which the exchange is eflfected is the 
direction of the momentum exchanged, it is necessary that the direction of 
conduction should everywhere be the same as, or the opposite to, that of 
the momentum conducted — that the conduction should be by streams, real 
or imaginary streams, of real or imaginary momentum in the same direction 
as that of the momentum, just as in the case of convection, except that in 
the latter case the streams and the momentum are real ; so that if I, m, n 
refer to the direction in which h is measured, which is that of such a stream, 
of which p is the intensity, positive or negative, of the rate of exchange 
across a surface normal to h, the intensities of the rates of exchange of 
momentum, in direction A, across the surfaces yz, zx, xy are respectively 
ply pm, pn, and the intensities of the rates of exchange of the components of 
momentum, in the direction of x, y, z, respectively, are 



across yz 


pP, plm, pin. 


zx 


pml, pm\ ptnn, 


xy 


pnly pnm, pii\ 



This property of conducting momentum (on which all mechanical action 
depends), necessitated by the laws of motion as inherent in a purely- 
mechanical-medium, must be continuous in time and space if the medium 
is continuous in time and space. As possessed by the medium, therefore, 
the property diCFers from the property of strength or that of resisting stress 
possessed in various degrees by matter in respect to the limits to the 
strength, which limits depend on the physical condition of the matter and 
have no existence in the medium. This difference as regards limits, however, 
does not aflfect the correspondence, in character, between the property of 
conduction of momentum by the medium and the property of sustaining 
stress in matter. 

The magnitude of stress being nothing more nor less than a measure of 
the intensity of the flux of the component of momentum, in the direction 
of the stress across the surface on which the stress acts, if the intensity of 
stress at a point on a surface is defined to be the intensity of the flux of 
momentum conducted, as distinct from that conveyed by the motion of the 
mass across the surface, the notation used for the expression of the stresses 
in matter becomes applicable for the expression of the components of 
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iiiuiueiitum conducted, as distinct from that conveyed, iu a purely-mechanical- 
medium. Thus 

Pxx> Pyx* Ptx, Pxy, />yy. Pty* pxz* Pytf Pu, 

the expressions, ustnl by liiinkine for the component intensities of the stretM. 
in which the exchange of momentum is in the direction indicated by the 
second suffix antl is across the surface perjKjndicular to the direction indicated 
by the first suffix, may be define<i to expi-ess the intensities of the nitos of 
conduction of the comjxments of momentum in which the momentum is in 
the direction indi(Mte<i by the second suffix and is conducted in the direction 
indicated by the first suffix. 

Whence, at any instant, the nites of conduction of the comp<«ient of 
momentum from the outside into the indefiniti^ly small steady element 
dxdydz are n'S|Hrtively ex|)resse<l by the left meinl>ers of the e<|uati4His 
(30 A), 



-t 






.(30 A), 



f\$ f*y^ fz Ix'ing merely contra^^tions for the expressions in the left membiT. 

24. Since, in onier to satisfy the condition that action and reaction ai\' 
e<|ual, }vccunudatit>n of momentum in the mo<le in which it is conductiH] is 
impo.ssible, the expressions for the rate of conduction iiiU) the mass in the 
8|Mux* djcdydz must also express thi» nites at which momentum in the mtiile 
in which it is conducted, is pnMiuceil in the nuiss in the space outside the 
element and destn)ye<l witliin the element. Whence it follows that F„ &c., 
n»spt»ctively reprt»sent the rates at which the densities of the respective 
c<»m|x>nentK t»f nitnnentum, in i»ther nuKle than that of 3/,, &c., are dt^troyed 
within the elenitMit, luid as these are the only nites at which momentiiui 
within the element is tlestmye<l — 1\, &c. define the values of (^y, + &c,) in 
expiations (30), and the eipuitions of continuity of the densities of the 
n»s|K'Ctive com|>onents of momentum in a |>un'ly>miH:haniail- medium be- 
come by equation (11) 

d{ ifg) r» c •? .oiv 

dt~ ^ '* ^'' ^ ^* 



and substituting in <H|uations (29) we have by (Mpiation (10) 

''-<j['^-F,+ ;^ (,¥,). &c.. &c. (32). 

which an* the e4|uution^ of density t»f mommtum in a purely-mechauiad- 
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medium expressed in terms of general symbols expressing the separate effects 
of the distinct actions of conduction and convection. 

Substituting for F^ equations (30 a) and d(cMx)/dt from (7) we have 
the full detailed expressions for the equations of the densities of the com- 
ponents of momentum at a point 

The equations (32) and (33) are the equations of conservation of mo- 
mentum in a purely-mechanical-medium, at a point, in which the first terms 
in the brackets on the right of (33) express the rates of change by con- 
duction, and the second the rates of change by convection. 

The integrals of the right members of these equations transform into 
surface integrals, and thus they express the condition that the change of 
momentum within any space S is solely the result of the passage of 
momentum across the surfeice of S. 

25. I'he conservation of the position of momentum. 

It appears from the previous article that the condition of conservation 
of momentum requires that action and reaction should be equal and opposite, 
but this is all ; so far p„, p^^, &c. may be independent of each other, and 
there is no indication that exchange must take place in the direction of 
the momentum exchanged. This is however expressed by the equations of 
conservation of the position of momentum. 

Taking x, y, z and pw, &c. as referring to a fixed point. Then multiplying 
each of the equations (33) by a?, y, z, successively, we have 

a;-j-^ = -a? Idi^P^'^f^^^^'^ ^^v ^^'' ^^ ^^*^' 

or transforming, since x, y, z are not functions of t, 



21 (^P^) - Pxx - P^^w = - 1^ a!(p„ + puu) + &c.| 
(zpu) -p^- puw = - 1^ ^ (Pxx + puu) + &c.| 



.(35), 



dt 

d^ 
dt' 

dt 
and corresponding equations, for xpv, &c. and xpw, &c. 

The right members of these equations integrated over any space S repre- 
sent surface integrals. 

The integrals of p^^, &c. on the left of the equations represent the 
respective rates of the displacement by conduction of the respective com- 
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ponentH of nioincntum within S, while those of puu, &c. represent the rftten 
of dinplacouiunt of inomeiituni by connection within S. 

Hence what the«e C'qiiatit)nH express is that the whole rate of displace- 
ment of nionientuni in S, k>ss the internal nite of displacement, i» equal to 
the rate of dLsplacement of the momentum across the surface. 

This, it appeal's, follows directly from the ct>ndition that action and 
reaction are e<|ual — %,e. the ecjuations of motion — and implies no relation 
between the components of conduction. Such conditions however follow 
from the further condition that the direction of exchange is the direction of 
the momentum exchangetl. 

26. Consei'vatioH of moments of momentum. 
Subtracting e«{uation (35) for i/pw from that for ypv, 

= - L. U (/'x,+ uv)- yip^^^-uw)] +&c. (36); 

whence in onler that the niti* of rhange in the moment of momentum about 
the axis of x may be expressed by a surface integral we have the conditi«»n. 
as previously obtaineti (Art. 23), 

;^*»=/^r*»»"J similarly, that ;>,, = ;>,^ and yv = Px, (36 A). 

27. Boumlary Surfaces. 

The conditions at the bounding surfaces of spjices continuously occupied 
by the medium may be of two kinds, according to whether the surface 
divides the me<lium from unoccupied spiice, or sepanites two continuous 
portions of the metlium which are in contact at the surfiice. 

Taking r, s, t for distances measured from a |)oint in the surface in direc- 
tions at right angles t*) c^ach other, that in which r is meiisured being normal 
to the surface and /^, wi^, fi^, /,, rii,, w,, /,, iitf, n, for the direction cosines of 
r, 5, t respectively, then since i>«y = p^, &c., &c, 

Pm = PsJ.^ -^ Pw^i^ +/>«"/ + 2py,m,n, + 2pu»A. + 2p^,m, 
pit = PsJi" -^ /'yyWi,* + puih^ + tp^.moh 4- 2pu'hft + 2y>^,m, 
P^ '^PrJJt +yiyyi/*,fi4f 4 pu'*,'h y ;v("Vf + n,mt) 

+ P»(n/t + 0«c) + Pmw (^"'i + "^.^f ) y . . (37 ). 

Ptr - PmJtir + l^'fhmr + />„/lf ^^ + Pyt ( W*f ^r + Htmr) 

Prw «= PmJJ» * PppfUrm, + pi^h»$ -I- Pia ( ttirn, + w,.m,) 

-»- y>« (nj, + /r«.) + /'*v('r"*.+ Wr^.) 
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Where the surface separates the medium from unoccupied space the 
stresses p„ &c., are all zero at the surface, but where the surface divides two 
portions of the medium in contact, then the intensity of the flux across the 
surface at a point is the intensity of the rate at which such momentum is 
received by the one portion and lost by the other across the surface at the 
point, and by the foregoing notation jp^, jo„, prt respectively express the 
intensities of the rates of flux across the surface of the components of 
momentum in the direction in which r, «, t are respectively measured. 
These rates aie the limiting values at the surface of the respective com- 
ponents of flux within the medium on either side of the surface in the 
directions in which r, s, t are measured, and are thus the limiting values, at 
the surface, of the expressions on the right side of the equations (1). 

28. Energy. 

Although the half of the vis-viva (that is half the rate of the displace- 
ment of the momentum, or half the product of the momentum multiplied 
by the rate of displacement of the mass) now called kinetic energy, has long 
been recognised as the general measure of the mechanical-effect of mechani- 
cal-action through space, the recognition of energy as a physical entity has 
resulted from the discovery of the reversibility of actions by which 
mechanical-action produces physical eflfects, and of the linear relations which 
exist between the physical measures of the physical eflfects so produced, and 
the kinetic energy which has been expended in producing them. 

The discovery of these relations and the reversibility of the actions 
having led to the recognition of the existence in the Universe of physical 
entities which could be changed to and from the mechanical entity kinetic- 
energy, these physical entities, although not otherwise mechanically definable, 
have become recognised as modes of the general physical entity of which 
kinetic-energy Ls one mode and the only mode which is subject to strict 
mechanical definition ; and hence followed the recognition of the law of con- 
servation of energy. 

Taking pxxi &c. to have the significance ascribed to them in Art. 23, the 
intensities of the components of mechanical action — that is the intensities 
of the components of the flux of momentum, by conduction, from the 
negative to the positive side across a surface of which the direction of the 
normal is defined by /, m, n — are respectively expressed by 

PacJ' -^ Pyxftl ■\- PzxTf^, &C., &C. 

These are the expressions for the time-measures of the intensities of the 
components of mechanical action, in the directions of the perpendicular axes 
of reference, of the mass on the negative side of the surface, on the mass on 
the positive side of the surface, at a point in the surface. 
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Multiplying these time-meaKures respectively by u, v, w, the ouni|wDent 
velocities of the mass at the point, we obtain 

w (PjJ + Pf^m + Pan), &c., &c., 

which are the corresponding 8|)ace- measures of the resiMx;tive coniponeotB of 
the intensity of mechanical action at the point. 

Adding these and multiplying by 8s, the element of a closed 8urfiici% the 
integral over the surface is expressed by 

jjl("yw + VP'0 + Wju) I + («/W + t^Pyy -f M7V) ^'* + i'*Ptx + ifp^ + wpu) n] SS, 

which is the space-nieasun* of the mechanical action of the mass outaide the 
closeil surface on that within. 

This (if there are no pUR»ly physical exchanges) is by the law of conser- 
vation of energy e<]ual to the rate of change of energy in all its niodi^. 
within the surface — that is if there is no change by c*>nvection across the 
surface, which will be the case if the surface is everywhere moving with the 
maas. 

The changes of energy may be partly in kinetic-energy and partly in 
other physical modes, according to the expression which is obtained by 
transforming the equations of momentum (83) by equation (26); multiplying 
respectively by u, v, w, integrating over the surfiice and adding, the e«)uation 
liecomes, when transfonned by equation (15), taking U =u, Sic, and assuming 
the actions continuous in space and time, 



\ ^ jjjlp ( «' + "^ + M^)! ^f^'iydz 






du du du 
t'^d^^i'^'dy-^P^dz 




III' 


dv dv dv 
^P'>djc-^'*»d-y-^f'*dz 

dw dw dw 
^^P-^di^P^dy^f-dz 


^dxdydz 



"i 



\ + ("P»* + ^¥¥ + ^Pyz) ^'* [ ^^' ' (^)- 

The right nu'mU*r is here thf measun.* of mtn^lianical action over the- 
surface moving with the mass; so that the left member expresses the rate of 
change of energy, resulting from the mechanical action within the surfiioe. 
The first tenn in the left mendwr is the rate of change in kinetic energy. 
within the surface, and the second term expresses the rate of change of 
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energy in other or physical modes within the surface as resulting from the 
mechanical action on the surface. 

29. In a purely-mechanical-medium (including everything that has 
position in space and possessing 7io physical properties other than are required 
by the laws of motion) the kinetic-energy must include all the energy in the 
space over which the integration extends, hence as applied to such medium 
the second term on the left of equation (38) must be zero, however large or 
small the space over which the integration extends. Whence putting 
2A' = /j(m' + t^ + t*;') and transforming equation (38) by equation (15), the 
equation of energy for a fixed space becomes 

+ {uPyx + '^yy + '^Pyi + vE) m + (ti/>«. + Vp^y + Wp^ -f wE) 7l] dS .., (39). 

Whence since this holds whatsoever may be the size of the space en- 
closed, we have for the rate of change of the density of energy at a point, 
by differentiating the left member of equation (39) with respect to the 
limits 



dJE 

dt '' 



d 



'• - ^ {upxx + vp^ -f wpxz) - ^ i^Pyx + Wyy + Wyz) " ^ {^Pzx + ^Pzy\-W'z) 
d{uE) d(vE) d(wE) 



dx 



dy 



dz 



(40). 



30. In order to simplify the expressions N may be put for the rate at 
which density of the energy, in whatsoever mode, is produced by the 
mechanical action at any fixed point in space, and N^^ Ny, Ng for the 
densities of the energies which have been produced by the components in 
the directions in which x, y, z are measured respectively, so that 

dN^ [d . d . . d . A . . \ (41), 

dt 



'^•^"" ^-§^' |^<^^-)+|<^^^«-)+dl<"^' *^- ^^i 



and 



dJf^dN^ dN, 
dt dt dt 



y^dN, 



dt 



= 1 1 {{"■Pa+VPxy+Wxz)i+{uPyx+Vp„+tUpyi)m+iupzx+Vpty+tlfpu)n} dS 



V...(42). 



Whence substituting in equation (40) it becomes 
dE _^dN^d.„, 



.(43); 
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which may be obtained from (1) and (2) together with the condition that E 
is continiiouH — and is the e(|iiation for the density of energy — in terms of 
general symbols ex|)ressing the densities of the distinct actions of conduction 
and convection at a point. 

81. The conditiuii of a purely'Viechanical'fnediuvu 

E(|uations (40) and (43) are the equations of continuity of energy- in a 
purt^ly-ineohanical-medium in which the rehition between the stresses and 
strains is continuously, that the second term in the lefl member of e4{uation 
(38) is everywhere and contiiuu)Us]y zero. Transposing the expression undc^ 
the integral in the second term in the lefl member of e^juation (t^) by (36a) 
and etjuating to zero we have 

{du dv dw (dv dw\ (dw du\ 

Then, for convenience, expri'ssing ei{uation (44) as dR/dt = 0, et|uation 
(44) defines the action in the nieditim as being purely kinematicul. 

From the definition of p^, &c., &c. as components of intensity of a Hox 
of momentum it follows geometrically that the value of the expre8Bi<»ti 
which forms the lefl member of e<|uation (44) is independent of the direction 
in which the axes are taken. Hence, if t, j, k, are measured in the directions 
of the princi}>al axes either of the rates of distortion or of the stresses at a 
|K)int p and ii, r, w are the eom|>oni'nts <>f the Vfloc'ity in these direi'tions. 
rt-s^KJctively, transforming to these axes we have by e<|uation (44); since 
either ; — 

*''^4.' "^ = 0, &e..&c.; «>r i;^ = U. &e.. c'to (45), 

dk dj 

du dv dw ^. ^ , 

''"c/, +^^^7;+''" </»=** ^•**'>- 

From these thrin.- *'on«liti<inM it ap|M>an» that no energy is tnuisfornied in 
distorting the nu^Iium. And we have im the three |MjKsible con<litions iu a 
purely-nK^chaniail-meflium 

pti — Pjj ^ Pkk == ^^ ^ whirh is the eiMidition of empty s|»u*e (44>A), 

, du dv dw ^. ^ ... 

Pu — Pjj ^ Pkk * *^l»<l / "^ / ^ / '^ ' IKTleet fluid. 

dn dv dw ^ dw dv du dw dv du ^ r . • • i- 

. + .4, =0;or .+,=. +. =. +. =0; iK'rfect rigid ity. 
di dj dt dy dz dz dx dx dy " "^ 

S2. The trans/or mat iotui of the directiufM of Oie eiiertjy, aiul aHgulaf 
redistribution. 
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Kinetic energy has direction at every point, although not a vector, and 
the equations obtained by multiplying equations (33), respectively, by u, v, w 
are, respectively, the equations of energy in the directions of x, y, z. 

For an element in a closed surface within the mass 
|,|///(pti')d^dy^^ d.rdydz 

&c., &c. 

In these equations the members on the right represent work, in the 
diiections ar, y, z, respectively, done on the surface within which the in- 
tegration extends. And as these efforts are all in the direction of a?, y 
or z, respectively, they involve no change from one direction to another. 

But the second terms on the left of each of the equations represent 
production of energy in the directions x, y, z respectively, at the expense 
of the energy in the other directions. 

It is thus shown by condition (44) — which is that the sum of these 
terms, from the three equations, is zero— that, putting ft^^, &c., &c. for the 
densities of the rates of angular dispersions at a point, from the directions 
jr, y, z respectively, these are 

dUx I du du du\ ^ » 

dt = - (P-cir + P"' d-y ^P-Tzj' '^'■' '^'- 

It is to be noticed that in a medium such that m, v, w do not represent 
the velocities of points in mass, R^ does not represent angular dispersion 
only, unless equations (44) are satisfied ; and if not so satisfied dRx/dt would 
re|>resent the work done against the apparently physical actions in the 
medium, as well as the angular dispersion. 

The analytical separation of this action is obtained by transforming the 
general ecjuation, which becomes 

dR I y . __ . .\ / a du dv dw\ 
dt 



1 ( /du dv\ /du dw\) 

'■2\P'"[dy-dlc)'-P''[d-z-d^)\ 

1 , , fdu dv dw\ 

^^-d>S} <"*>• 
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From the member on the right of equation (47) it at once appears 
that the two first tenns express angular dispersion only, while the seooiHl 
two terms express distortional motions only, which, by the conditions (45), 
are zero. 

S3. The conttntiity of the position of energy. 

Kinetic energy has position ; and hence, putting ar, y, z for the point 
at which the density of energy is K, by e<|uation (1) 

S [!£ jAV&S'l] = S ['S.UfCx)SS\] +8 [SUiS;^:) &S1], &c, &a ...(48). 

in which a?, y, z are not functions of time. And if it, y, z are put for the 
centre of energy, u, w, w for the component velocities of the surfact\ aH in 
equations (12) t4> (IG), Art. 14, we have at any instant, 

xl{ESS] =^'S.[ExSS], &c., &c (49). 

whence, differentiating with respect to time, 

'^.^{EhS\^^x'l-^[l\EiS\]^'^^[l^^^ (50) 

Then, by e<juation (15), these ec|uations become 



di 



-f ^(A'liSS). &c., &0 (51). 

Whence, for a fixe<l surface, since ii = w -= w = 0, 



V 

fir ^ 



(^ 



-0'\ 



.kc.kc (52V 



<U i(A'8.S) 

For a Hurfiioo moving every whi-n- with the mass »<> that «i = u. &<• , 
r4|uati(>ii (SI) becomes 

^^ 1 j(x - ■r)fn(,E:) SS j + S [EuBS], kc. &o. 

,n^ -^ ■ TTm\ ^•'^^^• 

or. ^^(i|(A»&S'l]-2L'^(,A')«.s[ + i(A:riS.S') (54). 

where, an in e<|iiation (42), (lifTenMitiatin^r with n«s|»»>pt t« the liiniut 

jj.(,K) " - J,^( lt„u + p^v + p„w) ♦ &r ■l-.'fce....| (5.5). 
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34. Discontinuity in the medium. 

It is to be noticed that the expressions in equations (37) to (55) are 
adapted to the cases in which the medium is continuous, so that for the 
complete expression of the actions where the medium is continuous within 
closed surfaces, only, it is necessary to express the conditions at the bounding 
surfaces by using the expressions in equations (37). 

These complete expressions might very properly be introduced at this 
stage. But as the necessity for the definite use of these does not arise 
until a much later stage in this research, and then arises in a comparatively 
simple case which has already been much studied in some of its aspects, 
it is convenient to proceed as if the medium were continuous until this 
stage is reached. See equation (132), Section IX. 



SECTION IV. 

THE EQUATIONS OF CONTINUITY FOR COMPONENT 
SY8TEM8 OF MOTION. 

36. Coinpoiu'iit HyHtoin.H may Ik* diHtingiUHhcd by definition of their com- 
ponent velocities or thrir den.sity. 

By a comjxinent Hyst^'in of motion distinguinhcfi by velocity is here 
underntootl a system of m<»ti(»n, howsoever defincMl, in which the veUxrity at 
any |K>int is not ntK?es.s4irily the velocity of the maiss at that |K>int either in 
direction or maf^itude. 

Taking, as before, w, r, w, to express the components of the actual 
velocitii^s of the mtiss at the |)oint x, y, z and time t, and p for the dennity 
of the mass, and m", v\ w" as expn»8sing the com|N)nentA, with respect to the 
same axes, of the velocity of a component system, then* exist at each point 
the residual comjKments 

ti'=M — m", v=v — v\ w' = w — w" (56). 

The sums of th«'S«' com|M>nents w" -f m'. &c. satisfy the expiations (!W) 
S«»ction III., anti thr following (ipiation. for the n^sulUint syst^^^m. and if one 
of thes«» sysUins is subject to any tIeHnition, actual «»r conditional, the 
etpiation for the resulUmt system becomes the equation for the residual 
sysU^m. 

It is a very general m<ah<Ki in mechanical analysis to separate the motion 
of the mass at ejich |)oint into two com|M»nent syst<'ms. whenever the cc»n«li- 
tioUM an* such that the ind«»penilence of these systems is obviou.s. As, ft>r 
instamv, th«' moti(»n of the mass at c*ach |)oint at any insUmt is considered 
as consisting of the moti<»n of the centre of gravity of the whole maMS at 
thf instant togithfr with another c«»mi)ont'nt systi'm which is the m(»tion at 
the |)oint n*lativi' to tlu' motion of the centre of gravity. But such inst^inces 
havf hith(*rt4i In^^n conniderfMl as d<'p<*nding on special theorems, and do not 
ap|M*ar to havr suggested] the stutly of the mt'tluMi which they involve as a 
gi-iM-nd MystiMii of analysis a|Miri fn»m the I'xinU'nct* of conditions which 
riMidiT tin* rom|xiiM*iit Myst«*ms ft^niplftcly indr|K'ndt'nt. 
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Taking -* , &c., Sec. 

as arbitrary expressions for these defined rates of increase and multiplying 
by p we have as the equations of continuity for the components of momentum 
pu'\ &c., &c. by equation (28) Section III. 

^' = J,(X') + 4/X). &C.. &e (5H). 

and again by the equations for the resultant system 

^^(/>u' + pu') = J^(^u" + e^u')+/'.. &c, &c (59). 

Subtracting equation (58) we have for the other system 

'^' = j,(^«') + ^.-p j^(,«"). &c. &c (60). 



It thus appears that 



P^(ptO» &c., &c., 



express rates of transformation of density of momentum from the component 
system pu' to the system pu", &c., &c., conse<juent on the geometrical conditioDs 
by which u\ v'\ w" are defined. 

The arbitrary rates of increase of density of momentum represented by 
these transformations may be considered as variations either in an arbitrar}' 
system of stresses or an arbitrary system of convections to be determined by 
the actual definition. 

(3) The e(]uationH of the component systems differ from that of the 
n^sultatit systen) on account of the expression for the transformation of 
energy to and from each of the comjwnent systems in conse(|uence of the 
definition to wliich they are subjected. The densities of each of these rat«9» 
of tmnsfonnation of energ)' are by equation (28), putting u" for y,, &c. 
respectively, the sums of the products of the densities of the component 
ratios of transformation of momentum to the particular component systems 
{(i^u'jdt, kc.) respectively multiplicHl by the component velocity (t«", tsc) of 
the same system. 

Thus expressing the density of energy so tnmsformed at a point an 
py(A" ), &c.. rt'SjH'ctively, since there is no transformation of mass, 

^ ' \ (CU 
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From these equations it will be seen, at once, that the sum of the trans- 
formations to the two component systems is not necessarily zero or that the 
transformation is not wholly between E" and E\ 

(4) The equations of energy for the component systems differ in form 
from that of the resultant system in consequence of the fact that the sum of 
the densities of the energies of the component systems, at a point, is not 
equal to the density of energy of the resultant system at that point, 
or that : 

ip(t/« + t;» + tt;«) \ 

= hp W^ + ^"' + ^"' + «*'' + v'' + m;'' + 2 (v:'u' + v'v + w"w)] (62). 

whence fy{E ^ E'' ^ E') - p {xd'u' + vV + w' V) 

Whence it appears that the transformation of energy is not simply 
between the systems E'' and E\ but also between each of these and the 
system (w'V + &c.); so that besides the equations of energy of the component 
systems there is the equation of energy of the residual system to be 
considered. 

The density of the rate of transformation to the residual systi^m is by 
definition equal in value and opposite in sign to the sum of the rates of 
transformation to the energies of the component systems 



■(s<*")+a<«'))' 



Another expression for the transformation to the residual syHtem in 
obtained by multiplying each of the rates of trauHformation of component 
of momentum to the component system, by the corresponding corn{Xjnc5nt of 
velocity of the other system and adding, as in equations (28). 

The density of the rate of production into residual energy may Imj 
obtained in the same way by equation (28); then by equations (10) we obtain 
expressions for 

p^f^{E-E"-E'),,nAi{p'u"). 

(5) In the equation of motion for the renultant HyHtem of motion in a 
purely-mechanical-medium, d(R)jdi, the density of the mUi at whi^^h outsrffy 
is produced in other modes than E, is dedut^l hh /4:ro; and ht*um th« 
expression for this ptx)duction disappears from the e^juation of t$tmr^(y. It 
does not however follow as a ge^mietrical cdmnyi^nimoAi that i\u^ vi%\mmi^unm 
for d(R)/di and d(R — R)-dt, obtainefJ from the <5^jij«tiorm of riioiiMtntiim by 
equation (28), are respectively zero. But it (liM^ follow that whaf/<^v<tr iU^mt* 
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values may be, they are pure abstractions resulting from the deBnition of 
the systems of motion, and are therefore transferences of such energy from 
the one system to the other. Tlierefore while it is necessary to retain 
these expressions in the equations of energy for the three systems, it U 
convenient to indicate that they express a transference by a pre-suffix T as 

36. Component aystenis distinguished by distribution of mass. 

Taking, as before, p for the density of the mass at xtfst and p" for 
any defined density of mass at the same point, there exists the residual 
mass 

P=P-p" (63). 

The sum p" •\' p satisfies equations (33) Section III. for the resultant 
sjTstem, also equations (58) and (GO), Section IV., for the component systems 
distinguished by the distribution of velocity, and if p" is subjected to any 
definition, actual or conditional, the equation for the resultant density defines 
the equation for residual density of mass. 

The equations so obtained will differ in form from the equations for the 
resultant mass in one particular. 

The fact that the integrals of p' and p do not, either of them, taken by 
themselves, represent the only mass included in the space over which the 
integrals extend, entails a difference in the form of the equations from that 
of the resultant system. 

The rate of increase by convection of p" is not necessarily the only rate 
of increase, since there are possibilities of exchanges between the densities 
p and p" at the same point. 

That such exchanges must result from the definition is at once seen, for 
dp"\dt is subject to these exchanges at each point at each instant, and there- 
fore the defined rate of increase of the component density p" at a point 
moving with the mass is subject to arbitrary definition independent of the 
rate of increase of the actual density. 

Taking as in equations (24 a) Section III. 

dt dt^ dx ^ dy ^^h ^^^^ 

as the arbitrary expression for this defined rate of increase, we have the 
equation of continuity for the component density 

dp" dAp')^dAp") ,-., 



37] THE EQUATIONS OF CONTINUITY FOR COMPONENT SYSTEMS OF MOTION. 37 

And by the equation for the resultant system 

dt dt 

dp' dcp ^ dj*p" 
dt dt dt 

Then, since by equation (24), dp (pu)/dt = pdpu/dt, substituting in equation 
(32), the equation at a point for the resultant system is 



.(65). 



.(66). 



du du du du _ dpU 

dt dx dy dz dt 

Then multiplying by p" and adding u ~ — u -j^ to the left member 

and the equivalent udpp'/dt to the right member, we have for the equation 
of momentum of the defined density : 



dp''u ^ dc(p"u) __ „ dpW drp" 



dt 



dt 



dt 

^ dp{p"u) 
dt 



dt 



.(67), 



and in precisely the same manner 



dpu ^ depu _ , dp(u) ^ drp^ 



dt 



dt 



dt 

^ dp(pu) 
dt 



dt 



.(68). 



37. Component systems of motion distinguished by density and velocity. 

Again substituting m" and u successively for u in equations (67) and (68) 
we have the four equations 



dp"u" dc(p"u") _ dp(p"u") dru" ..d,p"_,r„.„ X 

~li m di f "dT"" 'dT"'*^'^"-' 

dp'u" dc(p'u")_ d,{p'u") ,dj.u"„d^p" 

i. ^ ^ n '~~ 7T ^ P t1 — »" ^ 1, 



dp"u' 4 (p"u') _ d^ (p"u') _ „ dru" . d,p" . p"F,-pF/ 



.(69), 



dt 



dt 



dt 



dt 



dt 



dpu' de(pV) dp(pV) ,dru'\,d,p' p'F^^pF:^ 



dt dt dt ^ dt " ^ dt p 

together with corresponding equations for t/\ v/\ v, w'. 

Adding the last three of equations (69) together, it appears that 
djpu- p VQ dc (pu - p''u) _ dp (pu -p^\ 
dt dt 



dt 

tP u 
■*'-dt~ 



(70), 
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whence putting M^' for p"u", Jf/ for pu— p'V, &c., Ac., we have 

^dt ir" dr"^ dT"^** dT I -J 

dMJ yjU _djM^ _ _ ,,dru'' _ .,drp'\ 

dt di ~ dt ' ' ^ dt ^ dt ) 

It is to be noticed, liowcver, that these last equations might be obtained 
by the simple definition of {pu)", ko that they do not express all the definitioo 
which results from the separate definition of p'\ ti!\ The importance of 
this appears at once on proceeding to derive the corresponding cc]uatioQfl 
of energy by multiplying the equations respectively by u" and u\ and trans* 
forming, which process since n\ v" have defined values, gives definite 
results, whereas the mere definition of the product (pu)" which leaves the 
definition of either factor incomplete would not admit of such derivation. 

38. Distribution of momentum in a component system. 

The condition impose<l by the laws of motion, jus the result of experience 
of physical actions, — that action and reaction are equal and opposite, aini 
that the exchanges of momentum take place in the direction of the 
momentum exchanged, — will not of necessity be fulfilled by an arbitrarily 
define<l component system. But should this not be so within all sensible 
spaces and times, the effects of one component system on the other will not 
accord with any physical action ; so that for purposes of analysis the general 
expression for this condition in a component system is of the firet im- 
portance. 

It has alreaiiy been shown that the first of the conditions requires that 
the integral rate of increase in etich com|>onent of momentum, in a resultant 
system, shall be a surface integral, however small may be the limits (Section III, 
Art 24). The same holds for a component system within defined limits; so 
that we must have, within such limits, 

when* so far r/„, r/^,, &c. are arbitrary. 

As in a ri*sultant system it is necessary, in onler to satisfy the seconc^ 
condition, that the integrals of the rates of incrt*ase of the moments o^^ 
momentum should be surface integrals and that this may be the case within* 
defined limits, it follows, as in Art. 26, that 



jj|j(7^-7y,)cir(/y(/z(/( = 0, &c.,&r (73). 
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which is the general condition to be satisfied by the component system /nt", &c. 
if the analysis is confined to physical properties. 

If this condition is satisfied by the system p'V, &c. it follows that since it 
is satisfied in the resultant system the same condition will be satisfied by the 
residual system pu — p''u'\ 

39. The component equations of energy of the component aystenia ds 
distinguished by density and velocity. 

Multiplying the first of equations (69) by it" and transforming by 
equations (28 a), Section III., and putting p'Ex" for p" (u'y/2, we have 



dt 



dt 



dt 



dt 



2 dt 



Also multiplying the third of equations (69) by uf and trans- 
forming (28 a) we have 

dp'^S, d,(p'%) ^ d^ip'S,) 
dt dt dt 

Then multiplying the first by u and the third by u" and 
adding, &c. 

d(p"E,) d,{p"i:,) _ d^{p"&,) drp-Wu" , ,,„ p"F , , 

"dt dt 5r~=~rf<— +''" 7-+^' 



dt 

Again, multiplying the second by u", &c. 
dp'E, d,{p'E,") dp(p'E,") ,,,dru"u"'drp', 

"dt d^ dU—=''P-W*"2 W^^ 

Multiplying the fourth by u', &c. 

dp'Sg _ dc ip'Ex') ^ dpip'Sg) 
dt 
, , dfu' u'* drp' 



dt 



dt 



="> -ar-^¥'^+">'^'+^- 



Then multiplying the second by u and the fourth by u" and 
adding, kc 



dp'E, d,(p'i:,) _ d,ip'&,) ^ drip'uu") p'u"F ^ 



dt 



dt 



dt 



dt 



See. 



^^u"^^^p'iri^--'\P^f^Uc 



dt 



dt 



.(74). 
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The first of these equations is the equation of the component sjr^ero 

Then adding together the several corresponding terms of the five 
equations following the first, wo have 

d(pE-p"E") d,{pE-p"E") d,{pE-p"E") 

dt ~ ' dt = dt ^^'*^' 

for the energy of the Hystem of momentum pu - p'V 

^>*'-''"'^">.«j-.+.*',+»*-,-'-^' ^„^ 

40. Generality of the equations for the component systems. 

Ah the actions which are respectively expressed by the several terms in the 

equations (68) to (72) (remembering ~- = "—- + ^^ *) are mechanically 

distinct, these ei|uation.s are perfectly general and may be applied to the 
analysis of any resultant system of motion existing in a purely-mechanical- 
medium, into any two component systems which are geometrically distinguish* 
able. 

The motions in the two systems are not necessarily independent but the 
effects of the one on the other are generally expressed in the equations^ 
Thus it may be that neither of the component systems is a conservative 
system, since one system may be subject to displacement of momentum bj 
and may receive energy from the other system, although they both exist in 
a purely-mechanical-medium. And it thus appears that there may exist 
a non-conservative system of motion in a purely-mechanical-medium; that 
is to say, it appears that, so fSeur as one abstract system of motion is concerned, 
a purely-mechanical-medium may be possessed of physical properties in 
con8e<|ueuce of the simultaneous existence of another system of motion. 
Thus where the only motion apparent to our senses is that of a component 
system, (the other component system being latent,) although this exists 
in a purely-mechanical-medium, the apparent system will not of necessity 
follow the laws of a conservative sptem, but is expressed by e<)uations 
involving tenns expresKing the effects of the latent system on the apparent 
s^iitem, which apparent effect* depend on certain physical properties in the 
medium. Such apparent physical properties however receive mechanical 
explanation when the complete motion of it is known ; or, on the other 
hand, the experimental determination of these properties may serve to 
define the latent component motitm so as to account, in the equations of the 
recognised system, for the terms expressing its effect; as for instance the 
poienHaL energy. 
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41. Further extension of the system of analysis. 

So .far the complete expression of the equations of motion has been 
confined to the case of two component systems of motion. But by a precisely 
similar method either of the two component systems of motion may by 
further definitions be again abstracted into two or more component systems 
of motion which in virtue of the definition are geometrically distinguishable 
from each other and from the remaining component system. 

If instead of taking u\ v\ v/' to express the defined components of the 
motion after the abstraction of the residual motion, we take 

t4"4.^- + &c., t;" + t;'" + &c., t^"+w;'" + &c. 

and for ^Q put ^Q + ^Q + e-Q + &c., for tM' put pM" + pM'" + &c., and so on 
for the other functions, expressions are obtained for the equations of as many 
component systems of motion as are distinguishable by definition. 



SECTION V. 

THK MEAN AND RELATIVE MOTIONS OF A MEDIUM. 

42. Kinemdiical definition of metin motion and relative motion. 

By the mean motion of the me<liiim is here underMtood an abcitnct 
component nystem of motion of which the mass and the componenta of thcr 
velocity respectively satisfy certain conditions as to distribution; — 

(1) The condition of continuous velocity, that the mean component 
velocities are continuous functions of x, y, z and t, however diiicontinuous^ 
the mass may be, Art. 12. 

(2) The condition of being mean velocities, that the quadniplflE 
integrals, with re8|>ect to the four variables, of the respective densities o 
the mean-components of the momentum (the components of the memcm 
velocity multiplied by the density of the ma^s at each point) taken ove^" 
spaces and times, the measures of which exceed certain defined limits, shal 1 
be the same as the corresponding integrals of respective components of th^ 
density of the resultant momentum. 

(8) The condition of momentum in space and time of the compoDeDts^ 
of momentum of mean-velocities, that the integrals of the momentuai <► 
the mean velocities taken over the same limits as in (2) shall be rcspectivei^r' 
the same as in the resultant system. 

(4) The condition of relative energj', that the quadruple int^^rmb^ 
with respect to the four variables, taken over limits, of the products of ih^ 
differences of the ri'SjH.^ctive com|)onents of the actual, or resultant, and memzm 
velocities, each multipliiHl by the density of the corresponding compotieDti^ 
of momentum of mean velocities, as defined in (2) shall be zero. 

By the ri'lative velocity of the medium is here undersUxxl the velocity 
which remains in the medium after the mean- velocity is abstracted from 
the resultant motion when this velocity satisfies certain conditions besida^ 
those entaile<l by the abstraction of the mean-velocity. 

The conditions entaiknl by the abstniction of the momentum of mean- 
veIocitiei4 are, besides the condititin (4) — 



42] THE MEAN AND RELATIVE MOTIONS OF A MEDIUM. 43 

(5) The condition of the momentum of relative- velocity, that the 
tneao densities of the components of momentum of relative velocity are zero. 

(6) The condition of distribution in space and time of the momentum 
of relative velocity, that, taken over the same limits as the mean velocity, 
the means of the products of the respective components of the momentum 
of the relative velocities multiplied by any one of the measures of the 
variables are all zero. 

The further condition that must be satisfied by the velocity left after 
ibstracting the mean motion in order that this may be relative- velocity is: 

(7) The condition of position of energy of mean and relative velocities, 
:hat the mean values of the products of relative energies, as defined in (4), 
nultiplied by measures of any one of the variables, shall be zero, or that the 
nean position of the energies of the mean-velocity, together with the energy 
>f relative-velocity, shall be the mean position in time and space of energy 
3f the resultant system. 

By the mean density of mass is here understood an abstract system of 
mass which satisfies certain conditions as to distribution. 

(8) The condition of continuous density, that the mean density is a 
continuous function of the variables. 

(9) The condition of mean density, that the quadruple integrals with 
respect to the four variables of the mean-density taken over spaces and 
times which exceed certain defined limits shall be the same as the cr>rre- 
spending integrals of the actual density. 

(10) The condition of distribution of mean-density, that mean fK/sitiorj 
in time and space of the mean-mass shall be the same as the mean [K^ition 
of the resultant mass. 

By the relative density of the medium is here understood the datihiiy 
(positive or n^;ative) which remains in the medium after the mean-density 
has been abstracted, when this residual density satisfies certain cipudiiifntM 
besides those entailed by the abstraction of the mean-density. 

The conditions entailed by the abstraction of the relative tUitmiy are; 

(11) The condition of relative density, that the mean of tiie ralAims 
iensity is zearo. 

(12) The condition of distribution of relative tttstm, tFiat lb'; \9r(nUu:i 
3f relative denstv moltiplied by the meaimre of any <ny^ (4 tb^; vuriHlAam 
baa no mean raloe vhen taken over the defii^ limitM. 

The farther ooodiwxm which hare tr> U; mluAeA \fy the ftfrkiive tUftmiiy 
of masB axe: 
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(13) The condition of momentum of relative maas, that the products 
of the components of mean velocity multiplied by the relative density of 
mass have no mean values over the defined limits. 



(14) The condition of distribution of momentum of relative 
that the products of the components of mean velocity multiplied by the 
relative density of mass and again by the measure of any one of the variables 
have no mean values over the defined limits. 

(15) The condition of energy of relative mass, that the products of 
the squares of the components of mean velocity multiplied by the relative 
density have no mean values when taken over limits. 

(16) The condition of position of energy of relative mass, that the 
products of the scjuares of the components of mean velocity multiplied by the 
relative density and again by the measure of any one of the variables have 
no mean values. 

By the mean motion of the medium is here understood the product of 
the mean-velocity multiplied by the mean density, which is also the density 
of the mean momentum. And by the relative motion of the medium is i 

understood the density of the resultant momentum less the mean mo- 
mentum. 

In the same way by the density of energy of mean-motion is understood J 

the product of the square of mean-velocity multiplied by the mean-density l 

of mass; and by the density of energy of relative motion is understood the ^ 

density of energy of resultant motion less the density of energy of mean- — 
motion. 

43. The independence of Oie mean and relative motions. 

It will be observed, that according to the foregoing definitions, in any ^ 

resultant system which consists of component systems of meim- and relative- " 

motion, satisfying all the conditions, all the motion which has any part in ^ 

the mean momentum or in the mean-moments of momentum is, by integr»- ^ 

tion, separated from the relative-motion in such a manner that the moiion ^ 

of each component system is subject to the laws of motion. Action and ' 

reaction being ei\ua\ and opp4>site and the exchanges of momentum taking ^ 

place in the din^ction of the momentum exchanged. And that the relative ^ 
motion, separated out by integration, is confined to motions of linear and 
angular dispersion of momentum the effects of which on the meau-moiion 
are such as correspond to the effect of observed physical properties of 



It also appears that all the conditions must be satisfied in the resultant 
motion in order that such Hi*{)aration may be effected. 
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44 Component systems of mean- and relative-motion are not a geo- 
metrical necessity of resultant motion. A very general process in Mechanical 
Analysis is to consider motion in a mechanical system for a definite interval 
of time as consisting, at each point of space at any instant of time, of com- 
ponent velocities which are the mean -component velocities of the whole mass 
over the whole time, together with components which are the differences 
between the actual components at the point and instant, and the mean- 
components. These systems respectively satisfy the conditions as to con- 
tinuous and mean-velocity (1) and (2). Also the condition of relative-velocity 
(5), and that of relative-energy (4), but they do not satisfy the conditions as 
to distribution of mean-momentum or any of the other conditions ; and hence 
are not mean and relative, except for particular classes of motion, in the 
sense in which these terms have been defined. 

Such component systems of constant mean-motion in a defined space and 
time are a geometrical necessity in any resultant system. And, although 
I am not aware that it has been previously noticed, it appears that con- 
sidering the number of geometrical conditions to be satisfied by the momentum 
of mean-velocity and of relative- velocity ((1), (2), (3), and as a consequence 
(5) and (6)), and the opportunities of satisfying them, the latter are suflScient 
for the former; so that every resultant system of motion existing in a defined 
space and time consists of two component systems which satisfy the con- 
ditions (1), (2), (3), (4), (5) and (6), although they do not, as a geometrical 
necessity, satisfy all the further conditions required for mean and relative 
motion as here defined. 

45. Theorem A. 

Every resultant system of motion consists of a component system of mean 
motion which satisfies all the conditions of mean-velocity (1, 2, 3), and the 
condition of relative energy (4), but not, of necessity, that of position of relative 
energy (7); together with another system which satisfies the conditions of 
relative velocity (5) and (6), hut not of necessity (7), the condition of distribu 
Hon of relative energy. 

Taking the mean- velocity at a point x, y, z at the time t within the 
defined limits, to be expressed by 

u" = A -S-ix " x) A^^ {y -y) Ay\- {z "Z) A^ + {t -t) Au &c.. &c....(77), 

where the barred symbols refer to the mean-position of the mass within the 
limits, whether time or space, thus 

ff ffxpdxdydzdt 

Iflfpdxdydzdt ' ^ ^^^^' 

the limits being assumed ; the conditions to be satisfied by the component 
velocity w" are : 
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(1),(2).(5); that 

(3). (6) 

llljxpiu - m") dydxdzdt =0, &c., &c., &c. } (79)l 

(4) 

I \\L{h - tr).n"dxdydzdt = 0. 

The last of these conditions will be identically satisfied if the otheni are 
satisfieil. Hence there are only five conditions to be satisfied, while in the 
ex|)rt»ssion for u" there are five arbitrary constants, which are determined by 

putting 

. ^m{pn)dxdydzdi 
""^ mp)d^~dydzdt ^^>' 

then integrating the four equations of position and obtaining the values of 
il«. Ay, /!,, At by elimination from the resulting equations. These values 
must be n»al since the i4,, &c. enter into the equations in the first degree 
only. The same reasoning applii^s to the component velocities r" and w" \ so 
that the first part of the theorem is proved. 

To prove the second part all that is necessary i.« to observe that the con- 
dition (7) requires that 



\\{{xp{u - u")n" dxdydzdt^O (81), 



wht'U it is at once 8CM»n that this condition is not satisfie<l as a geometrical 
cons«»*|Ufn(V (»f the definition of u\ since the terms involve pnKlucts of the 
variabks x(y- y) pA^, »&c., which do not nectssiirily vanish on integnitit»D : 
so that the second part of the theorem is prove*!. 

46. Theorem B. 

In a similar manner it appears that every resultant system of fnass 
consists of a component-system of mean-muss which satisfies all the comlitions 
(8). (9) of mean density, and the conditions of relatit*e density (11) and position 
of relative density (12). also the condition of momentum of relative mass (IS): 
but does not satisfy, of necessity, the condition of distribution of momentum, 
of relative-mass, or of mean-mass (10), (14), nor the conditions of energy if 
relative mass, ( l'*) and (Hi). 

Taking the mean -density of nuiss at x. y, z and t to be 

p"« />4-(j.-i)/), f (y-y)/>^ + (^-r)/>, + (^-0/>f (H2). 

when*, as lK*lon\ the liamd symbols ri*fer to the mean iMisitiou of niMi 
U*tween limits of time ami spiuv. And putting /». Xj, y^, io, as rvferring to 
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the mean position in time and space, not of the mass, but of the time and 
space between limits. Since the mean value of p" between limits is not the 
mean value at the centre of gravity or epoch, the conditions to be satisfied 
are: 

(8), (9). (11) 

(10). (12) [...(83). 

lillx(j> — p")dxdydzeU = 0, &c.. &c., &c. 

which five conditions determine D, Dx, Dy, D, and Dt whatever may be 
the distribution of mass, so that putting p' = p — p" the conditions (11) 
and (12), 

IJjjp'dxdydz^O ^ 



lljja;p'da;di/dz = 0, &c., Sfc., &c. 



(84) 



are satisfied. 



Again, since the constants A and D in the equations (77 and 83) for u' 
and p" are respectively the values of u'\ p\ at the mean position of mass 
respectively, and the constants A^y &c. and 2),, &c., are the differential 
coefficients of w" and p\ respectively, the equations may be written 

u'^n •\-u, &c., &c.] .-^. 

> (o«>). 

p" = p" + p', &c, &cJ 

Then multiplying the corresponding members, 

pi^ = /)V + /)V' + /)w', &c., &c (86), 

whence it appears, since the integrals of the last three terms on the right 
are by definition of necessity zero, that 

llllpudxdydzdt— llllpu''dxdyd2dt (87), 

80 that condition (13) is of necessity satisfied, which concludes the proof of 
the first part of the theorem. 

To prove the second part. Multiplying the equation respectively by ar, 

&c., then, since the integrals of xpu, &c are zero while those of w^p are not 

of necessity zero, and the expression of xpu, &c. includes the terms 

, du" 
m^p -j— , &c., it appears that the product p'V does not of necessity satisfy 

the condition of position of mean-momentum for every distribution of mass, 
which proves the second part of the theorem. 
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It has thus been proved that in order that a resultant-sjrstem of nootioo 
may satisfy the condition of consisting of a component syKtem of meaD- 
momentum which is a linear function of any one or more of the variablen 
together with a component-system of relative-motion which satisfies all the 
conditions (1) to (15), the relative motion and the relative-mass must, what- 
ever may be the mechanical cause, be subject to certain geometrical 
restrictions relative to the dimensions of the limits over which the mean 
motion is taken. With a view to studying the mechanical circumstance!) 
which cause such restrictions, where they are shown to exist by the existence 
of systems of mean and relative motion, it becomes important to generalise, 
as far as possible, the geometry of these restrictions. 

47. Oeneral conditions to he satisfied by relattve-velocity and relative- 
density. 

The general condition to be satisfied by relative- velocity is that, in 
addition to the conditions which follow from the definition of mean-velocity, 
the integrals of the products of the density of relative component ener^, 
pu'u\ multiplied by the measure of any variable, are zero, or 

/T|TrpuV(/xrfyrf^rf^==0, &c., &c.. &c (88). 

Hence as v" is a linear function of the variables these conditions will be 
satisfied if pu\ multiplied by any variable, and again by the squares of anj 
power of this variable, all vanish on integration with respect to all four 
variables, so that the general condition is at once seen to be that pu\ tc, the 
com{>onents of momentum of relative velocity, integrated between limits 
with n*spect to any two independent variables independent of the variable 
in which u" varies, must have no mean value; and in the same way for r", 
w'\ sinte v\ w" are not necessarily functions of the same one variable, in 
onler to generally satisfy the conditions pu , pv\ pw must vanish when 
inti»grated with respect to any two variablea 

Again when the previous condition of relative velocity is satisfied, it 
appears that the general condition of position of mean-momentum, 

jijjxp'u'dxdydzdt^^jjjjxpudxdydxdt, &c., &c. 

requires that the products a^p', &c. shall vanish when integrated between 
limits with respect to all four variables. Whence we have for the conditioo 
of relative mass — that the integrals of p taken between limits with respect 
to any two independent variables which are independent of the variable in 
which u" varies &c must ht* zeni. 

If both the previous conditions are satisfied it appears that the conditioos 
(15) and (l(i) will be satisfied for 

pu — p''u" ^ pu" -i- pu (89X 
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and since u" is a linear function of the variables 

(/)u-/5V')w" = /5V'« + pwV' (90), 

whence the integrals of both the terms on the right vanish by the previous 
conditions. 

And further, the conditions 

JJjJa;(/5t^-/5V')=0, &c, &c, &c (91) 

are satisfied; for by taking w" constant in equation (77), by the definition of 
tt" we have one relation between four independent variables, so that there 
are three independent variables with respect to which xi" is constant. And 
in exactly the same way there are three independent variables with respect 
to which p" is constant. Therefore \i"^ and p" are each functions of one 
independent variable only. Hence in the expressions 

xpu"^-\- xpuv!\ &c., &c., 

since v\ w" are not functions of the same variable as v!\ p'x, &c. must vanish 
when integrated with respect to any two variables, or u'\ v\ 'ai\ must be 
constant. The factors of p and pv! are each functions of two independent 
variables only, and hence these terms vanish on integration between limits 
with respect to all four variables by the previous conditions of relative density 
and relative velocity. 

Whence it appears that the general conditions, besides those which follow 
from the definitions of mean velocity and mean density, that must be 
satisfied by the momentum of relative motion and by relative density, are 
that these must have no mean values when integrated between limits with 
respect to any two independent variables independent of the variable with 
respect to which u" varies, &c. And it is only resultant systems in which 
these conditions are satisfied that strictly consist of dynamical systems of 
mean- and relative-motion. 

That these conditions can be strictly satisfied by any system within finite 
limits seems to be impossible ; as for this it would require that, in a purely 
mechanical medium, there should be, in the same space and time, two masses 
moving in opposite directions, such that at each point the density of the 
momentum of the one was equal and opposite that of the other. It is how- 
ever possible to conceive masses with equal and opposite momenta at any 
finite distance from each other, and in such cases the conditions may be con- 
ceived to be satisfied to any degree of approximation. 
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48. Continuous states of mean- and relative-motion. 

The abstract Rystems of relative velocity and relative density as defined 
in the previous article miist, as a geometrical necessity, be of an alternating 
character in respect of some of the variables, such that the respective memos 
of the positive and negative masses of relative densities, and the podlive 
and negative momentum of relative velocity, taken over the limits as to any 
two variables, balance. And as a consequence the distribution of such 
relative-masses and relative-velocities, whether regularly periodic, as in the 
case of waves of light or sound, or such as the so-called motions of agitation 
among the molecules of a gas, involves a geometrical scale of distribution 
defined by the dimensions of the variables over which the alternations 
balance. 

Such scales of relative-density and velocity, clearly, define the inferior 
limits of the spaces and times over which the resultant system can consist 
of systems of mean- and relative-motion. But there is no necessity that the 
definiHl space and time over which the system of mean-motion extends should 
be confined to the dimensions of such scales. That is to say the defined 
space and time, over which the mwin-system may be a linear function of the 
variables, may be in any degree larger than the minimum necessary for the 
satisfiu^tion of the conditions of relative-density and relative-velocity, since 
these conditions will be satisfied for the whole space if they are continuously 
satisfied in every element of dimensions defined by these conditiona 

49. Under such circumstances the expressions for the mean-motion 
admit of another interpretation, one which has already been discusse^l in a 
paper on " The Theory of Viscous Fluids*.'* 

In this expression the mean-velocity at any pc»int x, y, s, t is defined as 
the mean taken over an elementary space and time, of dimensions defined by 
the scales of the relative-velocity and density, so placed that the mean 
position of the mass within the element is defined by x, y, t, t 

Then, since by definition the relative-velocity and relative-density, mm 
defined by integration over the whole s|)ace and time, have no mean value in 
the element, the mean velocity at x, y, z, t (the mean position of maii^) 
obtainiNl by integral i<m over the element will be the same as that at the 
same |M>int obtainiHl by integration over the whole space and time, as in the 
first of e(|uations (79); and since, by detiuition, not only tlie relative density, 
but also the variations of relative density, with res|)ect to any variable, hare 
no nu*an values in the element, the mean-density at the mean puaitioo 
x» y. '* ^ obtaincMl by intvgniti<»n over the element as in iHfuations (87) will 
be th<* same aii that obtained (as in the second iH|uation (^9)) by iutegralitjti 
over the whole npticv an*! time. 

* Ropai Soc, PktL Trams. IHSM, pp. I'i^— 104. 
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It thus appears that p\ u'\ in equations (89) to (91) may be taken to 
represent the values of the mean-density and mean-velocity at a?, y, z, t, as 
defined by integrations with respect to two variables over an element having 
dimensions defined by the scales of relative-velocity and relative-density, 
so placed that the mean position of the density in space and time is at 
a?, y, z, t 

60. The instruments for analysis of mean- and relative-motion. 

It further appears that, since in the method of Arts. 43 and 44 ^l" may be 
taken to represent any entity, quantities consisting of the squares and 
products of Ut u'\ u\ Fjp may by the theorems of those articles be separated 
into mean- and relative-components which satisfy the conditions Art. 42, (1), 
(2), (3), (4), (5) and (6), respectively, the mean components being linear 
functions of the variables, and the relative components having no mean 
value when integrated with respect to any three independent variables over 
dimensions determined by the scales of relative-velocities and relative- 
density. And in the case of the quantities p\ pu\ &c., subject to the further 
definition Art. 48, but only in the case where the relative components will 
have no mean values when integrated with respect to any two independent 
variables over the same scales. But in either case, if Q expresses the density 
of any function, integrating over definite limits about any point x, y, z,t aa 
mean position of mass at that point we have 

MQdxdydzdt^^, 

jjjjdxdydVdt "^' 
and 

m(QrJ!ldxdydzdt__ 

jjjjdxdydzdt 
and putting h and k for any two variables, r \^^h 



jjjjh (Q - Q") dxdydzdt = 0, 
\\{{hk (Q - Q") dxdydzdt = 0. 



Elquations (92) are thus the general instruments of mean and relative 
analysis. 

61. Approximate systems of mean- and relative-motion. 

The interpretation of the expressions for mean- and relative-motion con- 
sidered in the last article is adapted to the consideration of systems in which 
the mean motion, taken over spaces and times which are defined by the 
scales of relative- density and relative-velocity, is everywhere approximately 
a linear function of the variables measured from the mean position and mean 

4—2 



+ &a 
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time. Thus if />" and u" are any continuous functions of the four varimbles 
X, y, X, t, taking x^y^z^U as referring to a particular point and time, then at 
any other point x, y, z, t, 

.--^■>,.-..)(f)_+fc4(.-.).(^")_ 

where the differential coefficients are all finite. Therefore as (jc — x»X Ac, 
approach zero all terms on the right except the first approximate to zero, and 
the terms of higher order which involve as factors multiples of the variables 
of degrees higher than the first become indefinitely small compared with the 
linear terms. It is therefore possible to conceive periodic or alternating 
functions of which the differential coefficients, continuous or discontinuous, 
are so much ^greater as to admit alternations to any finite number being 
included between such values of (x — Xo), &c., as would leave the terms of 
the second and higher orders indefinitely small as compared with tho0e of 
the first order, and those of the first indefinitely small as compared with the 
constant term. Therefore as long as p' and u' are finite and continuously 
varying functions of the variables it is always possible to conceive systems 
of relative-density and relative-motion which together with their differential 
coefficients satisfy the conditions of having approximately no mean values 
over the limits, and thus to any degree of approximation satisfy the con- 
ditions necessary to be relative-component systems to the mean sjrstem 
Po"tV + &<3. within the limits defined by the scale of reUtive motion. 

The method of approximation therefore consists in obtaining 
p", u", p"m", &c., &c., 
and the variations of these, Q'\ when Q is any function of 

by integrating over the element taken about x, y, t, t, as the mean position ^ 
then UHing these (|uantities as determined for x, y, z, t, to express b^ 
expansion 

p"a", &c., &c., 

for any other point within the limits of integration as in iH|uation (93111^ 
■o as to obtain the mean values of these terms in the e(|uations by intogratioi^ 
over the elements, neglecting the integrals of all t<Tms which involve wm 
(actors functions of the increments of the variables of degrec»s higher thaia 
the first : and in this way may be obtained! any necessary transformations ol* 
products of mean inef|ualitit*s and rates of variation, as 

u'dp'u* m dp'u"* — u'p"du\ &C, 
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It thus appears that the only motions neglected are those which are 
defined as small by the conditions, being of the second degree of the dimension 
of the scale of relative motion, while those retained may have any values at 
a point, and are, within the limits of approximation, linear functions of the 
variables; so that within the same limits p, pu\ &c., &c., satisfy by the 
special definition the conditions of having no mean values over the limits of 
any two variables; and generally Q' has no mean value over three independent 
variables. 

As has already been pointed out the maintenance of such a system must 
depend on the distribution and constraints, and the process of analysis 
consists in assuming such a condition to exist at any instant, and then from 
the equations of motion ascertaining what circumstances, as to distribution 
and properties of conduction, the actions of convection and transformation by 
and to the relative-motion on the variations of the mean-motions will be to 
increase or to diminish these variations of the first and second orders. 

62. Relation between the scales of mean- and relative-motion. 

From the previous article it is clear that the absolute dimensions of the 
scale of mean- motion, as determined by the comparative values of the terms 
of higher orders as compared with those of the lower, do not enter into the 
degree of approximation to which the conditions of relative-mass and 
velocity are satisfied, except as compared with the scale of the relative- 
motion. But it does appear that the degree of approximation depends on 
the comparative values of these scales. And hence it is only under circum- 
stances (whatever these may be) which maintain distributions of mass and 
velocity which admit of complete abstraction into two systems widely 
distinct as to relative scales, that systems of mean and relative motion can 
exist. 

Thus, as we have previously pointed out, it is not sufficient that the 
relative motion, or one class of motions such as the motion of the molecules of 
a gas in equilibrium, should be subject to superior limits by the scale of 
distribution. It is equally necessary that the scale of variation of mean 
motions, such as the mean motions of a gas, should be subject to superior 
limits (whatever may be the cause) which prevent the scale of these mean- 
motions approaching that of the molecules. And it is the existence of 
circumstances which secure both these effects, which is indicated by resultant 
systems which satisfy the conditions of mean- and relative-motion as defined. 

It has been already proved that the existence of component systems 
which satisfy the conditions of mean position of density and of relative 
energy, as well as those of mean-density and mean-position of momentum 
of mean -velocity, is not a geometrical necessity of the definition of mean- 
motion as is the existence of component systems which satisfy the latter 
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conditions only. Were it not so there would be no point in the analysis, for 
then the existence of such component systems would reveal no special 
circumstances as to the geometrical distribution of the medium, or the motion 
in the medium, wherean it has now been shown that the existence in such 
fiystems of mean- and relative-motion, as indicated by the observed mean- 
motion and the apparent "physical*' properties of the medium or matter. 
depends (if in a purely mechanical medium) upon circumstances which 
constrain the geometrical distribution of the motion of the medium. Thus 
the application of this metluxl of analysis alTonls a general means of studying 
the conditions of the medium, either intermediate or fundamental, which 
would admit of such relative or latent motion as is necessary to account, 
as a mechanical consequence, for the apparently physical properties of matter 
and the medium of space. 



SECTION VI. 

THE APPROXIMATE EQUATIONS OF COMPONENT SYSTEMS OF 
MEAN- AND RELATIVE-MOTION. 

63. These equations must conform to the general equations of component 
systems as expressed in the equations (61) to (76), Section IV. 

Thus if in equations (69), (70), (71), together with equations (74), (75), (76), 
p\ u" and p'u' are at any time subject to the respective definitions for meau- 
and relative-motions, these suffice, for the instant,. to determine the rates of 
transformation (as expressed by arbitrary functions) in terms of the several 
defined rates of convection and production. 

Then these rates of transformation, as expressed in the defined symbols, 
having been substituted in the equations, these equations express the 
approximate rates of change of the mean and relative component systems 
at the instant. 

These equations express, in terms of the so far defined mean and relative 
cjuantities, the initial approximate rates of change in the defined quantities 
^nd thus afford the means of studying whatever further conditions must hold 
in the distribution of the medium in order that these rates of change may 
t;«nd to maintain or increase the degree of approximation to which the 
cjonditions of mean- and relative-motion are initially subject. This study of 
^he further definition, however, must of necessity follow the complete 
expression of the initial equations, to which this section is devoted. 

64. Initial oonditions. 

The initial conditions for approximate component systems of mean- and 
:w^lative-motion, as defined in Arts. 50 and 51, Section V., define all mean 
c]uantities as continuous functions of the variables, such that within the 
limits over which the means are taken they are constant to a first approxi- 
mation, whether they are the means of density, means of velocity, or means 
of component momentum; also the means of any products or derivatives of 
products, of velocity, or density, the means of any products of mean and 
relative quantities, while the products of the relative quantities, correspond- 
ing, multiplied by the density, are such that their means taken over the same 
limits are zero. 
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Thus if Q be any term expressing increase of density of mass, Tnomentom. 
or of energy for the resultant system, or for either of the component systems 
at a point, x, y, z, t, at distance 5j?, hy, iz, S<, 

^ ijjjdxdydzdt dx L (94)^ 

Q'^Q-Qi' ) 

satisfy the conditions (1 ), (2), (3), (4), (5) and (6). Art. 42, of being respectively 
mean and relative, approximately, — that is to say Q' is, approximately, a 
linear function of the variable, and Q' has approximately no mean value 
when integrated over any three independent variables. 

Also if -gp is a derivative of any quantity 



(• 



f)"=i<^') 



.(95X 



and Q((fQ.r_d((?."Q.) Q^'dQ, 

dx dx dx 

56. The rate of transfonnation, at a point, from mean-velocity, per unU 
of mass. 

From equation (08) or the first two of e((uations (69) transforming by 
equation (19), 

du' „ du* „ du" „ d\i' 
di dx dy dz 

, du' , du' , du' rf . //v o y^^v 

The first four terms in this are all mean accelerations, while the last 
three terms on the left are such that multiplied by p have no mean values — 
are entirely relative-accelerations — whence by definition it follows that since 
du'idt is a mean -acceleration the right member must contain terms which 
exactly cancel the last thnn; terms on the right, and that these form the only 
relative terms it can contain. These terms which represent the acceleration 
at a point per unit mass, due t4) convin^tion of mean velocity by relative 
velocity, are the only tmnsformation from mean velocity at a point 

Since after abstracting these tiTms the right member remains wholly 
mean, we have 

rf-u" , du' p /rfpw'\" A*v 

dt -" ./x+^'^+ir/j ^»^^ 

66. The ntte of transfurmation at a point from relative velocity, per umii 
of maze, 

Fn>m e«|uation8(60). or the lant two of (Hjuations (69), 

dt - dt "^^'-^ dt ^^'-''' <»^>- 
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In this the term on the left is, by definition, such as has no mean value, 
hence taking a mean by equation (92), Section Y. 



'"(¥)"- Ff^^4' <'»>• 



or dividing by p" it appears that the transformation from relative-velocity to 
mean-velocity, at a point, is expressed by 



,M*^^4'*'-*^' 



.(100). 



that is the mean accelerations due to the mean convections of the relative- 
velocity by the relative-velocity, plus the mean acceleration due to con- 
duction. 

Substituting from equation (97) the expression dpu'ldt in equations (68) 
and (60), Section IV. 

67. The rates of transformation of the energy of mean-velocity. 

As already pointed out, Art. 35, Section IV. equation (61), the rates of 
transformations of energies per unit of mass, of mean-velocity and relative- 
velocity, are respectively obtained by multiplying the rates of transformation 
of mean- and relative-velocity, t^" and u\ &c., &c. respectively ; thus 

2 dt \ dx dy dz] 



- 1 'lOO* KW)(dc(^u') r 
" 2"" dt '^ p" I A""^^*} 



...(101). 



+ uu -z — h &c., &a 

68. The expressions for the rates of transformation in equations (100) 
and (101) include all the rates of transformation of component velocities, and 
of the squares and products of the component velocities of the component 
systems of mean- and relative-velocities which enter as arbitrary functions 
into the equations (69) and (74). But as is pointed out in Art. 35, Section IV. 
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any one of these quantities, the rate of increase of which is ei pro aa cd bjr 
one of the equations, may, by deBnition, be further abstracted into two 
component systems. 

The component systems of the energies of the mean- and relative-velocity 
per unit mass may, therefore, be separately abstracted into mean and relative 
component systems. And the importance of this at once appears, since the 
process of analysis is solely between the mean and relative, and while (•"f 
is mean and (m"m') is relative, (a')*, although positive, is not continuunnly 
distributed as a continuous function of the variables. 

The rate of transformation from the mean rate of increase of energy of 
relative-velocities to relative-energy of relative velocity. Adding the second 
and fifth of the e((uation8 (74) as they stand, and substituting the expression 
for the transfonnation-function from the second of e(|uations (101), we have 

1 dp (u7 ^ 1 dlifytiy-^ uF^] 

'-k4^^-?!^^4 <-^ 

Then putting 

{uy^{(Hyr-^{(uyy (i03x 

where ((m')")" is obtained after the sjunc manner as m"; putting rf(r((w'y*)") di 
for the total rate of traiisfonnation, we have as in equations (97) ami (9^). 
substituting ((«')*)" for w" and the three last terms in equations (102) for Fg 
in equations (100), since the last term has no mean values, 

-^('"''"''£+^-)" <»°*^' 

'^ i ' dt i ~~dt ""*•' ^*^*^ 

dj-u 
Then since ^ = 0, 

djiu^) _dAuy ^dr((nyr 

dt dt dt ^ '" 



z dt 2 djc 



+ F, 






...(105) 
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The expresaions for the production of mean energy of relative motion 
which form the left members of equations (104) are not transformations jfrom 
energy of mean motion only. They include the relative parts of the rates of 
convection and production of energy of relative motion which are being 
transformed to the system of relative energy. These rates of convection and 
production of relative-energy are expressed by the fii*st two terms in the 
equations (104), while the last term expresses the only rates of trans- 
formation from energy of mean-motion. 

Whence the only transformations from energy of the component mean 
motions are 

69. The rate of transformation from mean to relative energy. 
From equation (64), at a point, 

d^_d£ dj^ d^ 
dt dt"^ dx ^ dy '^ dz ^ dx '^ dy '^~dz ^^"^^' 

where the first four terms on the right are all mean, and the last three may 
be in part mean and in part relative. Hence the relative part of the 
convection of mean-density by the relative -velocity is the transformation 
to the relative density at a point, and this must form the only relative of 
the left member, and 

dt dt "^[dt J '^\ dt J ' 

Also from the last of equations (65) V (107). 

dj.p' ^dp ^ dpu" ^ dp'v" dp'w" d(e'p') 
dt dt dx dy dz dt ' 

In the last of the equations (107) the first four terms on the right are 
relative, and therefore the mean rate of transformation is 



dt dt 



.(108). 



Then adding the mean and relative parts ; since 

(dAp))" ^ jdcip")) 
dt dt ' 

and (/)m'+&c.)" = 0, 



dt dt ^^"^^- 
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60. I%e trans/omuUions for mean and relative momentum. 



We 



have <^jiP^^^p"^'.n"^J^" (i 



dt 



dt 



dt 



10). 



Then substituting from the first of equations (101) and (109), and tnui«- 
forming, 



and we have 



dAp'u") d.(p"u") [dAp'u) „)" . 

dr =--%- -^1 dt +^'} "-^ <»">• 

r(p«-pV')_d.^VO_|d._(jV)^^^j_^ ^^,,^^ 



61. The rales of transformation of mean energy of the components of 
mean- and relative-velocity. 

From equations (74), (100) and (109) we have 
1 d [Ap" («")•)] 1 d [,7»" («")'] ^ f „„ (d^puT . „ 4 ) 

2" dt i dt ^\" -dt +^"r 



1 d[rp"((uy)"] Id [Ap'iuyy] 

2 dt 2 dt 



.(un 



In the second of equations (112) it is the l&st tenn only that expreaste^ 
transformation from energy of mean motion. 

The last terms of equation (112) admit of different expression, by substi- 
tuting for 

rfe(/mT 
dt 

Its equivalent . j ^-^ + _ ^ + -^^ J , 

idp" (M^w'r dp (vu'y dp^(wuT\ 
\ dx ^ dy "^" 'ds r 



or 



and we have 



' dt 



"-1 ' d. '-^^-jjP(-) ^H-&c.}...(llS). 



also 



t- ^^iP'' .^h\' .^^PiM. 
^'^dx ^ dy ^ dz • 
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SO that by equation (95), F^' may be expressed by 



r^-^-) 



Then we have 



^>.p>.^dW^^^^_^„J^_^^ ^„^^. 

also {u'F,)" = {uF,-u"F,)" (115). 

and this may be expressed as 

Then substituting in the first of equations (112) we have for the rates 
of transformation to the energy of mean motion 



1 d[r{p "{u"n ^ \ d[A p" {n"y)-\ 

2 dt 2 dt 



{ d[u" ip" {u'u')")] , ^ J 



-|^^^2^V^ + |[p''(«'«')'' + p''«]^^-+&c.}...(U6), 

and again substituting in the second of equations (112) we have for the rates 
of transformation to the energy of relative motion 

1 d[r(p" ((«?)")] ^ _ 1 dUp"((uy )"] 

2 dt 2 dt 

- [{p"(«uT + p"«}'Jj^' + &c.] (117). 

The purpose of this transformation is easily seen on adding the equations. 
The two last terms in each equation cancel, showing that they represent 
a transformation between the rate of increase of the mean-energies of 
relative- and mean-velocities; while changing the sign of the right members 
of the resulting equation, which then represent the rate of transformation to 
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the energy of residual motion, or of relative energy, these become 
ldr[pu^-p"(ur] lrf[e7>" («')]" 



2 dt 2 dt 

_1 
2 



1 iiuipioyy]" ^ i d[u"(p"(uu)")] ^ ) 

2 dt \ dx } 



^...(118); 



and these are the exact forms in which the rate of transformation to relative* 
energy, obtained by substituting m'. (u*)", (u*)', uF for u, w", u, F respectively 
in equation (111) for relative momentum, is expressed. 

In a purely mechanical medium the last terms in these e(}uati<>ns (118) 
represent the mean rate of angular dispersion both of mean and relative 
motion of energy, an explained in Art. 32, Section III., while the integrals of 
the remaining terms are all surface integrals. It is thus seen that the rmtes 
of exchange between mean -energy and relative-energy are purely conservative 
within the limits of the approximation. 

On the other hand, the integral rates of exchange by transformatioo 
between mean-energy of mean-motion and mean-energy of relative-motion as 
expressed by the integrals of the last tc*rms of equations (116), (117) are not 
surface integrals, nor are these rates confined to angular dispersion ; so that 
they express exchanges at each point which are not expressed by a surface 
integral, and thus appear to represent those actions of the relative-motion oo 
the mean-motion the study of which is the object of the investigation. But 
this is found on closer examination not to be the case. 

62. The expressions /or tnimtformations of energy from mean to relaiire 
moiioti. 

The expressions p"(u'uy' . + Ac, which occur in the last terms of 

e<|uations (116) and (117). are simply transformation t<*rms expressing the 
mean effect of the convections of rt^lative-momentum by relative motion uo 
the energy of mean niotion, and this is the most general and most important 
transformation. 

The other transformations an» the n*sult« of conduction. These an» in- 
cludtMl in the expressions 



K-lll+H' !''-£+ H 



as they occur in tHjuations (116) and (117), but thry are not explicitly 
t*xpn*tMtHl by tht'se. Th«» first <»f thi»Hi» exprt»ssi<»ns includes the rate at whidi 
the energy of the coni|itinent of mean-motion is bi*ing incrtMised by angular 



64 ON THE SUB-MECHANICS OF THE UNIVERSE. [62 

Substituting these for [p"« J~"^^^') ^^^ (P«j"+^) as they enter 
into equations (116) and (117), these equations become 

+ r{p''(MV)'''^'U&c.1, &c., &c (IIGaX 

1 d [rp" {uuT] _ _ 1 rf [,p"{uur] ^ 1 d Up {uuyr \ dOi'p»r ^ . ) 

2 dt ' 2 'dt ^2 dt 1 dx "^^'^j 

[p" f^du dv dwy If fdu rftf'x" fdu dwyi'] 

[p'' fdu dv dwy [, ^du'V 

1 f ,, fdu' dvW' „ fdu' dwX{\ 

-I Jp"(mV)" ~| + &c. + &c.l , &c.. &c (UTa). 

In these c<{uati(>n8 the first three terms in the members on the right 
express rates of linear nMiistribution of the energj' of componenti* of motion 
of the resjiective KyMtemn, while the fourth terms express, respectively, rates 
of energy n*ct*ive<l from the othcT componentn of the same system by angular 
dispersion, and the fifth and the last terms express the direct exchanges 
between the two systems, of mean density of energy, by transformation. 

This last sUitement however is only true when, as in the case of the 
nwultant system, in a pun»ly m(H*hanical medium, th^re is no rt*silience in the 
resultant system, for the fifth term in the last e<|uation ex|)rt»tw«»« mt4*s of 
di'creaiH' of the n»silic»noe in the resultant system less that of the abstract 
resilience in the moan-system ; so that, if thi» former is not Zfro. this term. 
b(*sidi4 the oxchan^«» by transformation, i'xprt*ss4»s the total rate of increane 
of the resilifnci» of tht» n*sultant system. 

In a granular mc^lium when u, v, w are the com|>on«'nt velocities at points 
in mass, and then* is no renilience in the resultant system, the sum of the 



66 



ON THK SUB- MECHANICS OF THK UNIVKR8B. 



(66 



and the equations for the mean density of energies of relative-velocitf 
become 

1 d (/>"((«')•)"] ^ 1 d[,.{p"{ { Hy)")] 1 d[,{p({uj))r _ \ d(up^r \ 

2 dt °"^2 dt "^2 dt~ ~ \ dx ■^*-) 

- {[/>"(wVr +/W] ^ + &c,| . &c., &c (123). 

66. The eqtuUiati for defisity of relative-energy. 

Proceeding in the same manner as in ecjuations (74) and substituting the 
rate of transfonnation to relative-energy equation (118), the equation ft>r 
relative-energy of component velocities becomes 

1 d [p«» - p" («•)"] _ 1 d ^ (pn- - p" («')")] \d[, (p (u«)")] 



dt 



dt 



dt 



1 dj, (p (u')'2] ^ 1 d [ ^p((uy)r 

"^2 dt "^2" dt 



&c.. &c (124). 

67. Complete equations. 

I d[p"({u'y+(vy-k-{w"f)\ I d [^ {p" ((u")- + {vy-¥{wy)W 



dt 



~St 



V. I dx ) , 

{ +|(p' («•«')" + p.") 'J^"+&c|' 



.(I25X 
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i dt 2 dt 
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^2 dt 






.(126). 



V. I dx ) ) 

'+|(p"(«V)" + p«,")^+&c.|^ 
-. +{(p"(t»V)" + ;,^")^'+&c.| 
+ |(p"(m;V)" + p„")^^'+&c.] 

1 d [p (u' + «' + «>')- p" ((u')" + (t>y + W)] 

2 dt 

1 d [,» (p («' + 1;' + «>»)) - p" ((My + (t^r + (W)")] 

2 dt 

, l d[^(p( M' + «' + «;')")] 
■^2 dt 

,i d[Ap(u*+^+ v^Y) - {^ (p (w* + »• + «^))n 

''"2 dt 

rdKZ(!Wa^^) 

6—2 



.(127). 
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The equations (119) to (127) are the equations for mean and relative 
component systems of any resultant system in which the conditions are 
satisfied, irrespective of the medium being a purely mechanical medium ; that 
is to say, irrespective of whether or not in the resultant system (p, ti. r, w,pw 
&C.) are related to the actual, mechanical-medium, or represent the densitifs, 
motions and stresses of a component system of mean-motion of the resultant 
system. 

It has already been pointed out (Art. 52) that the absolute scale of the 
variations of the mean motion has no part in determining the degree of 
approximation, but only the relative magnitude as compared with the scale 
of variations of the relative motion. So that any component of mean-motion 
may be a resultant system if the conditions exist which ensure its satisfying 
the conditions of mean and relative motion. There is however this diflfereoce 
according to whether the unqualified symbols refer to the purely mechanical 
medium or not. If they do refer to the mechanical medium, then the last 
terms in e(}uation (124>) and the last but two in (123) represent angular 
dispersion of energy only, and the last term in equation (127) and the last 
but one in (126) are zero; if not, they represent changes of energy. 



SECTION VII. 

THE GENERAL CONDITIONS FOR THE CONTINUANCE OF COM- 
PONENT SYSTEMS OF MEAN- AND RELATIVE-MOTION. 

68. The general conditions for the existence of mean-, and relative- 
motion, as defined in Art. 47, Section V., are that the components of momen- 
tum of relative- velocity, as well as the relative density, must respectively be 
such that their integrals with respect to any two independent variables, 
taken over limits defined by the scale of relative-motion, have no mean values. 

By equation (1), Section II., it follows that for the continuance of such 
states the respective rates of increment of these quantities by all causes, 
convection and production, must satisfy the same conditions. Therefore as 
the necessary and sufficient conditions we have, that 

jQ at Jo at Jo at Jo at 

where the limit t may have any value, when integrated between the limits, 
as initially defined by the relative scales, with respect to any two indepen- 
dent variables shall be zero within the limits of approximation. 

The satisfaction of these conditious does not follow as a geometrical 
Consequence of the initial condition. 

The rate of change in the density of relative-momentum is a consequence 
of the space rates of the variation of the convections and conductions 
Existing at the instant. And initially the mean- and relative-motions are 
Subject to definition, from which, as a geometrical consequence, their varia- 
t;ioiis, in space, are also subject to definition, which although less complete 
fcas been already fully defined. Art. 45, Section V. 

It therefore follows that the general conditions to which the initial rates 
of increase, by convections and conductions, are subjected, are defined. And 
t;hi8 at once appears on considering the equations of motion for the momen- 
tum of relative-velocity, which are obtained by substituting in equations (98) 
the expressions for the rates of transformation from equations (100), Section VI. 
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In these e<|uationH, acconling to the method of approximation, all tbe 
terms in the member on the right are such as have no mean values when 
integrated over any three variables, as a geometrical consequence of the 
definition. 

It therefore appears that it does not follow as a geometrical consequence 
that 

1(P!L) &c &c 
dt ' ®^' ^'* 

should satisfy the condition of having no mean values when integrated 
with respect to any two variables, to the same degree of approximation as do 
the initial values of pu". pv\ pw'. And this applies to both rates of increment 
by convection and rates of increment by relative accelerations. 

If, then, this condition is to be continuously satisfied it must be as tbe 
result of some redistributing effects of the actions of conduction on tbe 
convections. For the rates of increase by convt»ction are a geometrical 
consequence of the initial motions which are subject to the definition as 
scale and relative-motion ; while on the other hand, the rates of increase bii 
conduction depend on the conducting pn)i>erties of the medium, as well 
on the distribution of the me<lium in space and time. 



69. The fourth pniperty of mass, nece«sitate<l by the laws of motion, \ 
that of exchanging momentum with other mass, Art 17, Section 11., aiid i 
now appears that this is the fundamental pro{K*rty on which the existeo 
of systems of mean- and relative-motion depends. 

For if there were no conduction, that is, if mass were completely pen 
trable by mass; so that two continuous masses could pass through 
other without affecting each other s motion ; then the only rates of in 
would be those by convt»ction, each point of mass pn»ser\ing its courae wit^^ ^^ 
no interruption, with constant velocity, and thfre could be no redistriba tip w^ r ww 
Hence : — 

Certain properties of conduction are necessary for the maintenance ^ 

systems of approximately mean- and relative-motion. 
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70. Notwithstanding the extremely abstract reasoning on which the 
forgoing conclusion is based it is definite. And it appears possible to carry 
this reasoning further and so obtain conclusive evidence as to what the 
general properties of conduction and the general distributions of the medium 
must be for the maintenance of the mean- and relative-systems, when the 
resultant system is purely mechanical. 

71. The general laws of conduction of momentum by a purely mechan- 
ical medium, as defined by the laws of motion, have already been deduced 
(Section III. Art. 24), and the effects of conduction in displacing momentum 
and in angular dispersion of vis viva have been proved (Section III. 
Arts. 31 — 2), and also the effect of conduction on the resilience, if any. 
However, since there is no resilience in a purely mechanical medium, 
it at once follows that the medium must be perfectly free to change its 
shape without changing its volume, or it must consist of mass or masses, 
whether infinite, finite, or indefiuitely small, each of which absolutely 
maintains its shape and volume; that is to say, each of which is a perfect 
conductor of momentum. 

Thus the class of media in which the general conducting properties 
satisfy, as a resultant system, the conditio^ of being a purely mechanical 
system is not large ; being confined to 

(1) The " perfect fluid " ; 

(2) The perfect solid ; 

(3) Perfect discontinuous solids ; 

(4) Perfect discontinuous solids with perfect fluid within their inter- 

stices. 

This class of media all satisfy the conditions for purely mechanical media 
as resultant systems. But it does not follow, as a geometrical necessity, 
that they all satisfy the conditions of consisting of mean and relative com- 
ponent systems. 

For although any medium which satisfies the conditions of consisting of 
component systems of mean and relative motion must of necessity satisfy 
tihe conditions as a resultant system, the converee of this is not a necessity. 

It therefore remains to obtain from the previous definition the further 
l^imitations imposed, as a geometrical necessity, by the conditions of consisting 
^>f component systems of approximately mean- and relative-motion. 

72. Evidence as to the properties of conduction for component systems. 
(1) From the equations (128) it appears, as already pointed out, that in 

order that 

dty &C., &C., 
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may satisfy the condition of having no mean values, when integrmted 
between the limitM of the scale, in time and space, of relative motioo. over 
any two independent variables to any defined degree of approximation, the 
time integrals of the members on the right must satisfy the same condititm. 

Whence it follows that the condition for the maintenance of the 
inequalities steady requires that the rate of increment, as expressed 
by all terms on the right, in each of the ecjuations (128), shall be such as 
has absolutely no mean value when integrated over limits, with respect 
to any two independent variables. 

This condition, although it applies only in a somewhat particular case. 
is such as must be satisfied for the maintenance of mean and relative systems 
to be general, and hence any evidence that may be derived from it must be 
perfectly general. 

To apprehend the importance of this evidence we have only to comiider, 
what has already been pointed out, that the first four terms in the right 
members in each of the e<juations (128) re<|uire, as a geometrical necenitj, 
integration between limits over three imiependent variables in order that 
they may have no mean values. Whence it follows that in order to 
maintain the ine<}ualities steadj^the fifth tenn, which expresses relative rmtes 
of increment of momentum by conduction, must be such when integrated, 
over limits, with respect to any two variables, as will exactly cancel the 
integrals of the other four terms when they are taken over the same limits 
with respect to the same two variables. 

Thus we have for a {mrticular case, which however must occur in all 
general systems consisting of component systems of mean- and relative- 
motion, an inexorable condition us to the necessjiry properties of conduction. 

It will be readily gmnte<l that the satisfaction of this condition involves 
the absolute dependence of the functions Fg\ &c., on the condition of the 
medium and its relative-motion. 

(2) Evidence as to the necessary properties of the medium is also 
obtained from the condition that the ine<)ualities must be maintained small 

The satisfaction of the condition of equality between the rates of opposite 
actions resulting from transfonnation, convection, and conduction, do^ not 
define the magnitudes of the inequalities which may be maintained, biit 
only the fact that they remain steady. 

It therefore ap)K*ars that the definitit^n of the relative values of the 
inequalities which are maintained depends on a balance of rates of institu- 
tion and di*crenient. And in order that such a balance should institute 
itself and remain steady, it is necessary that the state of the medium shall 
be such that integrals of /',', &c., taken over limits with respect to any two 
independent variables, shall be such functions of the ine4)ualities that tbey 
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but, are the means of the componeots of resultant reciprocal acoeleimtkxia 
with various degrees of divergence fi*om the direction of the previous moUoo. 

And it is thus shown that any angular redistribution of positive and 
negative components of momenta, or, which is the same thing, c»f the ru 
vioa of the component velocities, results solely from the impenetrability of 
the medium. 

74. From the foregoing reaiioning it might be inferred that the impene- 
trability of mass together with the definition of relative motion must secure 
logarithmic rates of decrement of all inequalities provided that the medium 
were sufficiently mobile. That this is not the case is however at onoe seen 
from the theory of a •* perfect fluid." 

(a) For in such media every point in mass is in complete normal coo- 
stmint by the surrounding medium, with lateral freedom. So that, while no 
point can move without affecting the motion of every other point in some 
degree, there is no lateral action. Thus the continuous finite accelerations 
do not cause finite diversions of the paths of points in mass from the 
previous directions at any point of their courses, but cause finite curvature 
of these paths. And thus the paths of adjacent points are ultimaU^ly 
parallel. There being no finite lateral deviation, there is no lateral exchange 
of momentum in the direction of motion at any point 

Whence such lateral exchange of momentum being necessary in order 
that there may be general rates of logarithmic decrement of inequalities, 
it follows that in a perfect fluid there cannot exist logarithmic rates of 
decrement of all inequalities of relative motion. 

It thus appears, since, as has already been pointed out, general logar- 
ithmic rates of decrement of all angular inequalities are necessary for the 
maintenance nf approximate systems of mean and relative motion, that 
a perfect fluid, although satisfying the condition of a purely mechanical 
medium as a resultant system, cannot satisfy, generally, the condition of 
consisting of component systems of approximately mean and relative motion. 

(6) A perfect continuous solid, that is a continuous mass which conducts 
momentum pi*rfectly, whether direct or lateral, can only move as one piece, 
and then^fore cannot consist of component systems of mean and relative 
motion. 

(c) It thus appears that of the class of media that satisfy the c«>nditioDS 
of a purely mechanical medium, neither the perfect fluid nor the perfect 
solid satisfies* the condition of consisting of con){)onent systems of approzi« 
mately mean and relative motion. And as these are the only two continuous 
media in the clam we have the conclusion : that no continuous medium cao 
satisfy the condition of consisting of component systems of mean and 
relative motion. 
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securing continued angular redistribution in direction and magnitude of the 
relative momentum of each of the perfectly conducting masses; so that any 
mean inequality in the relative motion is subjected to rates of decrement 
proportional to the inequality, and to the mean of the positive or negative 
components of relative velocity, divided by the scale of relative motion — to a 
logarithmic rate of decrement. 

(A) The evidence furnished by the necessity of the maintenance of the 
scales of relative mass and relative motion has not been drawn upon in the 
foregoing reasoning, and therefore may now be brought forward as con firming 
the conclusion already arrived at; that the only media that satisfy the 
conditions of mean and relative component systems are those which involve 
discontinuous perfectly conducting parts, since such media are the only 
media in which limits to the scales of relative mass and relative motion 
are of necessity maintained. 

76. Having thus arrived. fi)r reasons shown, at the conclusions that the 
only purely mechanical media which can consist of component systems of 
approximately mean- and relative-motion are those which consist of perfectly 
conducting members which have certain degrees of independent movement, 
and that such media of necessity satisfy the condition of securing logarith- 
mic rates of decrement of all mean inequalities in the positive or negative 
com)>onents of relative-momentum in every direction, the further anal}*sis 
may be confined to this class of media only. 

It is still a class of media and not a single medium. 

Such media may be distinguished according as the interstices between 
the grains are occupied by perfect fluid or are empty of mas.^. But this is 
by no means the only distinction. For the perfectly conducting members 
may have any shapes, and hence may include any possible kinematical 
arrangement or trains of mechanism, provideil that there is always a certain 
amount of free<lom or backlash, as it is called in mechanism; or they may 
consist of partii of any similar shape but of different sizes or of parts the 
same in size and shape, as for instance, spheres of equal size and mass. Nor 
is this all, for the relative extent of the free<lom as compared with the sin* 
of the memb<*rs may intrtMiuce fundamental distinctions in the properties 
of media consisting of similar members. 

76. This la.Ht source of distinction, arising from the relative extent of 
the free<loms as com|>ared with the dimen.Mons of the grains, being perfectly 
general however the media may otherwise be distingui.shed. is a subject for 
general treatment, the outlines of which may with advantage be drawn at 
this Htag<* from the evidence, already adduce<i, as to the conducting properties 
of the me<lia consisting of compiment systems of appn>xiinately mean- and 
relative-motion. 
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In this preliminary discussion of the eflFect of the extent of the freedoms, 
relative to the dimensions of the perfectly conducting members, the latter 
may be considered as being spherical grains of equal size and mass. 

In the first place it must be noticed that, so far, in this section, no 
account has been taken of any transformation of mass or of the displacement 
of momentum by conduction, so that the logarithmic rates of decrement 
by accelerations refer only to changes in the direction of the vis viva, leaving 
out of account the fact that there is displacement of momentum by con- 
duction at each encounter, and, thus, the reasoning, so far, does not touch 
on the possibility of redistribution of inequalities of rates of conduction 
of component momenta. 

It has, however, been shown that, owing to the fact that the directions 
of the normals at contact are independent of the directions of relative motion 
before contact, in a granular medium, there must exist rates of redistribution 
of all mean angular inequalities in vis viva of the components of relative 
motion, whatever may be the inequalities in rates of conduction of momentum 
in different directions. 

Thus far, then, for anything that has been shown in the previous reason- 
ing, the actions which determine the rates of displacement of momentum by 
conduction may be independent of any effect of the independence of the 
direction of the normals at contact, and the direction of the relative motion 
of the grains before contact, which, as shown, secures angular dispersion 
of the momentum of relative motion. 

77. In the simple case of uniform spherical grains, which may be 
conceived to be smooth, without rotation, whatever may be the relative 
paths of the grains as compared with their diameters, if the state of the 
xelative-motion is without angular inequalities, since this state is maintained 
by the continual finite exchanges of momentum lateral to their paths, the 
mean component of the aggregate momentum in an interval of time, deter- 
mined by the time scale of relative motion, must be the same in all 
directions, as also must be the aggregate component paths traversed in a 
positive direction, and also those traversed in a negative direction. 

But it in nowise follows as a necessity of complete angular dispersion of 
components of momentum, within the limits of relative motion, that the mean 
length of the component paths traversed in one direction shall be the same 
as the mean of those in another direction. 

The clear apprehension of this fact is of extreme importance, when we 
come to consider the rates of displacement by conduction of momentum ; 
this is easily seen: — 

If each grain traverses the same aggregate, positive and negative, com- 
ponent paths in the same time, but their mean component paths in one 
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direction differ from those in another, since the paths are limited bj en- 
counters, and the displacement, by conduction, of momentum in the direciioii 
of the component is the mean of the product of the diameter of the grain 
multiplied by the component of the relative momentum ; then, if the mean 
component conductions are the same in all directions, the number of the 
conductions in any tlirection must be inversely proportional td the component 
mean path in that direction. And thus the rate of displacement of momen- 
tum in any direction must be inversely proportional to the mean componeoi 
path in any direction. 

78. In onler to secure that the rates of displacement of the momentoni 
shall be approximately equal in all directions, it is not sufficient that there 
should be logarithmic rates of decrement of the mean inequalities of the 
relative components of momentum, positive or negative, but requires io 
addition that there should be logarithmic rates of decrement of mean 
inequalities in the mean component paths of the graina 

The length of the path of a grain in any direction depends only on the 
positions of the surrounding grains ; and if the mean distance between the 
grains is such that the probable length will carry its centre through several 
surfaces set out by the centres of these other grains, then, since all possible 
arrangements of the grains would be probable, all directions of the normal 
at encounter would be equally probable, whatever might be the directions of 
the paths. And hence continual encounters would lead to such distribution 
of the grains that the probable length of the path would be equal in all 
directions; and, so, there would be logarithmic rates of decrement of 
inequalities in the lengths of the mean paths in different directiona 

78 A. Evidence of the necessity of such logarithmic rates of decrement 
of inequalities in the arrangement of the mass is furnished by the eqoatioos 
of relative-inass ; in a manner similar to that furnished by the equatioiH 
of relative-motion as to the necessity of logarithmic decrement of the 
inequalities of vis viva. 

This at once appears from the equations of relative-mass (119X which 
may be expressed : 

In this e<)uation. according to the limits of approximation, the terms in 
the right member are such as have no mean values when inti'grated over the 
defined limits with respect to three inde|>endent variables. 

Therefore it do€*s not follow as a geometrical consefjuence of the definition 
of relative maKS that 

dp 

dt 



78 d] component systems of mean- and relative-motion. 79 

should satisfy the condition of having no mean value, when integrated over 
definite limits with respect to any two independent variables, to the same 
degree of approximation as do the initial values of p! ; and this applies both 
to the rates by convection and the rates by transformation. 

If then the conditions are to be continuously satisfied, it must be as the 
result of the redistributing actions on the rates of convection by the mean- 
velocity, which alone institutes inequalities. 

78 B. Inequalities in the integrals of relative mass, over defined limits, 
with respect to any two independent variables, correspond to inequalities in 
the products and moments of relative mass. And it thus appears that these 
inequalities have no connection with inequalities in the mean-mass, which is 
a mean over all four variables. 

Therefore these inequalities are inequalities in the symmetry or angular 
arrangement of the relative mass. 

This significance of the inequalities becomes apparent on multiplying 
both members of the equation of relative mass by the square of any vai'iable, 
as a^, or by the product of two variables, aa yz, and taking the mean over 
all four variables ; as 

-^--r-^^^-f^^^ a^»». 

Then if a^p' integrated over all four variables satisfies the conditions to 
any degree of approximation, the maintenance of the same degree of approxi- 
mation requires that 

^% 

should satisfy the identical conditions to the same degree of approximation. 

Hence we have the necessity, in order to maintain the inequalities 
ateady, that, whatever may be the rate of institution, resulting from distor- 
t;ional mean motions, as expressed by the first term in the right member, 
t;he rate of rearrangement resulting from the transformation expressed by 
t;he second term must be such as exactly counteracts the rate of institution. 

78 c. It thus appears, as in the case of Art. 72, that this condition of 
quality between the rates of institution and rearrangement can be satisfied 
«nly when the rate of rearrangement, as expressed by the second term, 
depends on, and is proportional to, the inequality instituted. 

78 D. From this evidence it appears that the logarithmic rate of decre- 
ment of inequalities in the mean arrangement of the grains, which has been 
shown (Art. 78a) to follow as the result of diffusion in granular media, is 
a necessity for the maintenance of systems of mean and relative motion. 
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And thus it appears that granular media may satisfy the conditioo of 
consisting of component-systems which are mean and relative in re««pect of 
conductions as well as convections. 

78 E. It also appears, and perhaps this is of greater analytical import- 
ance, that the two nites of logarithmic decrement, that of inequalities of 
vis viva, and that of rearrangement of mean inequalities in the symmetry of 
the mean arrangement of the grains, which also secures the redistributiun of 
angular inequalities in the rates of component conduction of momentum, arv 
in a measure independent and are analytically distinct 

79. The inequalities in the mean symmetrical arrangement of the mam, 
although, being the most remote, they have presented the greatest difiiculttet 
to recognition and analytical separation, are of primary importance and 
distinguish between classes of granular media. It has been shown thai 
logarithmic decrement of these ine<}ualities results from diflfuhioii among the 
graina 

79 A. It does not, however, follow that such logarithmic rates of decre- 
ment would exist when the grains were in such close order that no grain 
could break through the closed surface which might be drawn through the 
centres of its immediate neighl>ours. For then, whatever might be the 
order of arrangement of the grains, notwithstanding the existence of a certain 
extent of freedom, it could undergo no change. 

If in this last case the general state of the medium were such that the 
mean freedoms of each grain were e<)ual in all directions, so that there were 
no inequalities in the mean component paths in different directions, the 
relative- motion would be in a state of mean e<}uilibrium without inequalities 
and the rates of displacement, by conduction, would be (*qual in all directions. 

But if, from the last condition, the medium were subjected to a mean 
distortionul strain, however small, the mean component paths of the gimins 
would no longer be e<|ual in all directions ; and the rates of displacement of 
the momentum, by conduction, would be no longer ecjual in all directions* 
but would be such as tended to reinstitute the funner condition; that is 
to say, the n»arrangement of the grains within the limits of freedom wonld 
be such as to balance, not the external mean stresses by which the strains 
were bnnight ab<jut. but the stresses necessary to maintain the strain steady. 
And thus the logarithmic <lfcrement wouM not be to a state in which the 
mean {laths wen* e<}ual in all din^^tions, but t4> a state in which the in- 
<*<|ualities in the mean paths were such as to maintain the necenary 
ini*(|ualitii*s in the rates of displacement, by conduction, to secure equili- 
brium under the external str^ssi^s. 

80. It thus ap|R*ant that, while the effect of relative accelerations %a^ 
redistribute all mean ine^fualities, in the angular distribution of relativiv 
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tns vitfa, is independent of any symmetry in the mean arrangement of the 
grains, and, hence, of mean angular inequalities in the mean component 
paths of the grains, and is therefore subject to no limits. Whatever the 
relative freedoms of the grains may be, the angular redistribution of in- 
equalities in the mean component paths depends solely on the rate of 
redistribution of the mean inequalities in the symmetry of the arrange- 
ment of the grains and is subject to limits depending on the relative lengths 
of the mean component paths of the grains, taken in all directions, as com- 
pared with the diameters of the grains. 

81. It also appears that the definite limit, at which redistribution of 
the lengths of the mean paths ceases, is that state of relative freedoms 
which does not permit of the passage of the centre of any grain across the 
triangular plane surface set out by the centres of any three grains which are 
neighbours. 

This definite limiting condition obviously cortesponds to that at which all 
diffusion of the grains amongst each other ceases. 

82. It thus appears that there is a fundamental difference in media, 
otherwise similar, according to whether or not the freedoms are within or 
without this limit. 

This difference amounts to discontinuity in the media, for within the 
limit there will be no rearrangement of the grains however long a time may 
elapse or whatever the state of strain may be. While outside the limit, 
in however small a degree, any state of mean strain must ultimately be 
relaxed however long the time. 

83. The time taken for such relaxation will in some way be a function 
of the degree in which the freedoms are without the limit of no diffusion 
x^hich will range from infinity to zero, so that there are continuous degrada- 

t^ions in the properties of the media according to the degree in which the 

freedoms exceed the fundamental limit. 

84 The independence of the redistribution of relative vis viva on this 

Sundamental limit to redistribution of the arrangement of mass in media 

^x>nsisting of perfectly hard spheres, or of masses of any rigid shapes, does 

:mot appear to have formed a subject of study by those who have developed 

^he kinetic theory of gases; so that however complete this development 

:inay be with respect to limited classes of granular media which have formed 

t;he subjects of this study, the methods employed can have been applicable 

«nly to those classes of media in which the extent of the relative freedoms 

lias, in a large degree, been outside the fundamental limit of no diffusion. 

86. It seems important that the limitation imposed, by the methods of 
analysis hitherto used in the kinetic theory, on the class of media to which 
R. 6 
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that theory applies, should be distinctly pointed out here, before proceeding to 
the further analysis of the general theory. Otherwise confusion might ariw 
in the mind of any reader aa^uainted with the conclusions already accepted 
as resulting from the kinetic theory, as to the reason why, after hmving 
arrived at the general conclusion that the only media which can ooont 
of component systems of mean and relative motion belong to the clasa of 
granular media with Aome degree of freedom, which is also the cUsa of media 
to which the kinetic theory has been applied, any further analysis ahouid 
not simply follow the lines of the kinetic theory as hitherto developed ? 

This question having been anticipated by the answer which is given 
in the previous paragraph, in which it is shown that the general class of 
giunular media is subject to fundamental ditferentiation according as the 
ratio of the mean paths of the grains to the dimensions of the grains is 
within certain limits ; and that hitherto the method of the kinetic ibeorj 
has not been such as to take account of these limits, and is thus ooly 
applicable to media in which the relative paths are large as compared with 
the linear dimensions of the grains*. 

86. Besides the fundamental limit of no diffusion there is also another 
fundamental limit, which appears as soon as a finite relation between the 
paths and the linear dimensions of the grains is contemplated. This limit is 
that to which the medium approaches as the paths of the grains approach 
zero. 

If the granular medium is in a steady condition, then if the relative 
vis viva is finite there will be some extent of freedom. But for any given 
vis viva the mean paths will depend on the rates of conduction or vice vermL 
Thus it is possible that the relative mean paths may be indefinitely small as 
compared with the diameters of the grains, and the rates of conduction 
indeBnitely large. 

87. It has been shown Art. 74 (a) that a granular medium, in which the 
grains are in such arrangement that each grain is in complete constraint 
by its neighbours, cannot consist of mean and relative s^'stems of motion. 
While from the previous paragraph it appears that granular media in which 
there is finite relative-energy may approach within any approximation of 
the condition of complete constraint with their neighbours. 

88. The conclusion, as stated at the end of the last paragraph, has 
a fundamental significance. It clears the way to the recognition of the 
definite geometrical distinction betwoen the effects of redistribuiioo in 
media, otherwise similar, in which the mean paths are respectively within^ 
and without the fundamental limit of no diffusion. 

* Phil. Mof. 1860, Vol. xu. p. 19. Vol. zx. p. SL 



89] 



COMPONENT SYSTEMS OF MEAN- AND RELATIVE-MOTION. 



83 



When there is no relative motion and each grain is in complete con- 
straint with its neighbours, if there is no mean motion, it follows, at once, 
that the directions of the normals, at the points of contact, to the surfaces of 
the grains, whatever these directions may be, are undergoing no change — 
are fixed in spcu^e. 

If then, as shown in the last paragraph, granular media in which there is 
vis viva of relative-motion may approach indefinitely to the condition of 
complete constraint, it follows that in such media, when the mean paths are 
indefinitely small compared with the diameters of the grains, the directions 
of the normals at points of contact approximate indefinitely to certain 
definite directions fixed in space, that is, as long as there is no mean- 
motion. Thus we have the definite geometrical distinction, that as long as 
the mean paths are within the fundamental limit of no diffusion, and there 
is no mean-motion, the normals to the surfaces at encounters are within 
certain angles of directions fixed in space ; while if the mean paths are 
without these limits, in however small a degree, the normals continually 
change their directions so that, if sufficient time is allowed, all directions 
are equally probable. 

89. While within the fundamental limit any one grain can only have 
contacts with a strictly limited number of other grains, in the case of 




Fig.l. 



^tmiform spherical grains, in regular symmetrical piling, the number of grains 
any grain can come in contact with is twelve, so that if there is no strain 
in the medium and the mean paths are indefinitely small, as compared with 

6—2 
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the diameter, there are twelve fixed normals in which this grain can hare 
contact with other grains. The twelve normals radiate from the centre of 
the grain, and when the grains are in the regular formation each normal 
is in the same line with an opposite normal so that there are six fixed axei 
symmetrically situated in which encounters take place. And as the resultant 
acceleratioDS are in the directions of the normals at encounter, these six 
directions of the normals are six axes of conduction of momentum. 

These axes pass through the twelve middle points in the edges of a cnbe 
circumscribing each grain, if there are no mean strains in the medium, and 
are thus symmetrically placed with respect to the three principal axes of 
the cube. This is shown in Fig. 1, p. 83. 

If, then, the rates of conduction across surfaces perpendicular to these 
six axes are equal, the momentum conducted being in the direction of the 
axes, the grains will, of necessity, be in mean equilibrium. 

This state of equilibrium in no way depends on the mean density of 
the relative vis viva of the grains. Therefore, in the limit, as the mean 
paths of the grains become indefinitely small, as compared with their 
diameters, as regards the direction of the rates of conduction, whatever the 
relative vis viva may be, the state will be the same. 

Thus, if there is no relative motion, but the grains are under stress, 
equal in all directions, by rates of conduction resulting from actions at 
the boundaries of the medium, the rates and directions of the resultant 
actions would be the same iis if the rates of conduction resulted from the 
exchanges of momentum of relative- motion. 

90. This limiting similarity between the states of media, one of which, 
having no system of relative motion, is purely kinematical, and cannot 
satisfy the conditions of consisting of mean and relative systems of motion* 
while the other, essentially, satisfies these conditions, has a fundamental 
significance, although (except by the recognition that in the one case the 
conduction results from mean actions at the boundaries of the medium,, 
while in the other the conductions are between the moving grains) this 
significance in no way appears as long as there are no mean strains in the 
media. 

If thesi* media are subject to any indefinitely small distortional ttrmina- 
the discontinuity between them, as classes of media, appears. 

In the case of kinematical media without mean strain* the stresses beings 
equal is all directions and finite, no strain will result from indefinitely small 
stremcfl, nor will any strain rt^sult until the moan distortional stresses arrive 
at the same order as the mean stress equal in all directions. Thus if p 
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represents the stress, equal in all directions, and pa^x—p is the normal stress 
imposed in the direction in which x is measured, the stress in the direction 
at right angles remaining equal to p (and not affected by the strain), there 
will be no strain until pa» is greater than 2p. Whence it follows that any 
distortional strain is attended by an increase of mean volume occupied 
by the medium equal to the contraction in the direction in which a? is 
measured, since there is no work spent in resilience, or in accelerations of 
relative vis viva. Thus the kinematical medium has absolute stability up to 
certain limits*. 

91. On the other hand, the granular medium with relative motion, 
however small may be the mean paths, when subject to no distortional 
strain, and to indefinitely small distortional stresses, yields in proportion 
to the stress so that such stress is equal to the strain multiplied 
by a coefficient which is constant if the terms involving the square and 
higher powers of the strain are neglected; and this medium has the character 
of a perfectly elastic solid for indefinitely small strains. It has therefore no 
finite absolute stability, and no dilatation as long as the squares of the 
strains are indefinitely small. As the strains increase, however, dilatation 
ensues, as expressed by the terms involving the squares and higher powers of 
the strains. 

Thus, although for small strains the two media are fundamentally 

different, as the strains become larger the conditions of the two classes of 

media approximate towards similarity, as regards the relation between 

stresses and strains; and thus the door opened to mechanical analysis 

by the recognition and analytical study of the property of dilatancy, as 

belonging to all media consisting of rigid discontinuous members, is not 

closed to the analysis of systems of mean and relative motion. So far from 

this being the case, the recognition of the coexistence of relative motion, by 

easing off the condition of absolute stability, belonging to the purely kine- 

^natical system, supplying as it were kinetic cushions at the comers, has 

^removed difficulties which otherwise rendered analysis impossible. 

92. The primary conclusion arrived at in this section, that the only 
media which, as purely mechanical resultant systems, can consist of com- 
ponent systems of mean and relative motion, are those which consist of 
discontinuous perfectly conducting members with some degree of freedom, 

while limiting, as already pointed out, the scope of the subsequent analysis 
necessary for the definite expression of the several rates of action resulting 
from convections in such media, also indicates the methods by which this 
analysis may be accomplished. 

* Phil. Mag, Deo. 1SS5, **Oii the Dilatancy of Media composed of Rigid Particles in Contact.*' 



86 ON THE SUB-MECHANICS OF THE UNIVERSE. [M 

Qiven the mean actions across the boundaries of any portion of the 
medium, the mean action of the grains enclosed is, at any instant, a mean 
function of the generalised ordinates which define the shapes, positions and 
dimensions of the members, the intervals of freedom, number of grains in 
unit volume, their velocities and their directions of motion. 

Thus the method of analysis is to express the several probable mean 
rates of action, resulting from convection and conduction, in terms of the 
mean vis triva of relative velocity, the mean component-paths and mean pathfi, 
their number, mean-mass, and any other generalised mean ordinates that the 
shapes of the grains may entail. Then these expressions may be substituted 
in the members on the right of the equations, Section VI., since these include 
general expressions for the several actions. 

The method thus indicated constitutes a general extension, or completion, 
of the method employed in the kinetic theory of gases. 



SECTION VIII. 

THE CONDUCTING PROPERTIES OF THE ABSOLUTELY RIGID 
GRANULE, ULTIMATE-ATOM OR PRIMORDIAN. 

93. Although the absolutely rigid atom is as old as any conception in 
physical philosophy, the properties attributed to it are outside any experience 
derived from the properties of matter. In this respect, the perfect atom is 
in the same position, though in a different way, as that other physical 
conception — the perfect fluid. Both of these conceptions represent conditions 
to which matter, in one or other of its modes, apparently approximates, 
but to which, the results of all researches show, it can never attain, although 
this experience shows that there is still something beyond. 

The analysis of the properties of conducting momentum, which must belong 
to the perfect atom considered as of uniform finite density, is obtained from 
the principle of conduction defined in Art. 72, Section VII.; from which 
it appears that it must conduct in all directions at an infinite rate, or that 
it must be capable of sustaining stress of infinite intensity, tension, com- 
pression or shearing; while it is shown that the property of conducting 
negative momentum in a positive direction or vice versd requires that the 
momentum and the conduction shall be imaginary. 

In the case of matter (rigid bodies) these imaginary stresses and rates 
of conduction are held to imply rates of actual conduction, round the outside 
of the bodies, in the medium of the ether. A conclusion confirmed in the 
case of matter by the existence of limits to the intensities of these stresses. 
Such outside conduction is at variance with the conception of fundamental 
atoms outside of which there is no conducting medium and which atoms 
do not possess the properties of changing their shapes or of separating 
into parts. 

It becomes clear therefore that any fundamental atom must be con- 
sidered as something outside — of another order than — material bodies, the 
properties of which are not to be considered as a consequence of the laws 
of motion and conservation of energy in the medium but as the prime cause 
of these laws. 
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94. If, for the sake of simplicity, the medium consist of clooed spherical 
surfaces of equal radii (7/2 with the same internal constitution — anything or 
nothing — and the interstices between them are unoccupied; these surfaces 
having the property of maintaining their motions, uniform in direction and 
magnitude, across the intervals, and that of instantly reversing the com- 
ponents of their relative velocities in the directions to the suriaEu^es at 
contact on encounter without having changed their shapes; such a medium, 
however far it might go to satisfy the kinematical conditions neceasmry for 
the physical properties of matter, would of necessity entail the laws of 
motion and the conservation of energy ; and would thus constitute a purely 
mechanical medium in which the results would be the same whatever might 
be the constitution of the space within the surfaces. 

The mean density in such a me<iium would be measured by the number 
(N) of closed surfaces divided by the space occupied. And the density 
within the surfaces would be the reciprocal of the volume enclosed (iro*^ 6X 

Since each of the grains represents the same mass, this mass becomes the 
standard of mass ; and being common to all the grains, is of no analytical 
importance. 

In the same way a, the diameter of the grains, becomes the standard of 
scale in the medium ; and being the same for all the grains has no analytical 
importance. 

It is, therefore, important and convenient, as adapting the notation to 
any arbitrary system of units, to define the mass of a grain in terms of 
the dimensions of the grains in the arbitrary units. 

The most definite and convenient definition appears to be that which 
makes the mean density of the medium, when the grains are piled in their 
closest order, a maximum, that is when each grain has contact with twelve 
neighbours at the same time. In this way the mass of a grain is exp rosac d by 

vr 

where tr is the diameter of a grain expressed in arbitrary unita. 
Then if p'' expresses the mean density of the medium 

'"-vr <•»> 

And thus p' bi^roines unity when the grains art* in closest order. 



SECTION IX. 

THE PROBABLE ULTIMATE DISTRIBUTION OF VELOCITIES OF 
THE MEMBERS OF GRANULAR MEDIA AS THE RESULT OF 
ENCOUNTERS, WHEN THERE IS NO MEAN MOTION. 

96. MaxwdVa Theory, 

Since the only action between elastic hard particles, as considered by 

Maxwell, is that of exchanging each other s relative motion in the direction 

of contact at the instant of contact, and the action of the grains, as defined 

in Section YIII., is identically the same, notwithstanding that it is not 

ascribed to elasticity, Maxwell's* proof of the law of probable distribution 

of velocities to which the action between the particles tends, applies equally 

to the grains. This law of Maxwell's is perfectly general and independent 

of all circumstances as to shape and size of the particles, and the extent of 

t^heir freedoms, as long as there is freedom in all directions, and there is 

too distortional mean motion. 

According to this law the mean of the energy, taken over limits of space, 
^uch as define the scale of the relative velocity of the motion in each degree 
^Df freedom, is the same for each and every degree of freedom, and is 
^^onstant when equilibrium has been established. From this it follows that 
tihe time-mean of the energy of motion in each degree of freedom is the 
^ame, and is equal to the space-mean. 

In the case of all the grains being similar and equal the mean component 
irelocities positive or negative are the same, whether taken with respect to 
time, or to space. And when the grains differ the mean component 
velocities are invei'sely as the square roots of the masses. 

This law of distribution, to which the relative-velocities, in any granular 
medium, tend when the mean motion ceases, being general requires no 
further exposition here. 

• Phil, Mag, 1860, Part I., pp. 20—28, PropB. I, II, UI, IV. 
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Id following up the consequences of the law, to which the mean com- 
ponent vis viva tends, on the mean distribution of the spheres. Maxwell, 
it appears, has tacitly introduced an assumption which, although legitimate 
in cases in which the diameters of the spheres are negligible as compared 
with the mean-paths of the spheres between encounter, has completelj 
obscured the fact that the mean arrangement of the grains does not depend 
solely on fulfilment of the law of distribution of the vis viva; bat also 
depends on the hindrance which the surrounding grains may offer to the 
enclosed grain in changing its neighbours. 

When the grains are small compared with spaces separating them this 
hindrance becomes negligibly small. And, further, whatever effect it might 
have is entirely dependent on the conduction through the grains ; so that 
the neglect of the displacement of momentum by conduction renders any 
account of such mutual constraints which the grains may impose on eadi 
other futile. 

It now appears, however, that taking account of the conditions, we have 
in these a class of actions which, however insignificant they may be when 
the density is small, entirely dominate all other actions when the density 
approaches maximum density. And it thus becomes evident that the 
failure of the kinetic theory, as applied to gases, to apply to the liquid and 
solid states of matter is owing to this tacit assumption that the distribotioo 
of the mass depends only on the action which secures that the distribution 
of vis viva shall approach that of uniform angular dispersion as the medium 
approaches a state of equilibrium. 

It will thus be seen, that accepting Maxwell's law of probable distri- 
bution of vis viva, it still remains necessary for the purpose of definite 
analysis, to define the limits of its consequences on the probable arrange- 
ment of the grains, i.e. of mass. 

96. Maxwell's law oj probable distribution of vis viva is indepemdemf" 
of equality in tt^ lengths of the mean paths. 

This is founded on the demonstration (1) that when two elastic spheres^i*--— 
having relative-velocities in any particular direction, undergo chance en— -^ 
counter, all dirt^ctions of subsetjuent relative- motion are equally probable«««i>— 
and (2) the demonstration that whatever may be the shape of the elaatic^s=^ 
btKlies the sanu* law holds, as to the linear velocity, and is further extendedfc^ 
to their rotational motions. As consideration here is confined to the lan! "" 
of smooth spheres it is Kutticieiit to take into account the first case only. 

The m<ist general expri'ssion of this law for uniform grains is, takinf^ 
X, y, t to n»pn»Hent thf romjMment vel<xitit*s of grains in the directions x, y, ^" 
respectively, and S for the number of grains in unit space, the numbenP 
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of grains which have component velocities which, respectively, lie between 
«+&r, y-^^f z-\-Sz, are 

SN^-^^^e -^r-8x8yBz (130). 

From this definite expression of the law it will be seen that it is confined 
to direction only and would apply equally to cases where in some directions 
the grains were making short paths and in others long paths, as well 
as to that in which the mean paths are equal in all directions. Q. E. D. 

97. The distribution of mean and relative velocities of pairs of grains. 

In Proposition V. of the same paper Maxwell extended the law of 
probable distribution of vis viva to the distribution of the relative vis viva 
of all pairs of grains. He does not seem, however, to have further extended 
it to that of the mean motions of the pairs; which is remarkable as it 
appears to follow directly from his method and would have saved him much 
subsequent trouble. 

These extensions do not in the least involve the arrangement of the 
grains. It is however convenient to introduce the demonstration of the 
law of distribution of the mean-velocities here, for the purpose of reference, 
and it is simpler to demonstrate both at the same time. 

Taking x,y,zQs the components of the mean-velocity of a pair of grains 
and x\ y', / as the relative components of the same pair, and arj, yi, Zi, 
Xi, y,, Zi as the components of the individual motions, we have 
x^ = x-ha/, yi^y-^y', z^^z-\rz\ 
x^ = x-af, 2/2 = ^-2^, z^^z-z!. 

Then for the numbers of grains for which x^ is between x^ and a^ + &ri, 
yj between yx and y^ + hy\,Zy between Zy and z^ + S^i, and a?, is between ar, and 
^f + Sari, &c., &c. 

Wi = - ./ \t e 1 «• ^ ^ a« J dxdydz 

a'(7r)* ^ 



a»(7r)* ^ 



.(131). 



The first of these equations expresses the probable number of grains 
having mean-velocities between x and x-\-Bx, &c., &c., for any particular 
value of a/, the relative-velocity, &c., &c. 

And the second equation in the same way expresses the number of 
grains having relative- velocities between x and of + Bx\ &c., &c., for any 
value of ;c, &a, &c. Whence the probability of the double event is expressed 
by the product 



OL IT 



.(132). 
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Then if r = ;? + jP + «' and r'«a?^ + y'* + #'", the number of pain baring 
mean-velocities between r and r-hBr and relative velocities between / and 
r+Sr is 

r^in^^-^e-^^^"^^ dxiydadafdy'd^ (IM). 

These admit of integration either with respect to x^ y, z, or af, y, m\ 
Thus integrating x^ y, z from xa — oo toxsoo we find 

^'^' •e'u^dx'dy'd^ (184) 



(V2a)»(7r)« 

for the whole number of pairs whose components of relative velocities are 
between of and x -h &r'. y and y' + By\ / and t' + 8/. And integrating for 
r instead of f we find 

^'^' r^dxdydz (135) 



(a/V2)'(7r)i 

for the number of pairs whose mean components of velocity are between 
x and x + S^', &c., &c. 

These may be expressed in a more convenient form by substituting 
— r*d cos 0d^ for ctr, dy, dr. 

And applying this to the three expressions for the number — 
of grains having velocities between r and r -f Sr, 
of pairs having relative-velocities between V2r and v^(r4-firX 
of pairs having mean velocities between r/V2 and (r + Sr);V2, 

since N is the number of grains in unit volume and N{N'^\) is the 
number of pairs of grains, 

"^J^.-Ssr... (.86X 

a»Vir 

(.V-l)iV4(V2r)» (s/Jr). ,_, 

7;^2«7vl-"*" - ^^«--(^-l)''. (187X 

(A'- l)^4(r^^2).^.<^L^' Sr/V2-(Ar- ,)n. (188> 

(a/v2)* VTT 

Q. B. a 

The first and second of these laws of angular distribution of ru mo are 
the same as th<>m* given by Maxwell ; and the thinl, that for the distributioii 
of the mean vis vim of pairs of grains, leads to the same results as Maxwell 
arrived at in a diflferent manner. Together they constitute the principal 
means of giving definite quantitative expression to the results of the analyw 
of the actions in a granular me<lium. And it is important to notice that tbejr 
are derived from the probable indept*iidence of the preceding and antecedent 
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directions of the relative velocities of a pair of grains before and after 
encounter under conditions in which the mean density and constitution of 
the medium remain unaltered. 

In Proposition VI. Maxwell has shown the rates at which the several 
members of the medium exchange vis viva, using arbitrary constants. And 
in his Proposition VII. he proceeds to the demonstration of the probable 
length of the path of a grain in terms of JV, the number of grains in unit 
volume, 8 the diameter of a grain, and v the velocity. He has first shown 
that if r is the relative velocity of a pai-ticle with respect to N particles in 
unit volume, this particle will approach within the distance 8 of Nttt^ 
particles in a unit of time. 

Thus in Propositions VIII. and IX. he determines the number of pairs 
moving according to the laws expressed in equations (137) and (138) which 
will undergo encounters in a unit of time, and in Proposition X. determines 
the mean path of a particle to be 

1 



Z = 



N^27r8' 



J 



In this result there are two things to be noticed. 

In the first place the irs* in the denominator represents the area of the 
target exposed to the centre of a spherical grain by another grain in the 
direction of their relative motion; while the \/2 is merely the ratio of 
the mean relative velocity of the pair to the mean velocity of either grain, 
equations (136), (137). It is thus seen that, although the dimensions of the 
grain are, perforce, taken into account as determining the probability of an 
encounter, no account is taken of the third dimension of the grain in 
diminishing the actual distance the centres of the grains would travel 
between encounters. Hence Maxwell's mean path I can only be an approxi- 
mation when his 8 is small with respect to his L 

The second point to be noticed in Maxwells deduction of the mean path 
is that he has tacitly assumed I to be the same in all directiona And has 
thus assumed not only that the density is constant, which is assumed in the 
determination of his laws of distribution of vis viva, but also that the arrange- 
ments of the particles must be such that the mean chance of encounter is 
equal in all directions, a condition which does not enter into the laws of 
distribution of vis viva, and consequently limits the application of this mean 
path to conditions of the medium such that all directions afford equal chance 
of encounter. A condition which is obviously approximated to as the actual 
density becomes small compared with the maximum density, when each 
particle is in continuous contact with twelve neighboura 

98. In pointing out the limits to the application of Maxwell's analysis of 
the action in a medium of hard elastic spheres, my chief object has been to 
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direct attention to those extensions and modifications which are n cccaMr y 
to render the analysis general, and thus to present a clear idea as to bow br 
Maxweirs method may be applied. At the same time it seemed very desirmble 
to show clearly, that in extending the analysis to include conditions of the 
medium to which Maxwell had not applied his method, there is nothing at 
variance with the results he had obtained under the condition to which his 
application of this method extended. 

Maxwell'H laws of the probable distribution of vis viva, and mass, extemkd 
to include the mean vis viva of pairs of grains, are, as already pointed oat. 
perfectly general. 

But it iK necessary to obtain expressions in terms of the quantities which 
define the relative motions of the medium for the rates at which the actions 
of conduction through the grains displace momenta and vis viva of relative 
motion, which expressions shall, if possible, be as general as the law of distri- 
bution of vis inva. 

In the media considered by Maxwell the distances between the grains are 
assumed to be large compared with the dimensions of the grains. Whereas 
in the general theory it is fimdamental that cases should be considered in 
which the distances between the centres of the grains, which are neighboan, 
approach indefinitely near to the linear dimensions of the grains. 

Such consideration involves methods of analysis by which the seveiiJ 
effects of the action between the grains may be defined whatever may be 
the relation between a the diameters of the grains and X their mean path. 

In the first instance the consideration of these rates is confined to states 
of the media in which, whatever may be the density as compared with the 
possible density, the arrangements of the grains, however varying, are suck 
that the mean actions in every direction are similar and equal ; the medium 
being everywhere in mean equilibrium. And afterwards to proceed to the^ 
effects of inequalities both angular and linear. 



SECTION X. 

EXTENSION OF THE KINETIC THEORY TO INCLUDE PROBABLE 
RATES OF CONDUCTION THROUGH THE GRAINS, WHEN THE 
MEDIUM IS IN ULTIMATE CONDITION AND IS UNDER NO 
MEAN STRAIN. 

99. The mean rates of convection and conduction of momentum, ex- 
pressed in equations (120) hy p^cx, Pyx, &c., and p'{uu')\ p"{vu)'\ &c., 
admit of expression as 

/)+P«-p. Pyx, &c.; y'{v'vr^p"{u'ur-y\v'v')\ p'(vuy\ &c., 

where p = i (p«c +Pyy + p»X p' (vv)" = p" (uV + vV + ww')" 

and in this case p and ip\v'vy' represent the mean action, equal in all 
directions, while p«B — p, p" {u*v!f — ip'iu'v'y &c., p^^, &c. and p"{vu)" repre- 
sent inequalities. 

In this first extension of the kinetic theory the object is to express the 
actions indicated by p and p'(vv)" only, assuming tl)at the inequalities are 
^ero, in terms of the quantities which define the condition of the medium. 

100. To determine the mean path of a grain. 

The mean path of a grain expressed by X is the distance traversed by its 
^^ntre between encounters, which is not the component in the direction of its 
Tnotion, of its distance between the points at which the two actual contacts, 
"which limit the path, have occurred, although it approximates to this as \/a 
l>ecomes large. 

Maxwell has shown that neglecting tr/X the mean path of a grain and the 
relative path of a pair of grains are expressed by 

X= 7=^—- and V2X= -— y. (139) 

respectively, while both of these are obtained from 

V27rX<r» = ^ (140), 
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where N expresses the number of grains in unit volume; so thai either 
member represents the mean volume maintained free from other gnuns bj 
the kinetic action of each grain. 

In this estimate however no account is taken of the striking distance, of 
the centres of the (lair of grains, from the plane, normal to their relatiTe 
paths before contact, through the point of contact, so that the centres of both 
grains are assumed to be in this plane at the instant of contact 

When Xja is large wc have all positions of the projection, in the direction 
of relative motion of the striking grains, over the disc ira^jA, equally proliable. 
and theu the probable mean relative striking distance in the dircGtion of 
relative motion is 

2 

This is a relative distance and the corresponding actual extension of their 
actual paths is, by equations (136) and (137), 

101. The assumption that all positions of the projection, in the direciioD 
of relative motion, of the striking grains are equally probable over the disc 
area Tro^/4 is obviously legitimate when X is large compared with a, and 
hence these estimates of the probable mean striking distance when X ir is 
large are precisely on the same f(x>ting as MaxwelFs estimate of the mean 
path neglecting a;\. But there does not seem to be the same ground for 
this assumption when ajX is large; while, on the other hand, there is 
evidence, as pointeii out in S<^ction VII. (Arts. 88 and 89), that, when the 
grains are close, the normals at encounter fall into line (approximately) with 
the direction of a Knite number of axes, fixed iu space, not more than six. 

In this article the arrangement of the grains is assumed to be similar in 
all directions; so that, whatever may be the law of distribution of the pn>- 
jections of encounters on the disc-area, the probability will be equal in all 
directions at e<|ual distances from the centre of the disc. 

Therefore taking 0, as before, for the angular distance from the axis of the 
disc at which the nonnal at encounter meets the hemisphere of unit radius, 
the law of nuliul (lihtnbuti<»n on the disc may be expressed by a function of 
COM 0, which function will depend only on the ratio a^K Thus as a genermi 
expreMhion for the probable mean striking distance we have 

9 
ft 

iwiT I COS tf(l -h/liamtf + &c.)sin tfrfsin tf 

ft 
2ir I (1 + ^1 cos 0) din 0d sin 
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in which Ai &c. are functions of a/\ only ; and as the law of radial distri- 
bution of the striking distance is perfectly general we have in the right 
member a perfectly general expression for the mean relative striking distance 
of a pair of grains in the direction of their relative motion. And dividing this 
by y/2 we have for the meau probable actual striking distance of a grain 

*"/©■ 

Thus as a general expression for the mean path of a grain we have 
and for the volume maintained by a grain V (14?2). 

102. Further definition of f(a/\). 

Since the foregoing expression for the volume from which a grain excludes 
other grains applies to all conditions of the medium it must include the case 
in which \ is indefinitely small; in which case, if the medium is in uniform 
condition with three perpendicular axes of similar arrangement, the unique 
condition is that in which the volume maintained by each grain approximates 
to <r*/v/2, as explained in Section IX., each grain being in contact with 12 
neighbours. In this case N approximates to s/2/a^ which is the reciprocal of 
the volume maintained by the grain, which thus approximates to the volume 
of the spherical grain multiplied by 6/^2^. Substituting this for the right 
member of the second equation (142) we have for the limit when <t/\ is large 

6 



/(9=i 



.(143). 



4V27r 

Then, again, if \/<r is large the value to which /((t/X) approximates is unity. 
Whence for an expression satisfying all cases in a uniform medium with three 
axes of similar arrangement it appears that we may take 

/g) = l-a«.-"^| (14,). 

where a" = l-6/4V27r and 6* is arbitrary . 

It is convenient however to render the expression for this function a little 
more general, since in a granular medium although generally in uniform 
condition, with three axes of similar arrangement, there may exist localities 
where the arrangements vary about local centres ; the medium being still in 
equilibrium and \/a being small. Under such conditions the limits of 
variation are defined by the fact that equilibrium requires that each grain 
shall be in approximate contact with at least four grains. And it seems that 
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these may be included by substituting 1 — 0/4, where has the valae 6 V2t 
when the medium is in uniform condition, and values ranging to the limit 
18/4V27r when the medium is in varying condition, as aboot oentres oC 
disarrangement, instead of 6/4^2 ir in a\ Then 

/©— (•-I)'""' <'«^ 

By definition (Section IX.) p = Na^l^2, and by the second equation (14f) 



<^ 2^P ^146). 



'-^4va)' 



103. In onler to render the expressions for the mean relative-path <>f a 
pair of grains and the mean path of a gn\in, taking account of the three 
dimensions of the grains, general and complete, use has been made, equation 
(139) in Art. 100, of the mtio (1/V2) of the mean path of the grain to the 
mean relative-path of a j>air of grains as determined by Maxwell for con- 
ditions in which the third dimension is negligible. 

The legitimacy of this assumption therefore remains to be proved. But 
before proceeding to the proof of this proposition the proofe of two other 
geometrical propositions are desirable, as they depend directly on the law of 
distribution of the component-striking distance over the area of the normal 
disc 

104. The first of these propositions is : 

When a pair of grains hating any particnUir relative velocity {*Ji K,'). aK 
directions being equally probable, undergo chance encounter, the probable mear^ 
product of the displacement of momentum, in the direction of the normal 
encounter, by conduction, multiplied by the component of ^2 K,' tn the diredic 
of the normal is 

K2K.vg). 

To prove this, let x ^ ^^e acute angle between two diameters dmw 
through the centre of a sphere of unit railius in the directions of the nor 
at contact and that of the relative motion before contact, and let •• be 
small area on the surface of the sphere taken so that its mean position is i 
the point in which the diameter in the direction of the normal meetn tt 
surface of the sphere. 

Then by the law of probability of the striking distance it follows that, ) 
a chance encount4>r, the probability of the nonnal meeting the surface in •• 

C0CO«)^(1 — i4,co«;f -f&c) 
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106. The number of collisions between pairs of grains, having particular 
relative velocities, in unit of time, in unit space. 

Taking N for the number of grains in unit space and substituting F,' for 
r in the equations (136), (137). (138), Section IX., we have for the nuroben 
of grains having velocities between K,' and KZ + SK/ 

(r/)« 
N^(V;ye Zl^ir;^^^ (149). 

for the number of pairs of grains having relative- velocities between ^2 l\ 

and V2(r/-hsr;) 

^<^- 'H(/i.r.-)!.-'^'- ^2 d K/ - (* - 1), (.50. 

(vza)» v^ 

and for the number of pairs of grains having mean -velocities between F,' V2 
and(r/.hSr/)/V2. 

^t_')40VW.-'Ejr,r,7V2.(^-.) ,»H 

107. From the equations of distribution of velocities, relative-velocities, 
and mean-velocities amongst the grains and pairs of grains in unit volume, 
it follows that the proportion of the N grains having velocities between V,' 
and Vi + SK,' is the same as the proportion of the J\r(J\r— 1) pairs of grains 
having relative-velocities between ^2 V( and n/2 ( K,' -f S V,') as well %» the 
proportion of A^(-iV-l) pairs having mean- velocities between V^jyjt and 
(K,'4-SFj')/v/2, since for every one of the grains having velocities between 
F,' and F,'4- 8F,' there are (iV— 1) pairs of grains having relative- velocities 
between s/2 F,' and \/2 ( F,' + SF,') and (JV— 1) pairs having mean- velocities 
between F,7v/2 and ( F/ 4- SF/)/v/2. 

Multiplying the equations (13(5), (137), (138) respectively by F/, ^2 F/, 
and F,'/V2 resjK^ctively, and integrating from F,' = to F,'« x , we have for 
the mean velocity of grains, the mean relative-velocity of pairs of grains, and 
the mean mean-velocity of pairs of grains, 

(K.-)".-^" V2(K.')"-^ and (K.')7V2 - ^,-...(152). 

And as the grains are of (Mjual mass the relative velocity of each grain in i^ 
pair is half the relative velocity of the pair; so that the mean relatives' 
velocity of each grain in the pairs is 

( F/)" Ji a 
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108. To find the mean path of the grains, taking V2X for the mean path 
of the pairs. 

Each grain has at any instant N -1 relative paths with the N —l other 
grains in unit volume, and N — 1 relative velocities, so that the N grains 
have in all JV(JV- 1) relative paths and NiN— 1) relative velocities. 

A change in the actual velocity of any one grain causes a change in the 
relative velocity of each of the iV — 1 pairs of which it is a member. And 
as at an encounter between the members of a pair two grains change their 
actual velocities, there are 2(iV— 1) changes at each collision in the 
N(N'-l) relative velocities of the pairs in unit volume. The mean 
relative path of a pair of grains between changes being by definition \/2X, 
the mean relative path of a grain is \/^2. And considering a particular 
pair of grains, their paths and velocities relative to each other, though 
continually changing, are always parallel and equal, so that the distances 
relative to each other traversed by each of the grains in unit of time have 
a mean value (Fi'y7V2, and the mean number of changes of relative path 
and velocity in unit of time is 

(_n7x/2^ (FT 
X/V2 X ' 

Whence the number of changes in all the relative paths of all the grains 
is N(N'- l)(Vy'/X; and since there are 2 (iV^— 1) changes for each collision 
the number of collisions in unit volume in unit time is 

N(VT 
2 \ • 

Having thus found the number of collisions between the N grains in 
unit volume in unit of time, since there are two grains engaged in each 
collision the total number of encounters made by all the individual grains 
in a unit of volume in a unit of time is twice the number of collisions : 
that is 

NjVT 
\ • 

Therefore the mean number of paths traversed by each grain in unit 
time is 

(FT 

Then since ( F')" is the mean distance traversed by a grain in unit time, 
dividing by the number of encounters the mean path is 

pfrA = ^ (154). 
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Therefore if V2 X ifl the mean relative path of pairs of grains, X is the 
mean path of a grain. It also appears that the mean number of oollisioiift 
in unit of time in unit volume is 

f<n:=^ a 

And the mean number of grains a grain encounters in unit time is 

^n:^^ (,56x 

109. The mean path oj a pair of ffrains. 

This follows directly from the last proposition. For as the number of 
mean paths of pairs of grains is identical with the number of relative paths 
of pairs, and the mean velocities of pairs is one-half their relative velocities, 
the mean paths of the pairs must be one-half the mean relative path of the 
pairs, that is, must be equal to the mean relative path of each grain of 
the pair, or 

X 

110. The number of collisions of pairs of grains having relative velocitiei 
bHween V2 K/ and V2 ( V,' -h dK/). 

Since the mean relative distance traversed between changes by a pair of 
grains irrespective of relative velocity is \/2X, the mean time of a pair of 
grains having relative velocity \/2 K/ in traversing their mean path (v^2 X> 

is x/r/. 

Then since the number of pairs of grains in unit volume having relative 
velocities between ^2 7/ and V^ (F/ + dK,') is N(N- 1). and each of these 
pairs changes Vi/\ times in unit time, the total number of changes of these 
pairs in unit of time is 

n(N^l) ^'. 

And since there are 2(N — l) changes for each collision, we have for th^ 
numbers of collisions of the n(N—\) pairs of grains in unit of time*, 
equation (148), 

The integral of this from K/ » to K/ » x gives the number of oollisioitfi 
of the N grains in unit time. 

111. The mean rate of conduction of component momentum in the direc^ 
tion of the momentum cotuiucted. Cases 1 and t. 
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Multiplying the probable mean component conduction from a mean 
collision of a pair with relative velocity V2 F/, equation (136), by the number 
of collisions in a unit of time, equation (157), and integrating F/ between 
the limits Fi' = to F/ = oo we have for the mean rate of conduction 

(158). 

whence since ( V V')" = S{U' U')" 

V2ff 



p.^ J/g)(I^'l^')" = P»»". &c., &c. (169). 



112. The left members of equation (159) express in terms of the 
quantities which define the relative motion of the medium, the mean normal 
stresses, or the mean rates of conduction of momentum, in the direction 
of the momentum conducted. And besides these there are the mean tan- 
gential stresses, or rates of conduction in directions at right angles to the 
direction of the momentum conducted. 

These rates are obtained by substituting in equation (158), for cos' 5, 
&c., &c., cos sin d cos <^, &c., which when integrated over the surface of 
a hemisphere are zero, if all directions of relative motion are equally pro- 
bable, but have values in a medium with linear inequalities when the axes 
of reference are other than the principal axes of the inequalities. 

It is therefore necessary to obtain their integral values over the several 
^rroups of pairs having relative velocities in directions in which the sign 
of the component displacement is the same as that of the component of 
normal velocity, as 

^""1 3X'^U/ 37r •••^^^">' 

f [ sin 0d0d<l> 
J oJo 

which multiplied by the mass and the number of collisions and taking 
the mean is 

A^vfe/g)^-^'' -*«•' ■^^•' -^ (^«^>' 

80 that to each of these groups of pairs there is a corresponding group for 
which the noi-mal compouents of mean-relative motions are of opposite sign, 
the mean taken over the two groups or over the whole unit sphere is zero ; 
80 that in a medium without linear inequalities 

p«y" = 0, &a, &C. (162). 
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113. The mean rate of convection of component of momentum in tke 
direction x hy grains having velocities F,', for which all direcUone are equally 
probable, is expressed by 



2wpj\v, 



^v; 



cm^e%med0 



K^\JO 1/ out V \»V Y^t 

"IT 



r. o (!«>• 

27rpl %\ned0 

which becomes, taking MaxwelKn expression for the mean value of t^ from 
to X , (ci*. J), when multiplied by the product of the mass into the number 
of grains, 

^i^5^(K.'r.T = p|* (164X 

And for the mean rate of momentum conveyed in the direction of the 
momentum 

p"| = p(f^'i^T,&c..&c. (lesy. 

For the lateral convections of momentum the expression is 

1 c^ r^ iV'V'\" 

p\ x"" l-±'- cos0sm*0d0&in6d6 , 
7-; = -,-&c.. -f&c., -Ac (166), 



Qpf j sin 0d0d<l> 



where the integration extends, as in the case of lateral conduction, ove-- 
groups of graiiii) of which the directions are such that cos 0, sin 0, cos ^. 
have the same signs, positive or negative. The gmups in which the corre-^ 
sponding signs are opposite have integrals with the opposite signs negativ«i 
or positive, so that for the complete integrals 

p"(riFT-0, &C., &c (167X 

114. 7^ total rates of dieplacement of ntean-mon^entum in a unifonm 
medium. 

Adding the exprc'ssions for the ratios of conduction and convection ir^ 
the respei»tive members of injuations (159) and (105). also (162) and (167V 
we obtaiin for the whole rates of displacement of the components op" 
momentum 
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116. The number of collisions which occur between pairs of grains having 
mean velocities between V^'I»J2 and (Fi' + dF/)/V2. 

Since the mean distance traversed between changes of a pair of grains, 
irrespective of mean velocity, is X.\/2, the mean time of a pair of grains 
having mean velocity Fi7\/2 in traversing their mean path is XjV, And 
since the number of pairs of grains in unit volume having mean velocities 
between Vij»J2 and (F/+dr/)/V2 is n(n-l), and each of these pairs 
changes F/\ times in a unit of time, the total number of changes of these 

mean paths is 

V 
n(N-l)^, 

And since there are 2(iV — 1) changes for each collision the number of 
collisions of the n (n — 1) pairs of grains in unit volume in unit time is 

?-^ = f -T-:Jv-« "^•'^1^ (169). 

which integrated gives the total number of collisions a/^Tr . X. 

116. The mean velocities of pairs having relative velocities V2F/ and 
F,'/V2. 

Since the time of existence of a pair between changes, whatever the 
mean and relative velocity, is the time of existence of both the mean and 
relative velocities between changes, and the mean ratio of the mean and 
relative paths between changes is that of 1/V2 to V2 or 1 to 2, it follows 
that the mean ratio of the mean and relative velocities is 1 to 2. And 
hence the mean velocity of all pairs having relative velocities between \/2 F/ 
and V2 ( F/ + d F/) is between F//V2 and ( F/ + d F;)/V2. Q. e. a 

117. All directions of msan velocity of a pair are equally probable whai- 
ever the direction of the mean velocity. 

This follows directly from the expression for the number of pairs having 
{Particular mean and relative velocities 

— N, {N^ - 1) ]- — ^ — .e'^. dnd (cos 0,) . d<l>. 



\ . e" *■ . dr,d (cos 0^) d<f>^ \ 




(^y- 



Tj being the mean velocity, r, the relative velocity and 0i<f>it di<^ having 
reference to the angular positions of r, and r,. 

For, taking TiStj and r^ir^ constant, and ascribing any particular values 
to d,^ and S^aS^,, the number of pairs, having a mean velocity F, in 
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directions such that, referred to the centre of a sphere of unit radius, ihej 
meet the spherical surface element dcos 0id<f>i, is to the total number which 
meet the sphere as d cos 0id<f>i is to 47r. Q. e. d. 

118. The probable component of mean velocity of a pair having retatiwe 
velocity r, = y/2 F, in the direction of the normal at encounter. 

Since r, =- rJ2 and r, = %/2 F/, r, = F,7V2. In all directions the prubable 
component value is 

^2V2 

119. The probable mean transmission of vis viva at an encounter in 
the direction of the normal. 

When two equal spheres encounter, the displacement of energj* by 
conduction of momentum is the product of the displacement a multiplied 
by twice the pro<luct of the components of the mean velocity and relative 
velocity of a pair in the direction of the normal. Therefore since the 
probable component of mean velocity in the direction of the normal (last 
article) is V//2 \/2, and the probable component of the relative velocity as 
obtaine<l by dividing out the a in e<)uation (147) is 2 v^2 ./(or/X).F,/3, the 
probable displacement of vis viva in the direction of the normal is 

If /, m, n are the directions of the normal referred to fixed axes, the 
component displacements of the vis viva of components parallel to the 
axes are 

± {/• + /,«• + /«•) ^/Q.&c.. Ac 

120. The mean distance through which the actual vis viva of a pair of 
grains having relative velocities between v/2 F,' and V2(F/-f8F/) is dis- 
placed at a mean collision. 

Since the mean velocities of pairs of grains having reUtive velocity 
V2 F,' is F,"v'2 and the actual vis viva of such a pair is 

2(r.« + ^')-4(F,/V2)«-2F„ 

we have for the displacement of the total vis rtivi of a pair of grains 

And Hince the diMplaci*ment of vis viva by convection by a grain having 
velocities between F/ and V^ -^H^' between eucountem is XFi'aod there 
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are, in unit time, twice as many mean paths traversed as there are collisions, 
the relative rates of displacement of vis viva by convection and conduction 
are as \ to ar./(a/k)ISt and the displacement of vis viva on encounter is 
in cases (1) and (2) 



X + 



|/(3- 



It thus appears that, while, as has already been shown, the range of 
mass or any mean quantity carried by mass is X, and the range of relative 
velocity or momentum is 



the range of vis viva is 






121. The probable mean component displacement of vis viva at a mean 
collision by conduction. 

Multiplying the mean normal conduction of vis viva at a collision of 
a pair of grains having relative velocity V2 F/ by cos 5 . sin 6 .dO .2ir and 
integrating from 5 = to 5 = 7r/2 and dividing by 27r we get 

122. The probable mean component displacement of vis viva by convection 
hetween encounters by a grain having velocities between F/ and Vi ^-dV^. 

Multiplying the product of the vis viva of the grain Fi* into the probable 
^iisplacement (X) by cos d. sin 5 .d5, dividing by 27r and integrating from 
tf = to d = 7r/2, the rate of the mean probable convection is 

^ f,d sin' 6 , 

123. The mean component flux of vis viva. 

Since there are two mean paths traversed for each collision, adding 
twice the mean component displacement by convection for one path to the 
mean displacement by conduction at an encounter and multiplying by 
niF|/2X, the expression for the mean flux by grains having directions such 
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that COB and ooe ^ are poeitive, and for pairs of grains for the mean velocity 
of which 006 and cos ^ are positive, is 

124. The mean component fiux of component vie viva. 

The flux of the components of vie viva may be separated for direct 

, ... , d sin* t, d sin* tf . , • . 

action by substituting cos* . — - — for — ^ in the last equation and 

integrating : 



d sin* 



and for lateral action by substituting sin* . cos* ^ 

K'-si)/(oi:rt--(-i'-^)'''^*s 



\ (im 



=i5(>-s-x)/a)¥/ 



126. The component of fiujc of maee in a uniform medium. 

Since mass is not subject to conduction, and the probability of a grain 
having velocity K,' is nJN while the probable mean path is X and the 
number of collisions in unit space and time betweeo the grains having 
velocities between K,' and (V,'-f8K,') is 

n. ^•' 

the component in direction of dp of a grain of which the direction is 
defincKi by sin .d0 ,d^'\% Xcos 0, and multiplying by the number of mesa 
paths tra vended by each of such grains in a unit of time we have 



Xcos^w. * Bin ,d0.d4> 



n „^rfsin*g .dtf.(f» 
4Sr- ^" t ^*"^ 



Then integrating from 9»0 to ^«w/2 and ^»0 to ^ « ir/8 and fron 

r;-o to r/-» 

ft '4 " 4 Vir 



/: 
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SECTION XL 

RKDI8TRIBUTI0N OF ANGULAR INEQUALITIES IN THE 
RELATIVE SYSTEM. 

127. When a granular medium, however uniform and nymmetrioal 
its mean initial condition, pasnes from a state of equilibrium and mean 
rettt into a state in which there are mean rates of strain, there fiillow. as 
a consequence, rates of entablishment of inequalities in the mean distribution 
in the relative system, which are expressed by the rates of transfomialioo 
from mean to relative motion, as in the last tenn in e<|uations (116) and 
(117) and in (116 A) and (117 a). 

The general analysis of the effects of the mean motion on the relative 
motion for granular media comes later in the research* ; and it is sufficient 
here to have pointed out the general source of such inequalities, as in this 
section we are not concerned with the source except in as far as it may be an 
assistance in realizing the general distinction between the two classes of " 
inequalities. Thus the inequalities which are called into existence by rates 4 
of strain partake of the characteristics of the rates of strain. 

Local volumetric rates of strain, which cause the density to vary from^tf 
point t4) point, institute what will here be called linear tHeffualiiiet. whiles 
uniform distortional rates of strain institute what will here be called ttrnffular^ 
ineqtieUiiies. 

The inequalities so instituted, owing to the activity of the relative — ^ 
motion, are subjected to rates of redistribution proportional to their magni m 
tudes, and it is the determination of these rates in terras of the conslant-n^ 
which define the condition of the medium that constitutes the purpose 
this section and the next 

These two rates of redistribution, like the volumetric and distortic 
strains, are anal^-tically distinguishable as belonging to different cl 
of mean actions. 

The rates of angular re<listribution have the characteristics of pr(xliiel4c^= 
at a point. Their int4*grals are not surface integrals, and they are iodudaH^ 
in the expression for angular redistribution in the fourth term, equ 
ai7 aX 

* SMiaon XIII. 
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The rates of linear redistribution, on the other hand, have the character- 
istics of a flux. Their integrals are surface integrals, and they are included 
in the expressions for the linear rates of distribution in the second and 
third terms, equation (117 a). 

It thus appears that these rates require separate treatment, and as 
±he analysis for the linear rate depends, to some extent, on the angular rate, 
the angular rate is taken first as the subject for this section, and the linear 
for the subject of the next, Section XII. 

128. Logarithmic rates of angular redistribution by conduction through 
the grains a« well a^ by convection by the grains. 

The necessity of logarithmic rates of angular redistribution in the mean 
lingular inequalities in the vis viva of relative-motion, and of inequalities 
in the symmetry of the mean arrangement of the grains, for the maintenance 
of approximately mean- and relative-motion has already been proved in 
Section VII. ; and the actions on which these rates depend have undergone 
considerable qualitative analysis (to use a chemical expression) in the same 
section. What is necessary, therefore, in this section is the application 
of the definite, or quantitative, analysis for the definition of these rates. 

The first step in this direction is the definite consideration, in the 
concrete, of the instantaneous efiects of encounters between hard spherical 
grains of equal mass and dimensions. 

For this purpose use is here made of the conceptions and the method 
given by Rankine in his paper " On the Outlines of the Science of Energetics*," 
a remarkable paper, which seems to have received but little notice. 

129. In a purely mechanical medium, since any variation of any com- 
ponent-velocity of a point in mass can only result from some action of 
exchange of density of energy with other points in mass, there are always 
masses engaged in such an exchange. Considering these to include all the 
mass through which the exchange extends (as between some particular 
portion of the medium and all the rest) the sum of the energies of the 
components of motion, in any particular direction — that of a: — immediately 
before the exchange is the active accident, or the " effort," of the component 
energy to vary itself, by conversion into some other mode, which, in a purely 
mechanical system, considered as a resultant system, can only be energy of 
component motion in some directions y and z at right angles to x. 

The energy so converted into directions y and z is called the " passive 
accident." And in the same way the sum of the energies in the directions 
y and z, antecedent to the action, is the active accident or the effort of these 
energies to vary the energy in the direction x, 

* Proe, of the Phil, Soe, Qlasgaw, Vol m. No. 1 ; Bankine^s ScienHJic Papers, p. 209. 
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It is at once apparent that the result of such accident is, taking accoani 
of the diniensionH of the grains, to produce three instantaneous eflects. 
while, if the dimensions of the grains are neglected as being small (as has 
been the case in the kinetic th«»ory), only one of these effects is recugniaed 
as the result of the exchanges of energy on the instant. And although this 
one effect has been taken into account in the kinetic theory ita poi«itioa 
in that theory has not been generally define<l, nor has it been made 
the subject of st^parate expression in the equations. 

The first, and hitherto the only, published mention it has received as 
a specific effect occurs in Arts. 20 and 21 of my paper ** On the Theory of 
Viscous Fluids*," whert» reference is made to the "angular redistribution of 
relative-mean motion." 

It was not however till some time afterwanls that I was able to distin- 
guish, geometrically, the circumstances on which the existence of angular 
redistribution of relative motion depend, and obtain separate expremioiui 
for their effect. 

It is included in those terms in equations (47 A), Section III. of this 
res(»arch, which are not surface integrals, although not spi'cifioally expn*Hsed. 
being associated with the resilience-effects in these e<|uations for a resultant 
system ; the specific expressions for the separate effects for a resultant 
system are however effected in cfjuations (47 a). 

The instantaneous action of which this angular redistribution is the effect 
turns out to be the tmly instantaneous action on the energ)* of the relatire 
motions of the mass or densities of masses engagt^l other than the effecta 
on resilience ; so that, when the masses engajjt»d are two ecjual hard sphereA, 
angular dispersion of the energy of their relative veh^cities, that is, of their 
velocities relative to their mean position, is the only instantaneous effect 
on this relative energy. This theorem may be easily proved. 

130. When two hanl spheres encounter, their relative- velocities are in 
the same dirtHrtitm, and their momenta, relative to axes moving with their 
mean- velocity, are espial and opposite. Supp<ise the axis of x to be the 
direction of relative motion. Then at encounter the grains exchange 
components of momenta in directions of the line of centres, and thus the 
relative component momentum of each sphere in the direction of the line of 
centres is reverscnl ; }*o that if the line of centres dot»s not coincide in 
flirection with the lines of relative motion, the instantaneous effect (1) oT^ 
conduction is exchange? n{ energy of component motion from the direction m^ 
to those of y and t at right angles to j*. This is angular reditttributioa 
of the energies of com[M>nent motion, and in the only change of the eo etgi t m ^ 
of th<* relative motions, mc^aNunHl fnim the moving axi^. For as the relaliTe-' 

* Koya/ Soc. Pkii. Trafw.. Vol. 1S6 (1S95) A, pp. 146—7. 
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momenta in direction of the line of centres of the respective grains are 
re v^ersed at the instant there is no change in the position of their energies ; 
8o that at the instant there is no linear displacement of the energy of the 
relcLtive motions. Q. E. D. 

131. The other fundamental effects of the action between the grains — 
tho3e which have been neglected in the kinetic theory — are (2) the dis- 
pl34^eiiient of momentum which results when two spheres encounter, having 
coxiij>onents of actual momentum (referred to fixed axes), in the direction of 
the line of centres, which differ in magnitude, causing the instant displace- 
ment; of the difference of the component momenta, in the direction of the line 
^f o^ntres, through a distance cr, or the sum of the radii of the spheres. And 
(5) t>lie instantaneous exchange of actual component energies in the direction 
^^ t;h.^ normal. 

This linear redistribution of momenta by conduction and the consequent 
iiii^i^x displacement of their energy, relative to fixed axes, when there is mean 
^otiion, are the complement of the angular redistribution of energy, the 
tlrx-^^ effects being the total instantaneous effect of the encounter, which 
^^^■=>ckit of analytical separation, as long as there is no resilience. 

132. The concrete effects of encounters between the grains must be 
^^^^*=*^idered as belonging to the resultant system in which there is no 
'^^ilience. For when the effects come to be analytically separated by inte- 
8*^ **»tiion into effects on the mean and relative systems respectively, if there 
**^*^ Tates of strain in the mean system there will be, perforce, abstract 
^^^^^^*^plementary resilience-effects in both systems. 

It therefore appears that, if the mean effects of encounters are to be 

*^^^iciered as belonging to the relative system, it is necessary to assume that 

^ ^^ean-motion is not undergoing strain, or that any rates of strain are 

- ^^fixiitely small. Then since the relative motions are the only motions, the 

^-^'^'ing theorem requires no further demonstration. 

^33. If the directions, velocities and positions of the grains, constituting 
|.m ^^"^"'^^ular medium, be considered, at any instant, as a complex accident, at 
1^^ ^^stant an encounter occurs, between any pair of grains, the three instan- 
^ ^^^xis effects, already discussed, will constitute an instantaneous finite 
gj/^^^'t;ion in the complex accident, which variation will continue the same 
^^^ change, from the condition that would have existed, had the pairs 



j/T^^^bd through each other without effect, no matter what other variations 

^ ^^«Xt have taken place. Also, the subsequent effects resulting from the 

^ ^ encounter will remain unchanged. And thus, the integral effect of an 

^<^^^^^\inter, at a time subsequent to the encounter, is its instantaneous effect 

^^^^d to all effects which ensue as a consequence of the encounter. In a 

^^^ular medium, since each encounter involves two grains, the number of 
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changes would increase as the sum of the series in geometrical progresMoo 
with the factor 2 ; so that in a time ten times as long as the average time 
between two encounters, by the same grains, the number of effects resulting 
from a single encounter would be on the average 8000. 

Thus taking account of the three analytically distinct in^taotaoeoot 
effects, in a time ten times as long as the average life of a path, the eflV«ctA 
of an encounter would entail, on the average, 8000 changes in the directioDt 
of paths of grains, 80()0 linear shunts of component momenta through the 
distance a in different directions, and 8000 shunts of the difference of the 
vis viva of the normal velocities through a in the direction of the nonnalsL 

Assuming, then, that in these clian>^es, or variations of the complex 
accident, each has its effect in removing a portion of any mean inequality, 
which portion is pn)portional to the mean inec)uality, some idea may be 
gathereil of the predominance of the effect of these changes in bringing 
about and maintaining the mean condition of the medium to which the 
changes tend. 

134. In order to form definite estimates, in terms of the quantities, or 
mean constants, which define the condition of the medium, of the rates of 
decrement of ine<|ualities from the condition to which the variations tend, as 
well as to find expressions for the resultmg condition of the meilium, it 
seems, in the first place, necessary to define, somewhat precisely, what are 
the immediate after-efTects which follow, severally, from the three instan- 
taneous effects which have l)een analytically distinguished. For such 
definition the following general theorems may be proved. 

Theorem. The only effect which follows the instantaneous effects of aa 
encounter, until there occurs another in which one of the prains is engag^ 
is the linear change in position of mass, enertfy, and momentum, which resmtis 
from the instantatieous c/iange in the direction of vis viva. 

The proof of this theorem follows, at once, from the analytical definilioo 
of the three effects and their continued existence. 

For the instantaneous effect of linear displacement of the oompcment 
momenta by con<iuction through the distance a in the direction of ilie 
common nonnal remains unaltered and hence pnxiuces no further eflSeci 
till the next encounter. 

And exactly in the same way the instantaneous exchange of the energf 
or vis viva of the components of the velocity of the grains, in the direciioo 
the nonnal, remains unchanged until the next enc4>unter. Therefore it folloin^ 
that the instantaneous changes in the direction and velocity (which ia obtaincdl^ 
for each grain by superimponing on its actual velocity, before contact^ thi^^ 
normal cump«»nent of the relative velocity of the |)air, measured in tbe diree--' 
tion opposite to the normal component of the velocity of the grain 



i 
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contact) represent the actual changes in the directions and velocities of the 
respective grains, whence, as these eflects are to institute rates of linear 
displacement of mass, momentum and energy by convection, these are the 
only changes, and they are the after-effects of the instantaneous change in 
the direction of vis viva. Q. E. D. 

136. From the theorem in Art. 134 it follows, as a corollary, that: — 

The instantaneous, and after-effects of an encounter (before the next 

eracounter of either of the grains) are confined absolutely to normal displace- 

^^^nts of mass, and of normal components of momentum and energy ; so that 

^t^ ^y have no effect whatsoever on the positions of mass, momentum or energy 

^» n^easured in directions at right angles to the normal. 

T*herefore whatever may be the directions and velocities of pairs of grains 
*>e:<V>:M?e encounters, if the normals at encounter are all parallel to one axis, there 
^ ^*^ <:i^ lateral redistribution as the result of the encounters, whatsoever may be 
*^^^ ^^xtent of the normal redistributions. 

_ ^H^36. From the principle stated in the corollary. Art. 135, that the redis- 
'^ "^^ "^-ations resulting from encounters are confined to the directions of the 
'^^^'^^^^^^^^nals at encounter, the following theorem may be proved. 

Theorem. In a granular medium, in its ultimate state, without angular 

"^mudities in the vis viva, <fcc., <frc., the rates of angular redistribution of the 

"^tnVa will he equal in all directions, and equal to the rate of redistribution 

^^Me directions of the normals, if the directions of the normals are such thai 

Mhe lineSf draum from a point, parallel to the directions of the normals, 

^^K the surfcLce of a sphere, about the point, of unit radius, in points which 

^^ymtnetricaily distributed over the surface of the sphere. 

j-^ ^'or in granular media, without angular inequalities, if X/a is large, all 

»^^ '^^^Kstions are equally probable for the normals of encounters, in which the 
, ^^^•'^iges in normal vis viva are equal ; so that the probable rates of redistri- 
^^^^on of inequalities are equal in all directions. 

And in media in which a-fX is small, as has been shown (Section VII. 

- . 89), the directions of the normals will be arranged about n axes sym- 

'"%aically placed; n = 4 being the smallest number of mean normals that 

aits of symmetrical arrangement ; and n = 1 2 the largest number, and the 

^*^ber in the ordinary piling. These mean normals being parallel to six 

80 that the probable arrangement in each group, of the directions of the 

*^*^**uial8, at encounters, in which the changes of normal vis viva are equal, will 

.^^ ^ similar about the axes; and it has to be shown that the rates of distribution 

^1 be the same in all directions. 

This proof follows from the principle of the resolution of stresses or 
^Xiiponent vis viva. 

8—2 





\ 
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If the angles between any line OA drawn through a point 0, and the lines 
drawn through the point 0, in the directions of the normals, are respectiTeiy 
$1, 0„&c., then the sum of the products of/>,co6*0,,/>,co^0,, &c. is the rate of 
redistribution in the direction OA, and is the same for all directions if the 
directions of the normals are symmetrical. Q. E. D. 

137. The theorem in Art 136 includes the redistribution of the actnal 
vis viva between the grains, as this results from the same exchanges in 
directions of the same normals as determine the directions of vis viva ; and, 
further, includes the redistribution of the limited displacement of normal 
momentum by conduction. Q. E. D. 

138. When the mean condition is such that there are more normals in 
any one direction than in thone at right angles, the rates of redistribution will 
be greater in that direction in which there are most normala But. as regards 
the vis viva, as long as the distribution of the normals is such that the normal 
redistribution is in no direction zero, there will be rates of redistribution which, 
though not ei)ual in all directions, all tend to bring about an equal distribu- 
tion of vis viva in all directions, and also tend to bring about the normal 
distribution of the actual vis viva of the grains. 

As long as the inequalities in the symmetry of the directions of the 
normak are small, the effect on the rates of redistribution will be very small, ^ 
that is, on the rate of redistribution of vis viva, and on the actual distribution 
of velocities of the grains, whatever may be the state of the medium as regards ^ 
the ratio cr/X. 

Thus for the component vis viva and actual vis viva there is a continuous -^ 
law of rate of redistribution and only one even when afK becomes indefinitely " 
Iturge, so that the directions of the normals approximate to steady axes which ^ 
only change their position on account of mean strain in the medium. 

139. The redistribution of rates of limited conduction of momentum, or-" 
the limited diHplacement of normal momentum, is primarily dependent cm lbe«5 
rates of redistribution of the directions of the normals. And the redistributioiutf 
of the nonnals is primarily dependent on the redistribution of the positiooitfi 
of mass, which again has a primary dependence on diversion of the paths, mmm 
the after-effect of the instantaneous angular redistribution of vis viva, but ikiflMi 
dependence on the divergence of the path is essentially limited by the vmlufss 
of a/X. 

If this is small — that is if the freedoms are great — then, after an encoantar^^p 
it is a matter of chance, like the length of the path c»f a grain, in what direcUo«» 
the normal at the next encounter will be, all angles being equally pn>babk>» 
and consequently the redistribution of the nonnals is detennined by 
probability. 
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Bat when the condition of the medium is such that o-/\ is large the 
greatest possible distance a grain can travel before the next encounter may 
be much less than a, and this in any direction, in which case the possible 
direction of the normal is limited by a conical surface, which may be of angle 
zero, in the limit. 

Then the rate of redistribution of the normals varies with the angle of this 
cone. Thus, as a/X approximates to oo , the directions of the normals approxi- 
Diate to fixed axes according to the arrangement of the grains ; in which case 
Inhere is a redistribution of the rates of conduction of momentum or of the 
oonduction of energy. 

And here it may be noticed, that before the grains become virtually close, 
£^ limit is reached at which change of neighbours, or diffusion of the grains, 
creases, and as soon as that limit is reached the mean position of the grain is 
<:2on8tant, except for mean strains, and then the normals group round mean 
^mxes which only move with the mean strains of the medium. 

Thus the displacements of normal momentum and energy depend on 
^fche arrangement of the grains apart from the mean freedoms, and the 
i^redistribution of the conduction depends on the redistribution of inequali- 
ties in the symmetry of the arrangement of the grains, so that, although 
^K>oth the angular redistribution of the vis viva and rearrangement of in- 
equalities in the symmetry of the mean arrangement of the grains, are 
:2ncluded in the fourth term of equation (117 a), expressing angular redistri- 
T)ution, they have not been analytically separated, in the terms, as depending 
on angular dispersion of vis viva and rearrangement of the inequalities in the 
^mmetry of the mean arrangement of the grains. 

The analytical separation of the abstract actions on which the two effects 
of angular redistribution respectively depend, effected by the demonstration 
of the foregoing theorems, renders it possible to deal with the two rates 
separately and so to obtain analytical definition of the respective rates in 
terms of the constants which define the state of the medium. 

140. The analytical definition of the rates of angular redistribution of 
inequalities in the directions of vis viva of relative motion. 

As these actions do not appear to have been the subjects of previous 
consideration it is necessary to demonstrate two preliminary propositions 
before considering the mean effects. 

14L The enei^gy of component motion in any direction cannot by its own 
effort increase the energy of component motion in this direction. 

This proposition might be taken as self-evident ; but it may be definitely 
proved. In the case of spherical grains the proof is simplified, and particularly 
if the relative-motion is such that the only inequalities are in the energies 
of motion in different directions — unequal angular dispersion. 
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Taking the axes of reference fixed, I, m, n and l\ m\ n\ and T, m\ n" as the 
direction cosines of the normal at the point of contact and of two other diree- 
tions at right anglea, also tij, r„ w,, t/,. v,, w, for the antecedent velocities of the 
two grains, and f/,. V,, H',, f7„ K„ H^„ for the subsequent velocities, it follows 
as a direct result of the.exchange of the components of motion in the direction 
of the normal that at a single encounter, 



4- 2^ {m« (r, - r,)» + w« (w, - w,y] 

+ 4/* mn (t?, — r,) (w, — w,) V &c.. 



.&€... .(177X 

+ 2(2l-l)l/m(ii,-ii.)(t^.-».) 

-I- ni(w,-w,)(ii,-u,)}i 

Then, since for any two spheres with particular relative motion, ii,-Mi. 
tXi — V,, t£^, — t£;i, the probability of their normal, at the point of contact, having 
a direction within any small area, sin 0d0d^, on a sphere of unit radios, 
having its centre at the centre of one of the spheres, assuming all angles 
of relative motion after encounter equally probable, is : 

sin 6d6d^ cos y 

IT 

where x ^ ^^^ angle between two radii, one meeting the surface of the nnil 
sphere in the direction of the point of contact, and the other in the directioD 
of the relative motion, drawn so that ;^ is an acute angle, so that x is 
always between zero and Tr/2. 

142. The active and passive accidents. 

In considering the action resulting from conduction of momentum of two 
spheres at a single encounter, the problem is greatly simplified by taking the 
direction of one of the axes of reference to be that of the relative motion of 
the spheres ; while, as will be seen, it does not lose in generality. 

Taking ;^ to be measured in the direction of the relative motion, r, — v,, 
w^^Wi are each zero, and putting 

i{««i-l-t«i)" + i{w,-u,)« for th^-i-u^*, &c., kc. 
in equation (177) we have 
l^i" + f^.*-iK + ti,)«-i(u,-u,)«--2(m« + fi«)f(ii,-ti,)» + + 0j 
K," + r,» - i(r, + r,)» - = - + + 2m«f (u, - u^y |....(178), 

H^i'+ H'.'-iK+w,)'- - - + 2ii«f« (ii, - M,)» + ) 

in which the ciphers represent the values of the terms having bctom (rt-ftT. 
and (««,-«£!,). 

Multiplying these equations by the factor of probable positions of 
normal and integrating over the sphere of unit radius, since cos;^ is positi' 
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encounter; although if the pair have any mean-motion, whatever it majr 
be, the inequality in this remains as before encounter. Q. E.D. 

146. The mean angular insqualities. 

Before we can pass from dispersion of the component relative*velocitiet of 
a pair of grains to that of the mean-inequalities of all the grains the demon- 
strations of several propositions become necessary. 

For reasons, which will appear, we have here to consider only such m^rno 
angular inequalities as are introduced in the relative motion of the medium 
while the mean system is undergoing mean rates of strain. 

These inequalities, as Maxwell has shown, for a medium consisting of 
equal hard spheres, are expressed by, taking N for the number of grains 
in unit volume, 

^^- W-)'" '^''^'^* ^'^'^ 

where a*, ^9*, y are double the mean of squares of the respective component 
velocities. 

Since the differences between a', )9*, 7" and the mean (o'-|-)8* + 7") 3 are 
alwa^ni small compared with their mean it becomes more convenient to alter 
the notation and, taking a* as expressing the mean of a' + yS* 4 y, to take 
a (1 + a), a (1 -h 6), a (1 + c) respectively for Maxwells a, /9, 7 ; a, 6, c are then 
small fractions of unity such that their squares may be neglected and for the 
mean squares we have 

a«(l-h2a). a«(l-h26), a«(l-h2c). 
and the ine<)ualities are 2aa*, 2b<i\ 2ca* ; 2a, 26, 2c being the coeffidents of 
inequality from the mean of the mean squares of the respective components. 

It is to be noticed that in ecjuatiou (136) the axes of reference are the 
principal axes of the space variations of the mean motions of the medium — 
the principal axes of distortional mean motions — and also of the inequalities 

146. The angular inequalities in the mean relative motions 0/ pairs of 
grains have the same coeficients of inequality as the mean actual motions. 
Integrating equation (181) with respect to y and s from — x to + x 

Ne'^'"''""' 

0(1 + 0)^"" ^ ^ 

Then, after Maxwell, taking x, as a particular component of velocity in 
direction of x. the numbtT of grains which have component velocities 
between X| and x, 4* &r| is 

a(l +a)v/'r 
* PM. TVaiu. Rapai Soe^ 186S. p. S4. 
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And again taking x^^Xi + a^ the number of grains between x^-^- a/ and 
a^ -^-af + Ba/ is 






c2a;. 



Then the number of pairs of grains which satisfy both these conditions is 

a«(l+2a)V7r* '^'*^- 

a:' 
Then, since «i + -5- may have any value from — 00 to + x for any value 

of .sa?'', integrating for Xi between these limits for any particular value of a:', the 

fiian:il)er of pairs which have component relative- velocities, in direction x, 

^ti-^f^^en oi and of '\-ix' is: 

^( 
e ^* daf. 



N^ '^.(X-ia) 



\/2a(l+a)\/7r 

Hill exactly the same way it is shown that the numbers of component 
'^l^^^iive-velocities between yf and y'+Sy' and between z' and / + S/ are 
re^ -Kii^-^iHJti vely 






V2a(l+6)\/7r 



N^ -ga-*') 



V 



V2a(l-l-c)V7r 

iltipl3dng these expressions by x^, y\ /• respectively and integrating 
""^^'■^■CM — 00 to + 00 , and dividing by N^, we have for the mean-squares of the 
^^^^IP^^ctive confjwnents, in the directions x, y, z 

2a«(l + 2a), 20^1+26), 2a«(l-h2c), 
^^'^'^^^^h have precisely the same coefficient of angular inequalities as the 
"^^«^ai squares of the components of the actual velocities obtained from 
^^^^tions (181) 

a« (1 + 2a), a» (1 + 26), a« (1 + 2c). Q. E. D. 

^ ^47. The mean squares of the components of relative-motion of all pairs are 
^^^*"^« the mean squares of the components of actual motion, 

-^^^^^ the last paragraph of the last article it has been shown that the 
^% ^^^ squares of the components of relative-motion of all pairs including 
Xnequalities are double the mean squares of the components of the 
^^^1 motion, so that no further demonstration is necessary. 

"^^8. The rate of angular redistribution of the mean inequalities in the 
'^^'^^l motion is the same as the rate of redistribution of the angular 
^^^^^alities in the relative motion of all pairs, 

,^ ^T^his follows at once from the inequality of the coefficients of inequalities 
^^^li has already been proved. 



ac;^- 
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140. The rate of angular dispersion of the mean inequaliiiee in wis wiwa. 

It has been shown, equations (180), that the angular inequality in the 
squares of the relative velocities of any pair of grains is virtually eitinguiAiied 
at a single encounter. From this it follows that the virtual inequality in the 
motion of any grain exists only from the time of the institutioD of tb<f 
inequality to the time of its next encounter. 

This time is expressed by 

F, being the actual velocity of the grain, and X| the distance traversed belbre 
encounter. 

This distance X, may be anything from to x . But it is proved by 
Maxwell to be inde|>eudent of K, and to have a probable mean value, 
neglecting a as compared with \ of 

^'-^2Ln <'^^ 

Taking a into account, as will be shown, the probable valoe of X 
becomes 



/2^-\/I'^© <'»*^ 



V2^ 

The probable path being X, the probable time of any grain with velocity 
V, is 

X 

V,- 

It thus appears that, although the mean relative distance trav el led 
between encounters by pairs of grains having the same relative velociliea 
Ki is independent of K,, the mean time between encounteni varies invenel 

In order therefore to obtain the probable mean time of existeiioe 
inequalities in the angular distribution of the vis rtoo, it is not auflScieoi 

find the probable value of the mean time p- , for all values of K, 

would only be the probable mean time between encounters during which 
inequalities in the mean velocity are sustained. 

160. The mean tinie of mean inequalities of vis viva. 

The direction of motion of each grain is the direction of ita palh ; 
that if /, m, n are the directiou-C4 winces of the motion, the probable iimea 
the continuance of the components of motion in directions x, y, s are 

\l \m \n 
V]r V,m' V^' 
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and since the chance of a collision in a unit of time is Fi/X the probability 
of continued existence is 



e 



k 



t 



and the probability of continuing for a time 

is e~^'. 

Whence it follows that, taking account of all the pairs of grains at 
diflferent relative velocities, but moving nearly in the same directions, the 
times for which their continuance is equally probable are 

«. = ^. «. = ^. &c (185). 

SO that, multiplying Fi'P, F,'/*, &c. respectively by ^, <„ &c., and adding, the 
^iim will be equal to 

2{w,XZ'(F.+ F, + &c.)}. =|FU 

s^nd similarly for the other two components. 

And putting Fand F' respectively for the mean values of F and F', the 
K::nean time of equal probability for the continued existence of F* is obtained 

t)y dividing the product by F' : -A= — , and for the other components 

V V 

Vhn^ ' FV 

These mean times, it will be noticed, are independent of the directions 
^)f the groups, being all expressed by 

l = ^— , where the probable continuance is e""' = e ^^ (186). 

Differentiating this expression with respect to i, 

^"'=-K' .187^ 

From equation (181) the mean values of u^, v*, w" are found to be 
|(l + 2a), I (1 + 26). |'(l + 2c). 
In these a* is constant, and a + 6 + c = 0, and the inequalities are 

|(l + 2a)-|*=2o J. &c., &c (188). 
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Then by equation (187) the probability of continued existence is ex- 
pressed by 



2a|--2a.f 



.-I)'. 



Whence if n, - 0, 



a*d(2o) /5 a' V^ p • /ioav 

_ __ = _6a. J ^-. Ac ^ (189X 

or i^^.2a{sll).&c.Scc Q.E.F. 

181. Translated into the notation adopted in this research for the ei- 
pression of the velocities of the component system of relative motion, we ^ 
have for the mean inequalities referred to their principal axes, 

p"[(wV^-J(t*V + t;V + t^Vy^, kc. kc (190X 

and for the rates of dispersion with reference to the same axes we have,...^ 
putting dt/d/ in place of d/dt to distinguish these as rates of anguL 
dispersion, 

p ^[{uu) '-i(uu'\-vt/'^ww)]^^-ap Uuu') -'^^ S J' ^ L 

&C.. &C.. (191X 

where 2a/'^ir is the time-mean of the velocities of a grain, and X is tl 
measure of the scale of the system of relative motion. (N.R These 
are independent of a.) 

As already pointed out, Art. 146, the expressions in equations (189) 
(190) for the inequalities are with reference to their principal axes only; 
that in order to obtain expressions that shall apply for any axes it 
necessary to effect the transformation from the principal axes, at a point, 
fixed axes. 




182. Rates of angular dispersion referred to axes which are noi 
principal axes of rates of distortion. 

Taking (|m|n,. Itm^h* ^^M'l to be respectively the direction coainea of th^^ 
principal aies with reference to any rectangular system of fixed aiea, 

a\ b\c\f\^,W 

to be the mean values of m'». r'», w*^, ^u/, w'u\ mV (u\ tic, as before, rs| 
senting the relative velocities referred to the principal axes 1, 2, SX^id 
a, b, e. /, g, h, be their corresponding mean values when referred to tlie fi: 
axes of m, y. s. 




/ 



163] 
Then 
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b = WjV + rn^V + m^^' 



125 



.(192). 



g = rii^ia' + WaZ^' + n^l^' 

h = ZjTTiia' + l^mj)' + Zjmsc' 

'rom these, adding the second, third, and fourth, 

a + 6 + c = a' + 6' + c' (193). 

so since the principal axes do not change their position in consequence of 
lie dispersion of the inequalities 

Then substituting from equations (190) for d^'/djt, &c., in (194), and 
membering that liu' + ltil' + l^v/, when referred to the principal axes is the 
%3ame as u' referred to the fixed axes, we have by equation (193), for the 
:x:«te8 of dispersion, referred to any axes, 

^'' % [(ttV)" - i (m'u' + t>V + wV)"] 



..(194). 



=-| p" ^ a [(uV)"- KwV+ »'»'■+ wV)"], &c., &c 



^"fe[<«'«')"] =|/'"^«(f'«T.&c.&c. 



v.. .(195). 



#»"^[(«/„r] =|p"5^a(«,V)" 



c, &c. 



163. The analytical definition of the rates of angular redistribution of 
^^equalities in rates of conduction through the grains. 

As already proved, Arts. 78 C and 79, Section VII., and the theorem Art. 136 
^li this section, the angular inequalities in the rates of conduction are the 
^*<e8ult of unsym metrical arrangement of the grains. And as, according to 
^he definitions of mean- and relative-mass, Art. 47, the mean-mass is inde- 
X^ndent of the arrangement, since the number of grains within the scale of 
^^lative-mass is not aflFected by the arrangement, the inequalities in the 
^^tes of conduction are the result of unsymmetrical arrangement of the 
^relative-mass. 
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It has also been shown, Art. 77, Section VII., that angular inequalities in 
the mean conduction result from angular inequalities in the lengths of the 
mean paths of the grains, and it has been further pointed out that angular 
ine<)ualiti&s in the lengths of the mean paths are the result of the difft4>rtioci 
rates of mean strain. And the number of paths traversed being invenieif 
proportional to their lengths, there are more mean paths traversed in direc- 
tions in which the relative paths are shortest. 

It thus appears that, although the rates of conduction are not of the 
same dimensions as the mean paths or the position of relative- miiss. the 
rates of angular redistribution of the angular inequalities are the same. 

164. The rate of angular redistribution of mean inequalitiee in the 
position of the relattve-mass in terms of the quantities which define the stale 
of Oie medium. 

When, owing to the rates of distortional or rotational strain in the memn- 
motion of a granular medium, there are in.stantaneous inequalities in the 
symmetry of the arrangement of the grains, there will be inequalttie* 
in the lengths of the mean component paths; and, the number of com- 
ponent paths traversed being inversely proportional to their lengths, there 
will be more relative paths traversed in the directions in which they arv 
shortest 

Then, since after each encounter all directions of relative paths are 
equally probable, after each encounter any inequality which may be attri- 
buted to any pair of grains is virtually extinguisht*d. And, as shown in 
Art. 150, the probability for the continued existence for a time 

ti«n, pr is «-»» (196>. 

From this it follows, as in e<{uation (185), 

^'"'^i' «. = w,^\ &c.. &c (197K 

in which expressions the direction cosines /|, ?iii, n,, &a are nearly coosUuit 
and n,, the index of probability, is constant. 

Then»fon» taking the products (f, I'', -»• &c.) and ciividing the mean pruduci 
by V — the mean velocity — the mean time of existence of the inequality is 
found to be 

<-».^ (W8X 

and the mean probability of continued existence is 

••« 

«""•-« * (199X 
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v^l^ich when the inequalities are small becomes 






If, then, we take a, /, &c., the angular inequalities in the positions of 
lative mass, we have for the relative rates of angular dispersion, 

It will be observed that the logarithmic rate of decrement of inequalities 
in relative mass diflFers somewhat from that of the via viva. This is a 
consequence of the diflference in the mean time of probable existence of V 
and of V\ 

166. The limits to ike dispersion of angular inequalities in mean mass. 

The numerical coefficient is the only respect in which the rate of angular 
^^^ciistribution of mass differs from that of vis viva as long as \/a is large. 
^VE ti as the density becomes large, unlike the redistribution of vis viva, the 

'^^d istribution of relative mass depends on two circumstances, the inequalities 

'^^iia^ small in both cases. 

inequalities in vis viva are not subject to any limits imposed by the 
^^i,^5'hbouring grains and consequently all directions of motion are equally 
P* ^-^'bable, however close the grains may be, and whatever may be the arrange- 
°^^^iCB.t of the grains. 

On the other hand the possibility of angular rearrangement of the grains 

^^-^'■Tns on the possibility of a grain passing through the triangular surface set 

^^-*^ by the centres of three of its neighbouring grains ; and this possibility 

*^ ^^losed at some density less than that of maximum density. The density 

^"^ '^^hich this closure is eflFected is that at which diffusion ceases and the 

^^"^^^ of permanent distortional elasticity commences. Before this density is 

^^^^^^^hed the diflfusion becomes slower and slower as the density increases ; 

^Hcit in a granular medium of which the mean condition is uniform, but 

^ioli is steadily contracting, the chance of a grain finding a clear way 

^^^"^^en three of its neighbours diminishes, and each grain dwells longer 

^ longer in the same mean position in the medium, until all chance ceases 

^ its mean position is definitely defined, notwithstanding that it has still 

^^^^^•tain range of freedom. For the general consideration of the rate of 

"^^""^^angement of mass it is necessary to take account of the probability of 

-S^^^^dn returning after encounters to the formation before encounter, and 

, "^^ presents great difficulties. But it will be sufficient to point out here 

^^ owing to the instantaneous action at encounter, no more than two 

^^^•ixis are ever in contact at the same time, so that there is no chance of 

^^^\)ination of the grains, and that the mean position of two grains is not 

^^^^ at encounter while the relative motions are reversed. 



V 
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In the next Bectton it will appear that the linear dispersion of vis nW ct 
grains i8 very slow as the angular dispersion is very great » S4> that any chance 
activity of a grain of an exceptional character is immediately disperaed 
amongst its neighbours and brought back to the mean. 

When therefore the density is such that X/a is very small and the densitT 
is nearly the maximum, i.e. when is nearly 6/\/2Tr, there is no rearrange- 
ment of the grains, and this will hold good as G increases providi^l that the 
extent of the medium for which the value of G is large is very small. 

Thus we have two states of the medium in which the rates of rearrmnge- 
ment are defined, and between these a gap in which the definiti«»n b 
difficult. 

Fortunately this difficulty is confined to a very small portion of the total 
range of density, being that between the density at which diffusion ceases 
and that at which diffusion becomes easy. 

This gap covers a region of which the higher limit of p is slightly lesi 
than l/v/2, when the distribution is uniform, and is equal to 1,3 at irregulai 
points and surfaces ; X'a being small in both cases. 

For values of p above these limits there is no diffusion and consequently 
no redistribution in the arrangement of mass, while for values of p beloi 
these limits the change in rate of redistribution is ver}* rapid at first 
then gradually settling down to the same relative rate as that of rcdistribu 
tion of vis viva. 

If then we take as before a » d, (a)/d, (t), &c. to represent the amal 
angular inequalities instituted by the distortion in the mean 8\-stem dunnf 
the time 9,(0; the rates of redistribution to which these are subjected wil 
approximate to that to which the via viva is subjected as p approximate 
to zero. Thus the law of redistribution has an asymptote 

a,(0 N^** ^^^^ 

Then if we take /(G) as expressing a coefficient by which the uppe- 
limit of p must be multiplied to bring it to unity 



(202) 



are expreMsions which give the rat*»s of redistribution correctly excepa 
perhaps, in the immediat<^ n*ginn of the higher limit. 

156. The ntteti of prulHtble rtdistribntum of anyular inequaiiiiei •« im 
raist of conduction. 
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Any angular inequalities in the rates of conduction result, solely, from 
0Agular inequalities in the distribution of mass, but the coefficients of the 
r^tes of redistribution are not the same for rates of redistribution of mass as 
for the redistribution of conduction. 

The mean time of continued existence of the path of a grain 

i^"^ (203), 

is not the mean time for the continued existence of the product of the mean 
patii multiplied by the vis viva. If however the mean time for the mean path 
i>o multiplied by the fisu^tor 

Y^ "^ ^ 
^« lave 



V^-^^n^V 



..(204), 



yt yt 

^^t^i^h is the same coefficient as for the time of continued existence of 
-vim. 

To obtain the expressions for the probable relative rates of angular 
. ^S^tribution of angular inequalities in the rates of conduction correspond- 
^^4^1* to the rates of angular redistribution of angular inequalities in the 
^^^'^^ 'Attribution of mass, we have to multiply the relative rates of redistribution 
^ * »":iQa8s by the factor 

8 • 

^^ Then substituting the actual inequalities in the angular rates of con- 

^^^ "^^tion 

{Pm-P")^ Py^\ Pn\ &C., 

^^^ a, /, &c., the expressions for the rates of redistribution of these 
^^^^ualities of conduction are 






In these equations (204) for the rates of angular dispersion of the dis- 

^••^^rtional inequality, and the two rotational inequalities in conduction, as well 

^^ in the corresponding equations for the rates of angular dispersion of the 

^^rresponding inequalities in the via viva of relative motion (195), the analysis 

R. 9 
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for each inequality has been effected separately in terms of the quantiti< 
which define the state of the medium. 

These six rates of dispersion for each of the components in directioi 
a?, y, and z added together constitute the rate of increase of the energy of ti 
component of relative motion received from the other componentii of the san 
system. And thus it appears that the expressions for these six rates 
redistribution are the analytical equivalent, in terms of the quantities wbi< 
define the condition of the medium, of the fourth term in the e(|uati(»n (117a 
which may be expressed as 

r^frfii' l/dti' dt/ dw\) 1(, /du' dv'\ 

Q.E.F. 



SECTION XII. 

THE LINEAR DISPERSION OF MASS AND OF THE MOMENTUM 
AND ENERGY OF RELATIVE-MOTION, BY CONVECTION AND 
CONDUCTION. 

167. These actions are expressed by the second, third and fifth terms in 
Equations (123), or more concisely by the second and third tenns in (117 a), 

2 \d^ [(P^'^' +Pxxy'^l + &c.| , &c., &c. 

It has been shown that the actions of the component mean and relative 
stresses on the space-variations of the relative velocities (pdu'/dx + &}c,)" are 
^jonlined to the resilience and the angular dispersion of the energy of the 
^X)mponents of relative-motion at the points where the inequalities of angular 

distribution exist ; and therefore do not account for any linear redistribution 

from point to point. 

Linear redistribution requires the conveyance or transmission of energy, &c. 
from one space to another, and the integrals of these actions must be surface 
integrals. 

These actions of linear redistribution are again such that their efTects 
can be studied only by considering the causes which determine the rates 
at which energy, &c., is carried and conducted across a plane from opposite 
sides. The relative-velocities at which the grains arrive at a plane, or which 
come in collision with a grain intersected by the plane, are not determined by 
any action at the plane, but by the antecedent actions. 

As far as these actions of redistribution depend on the convections, that is, 
neglecting the dimensions of the molecules, they have been taken into account 
in the kinetic theory of gases. 

Clausius was the first to obtain the true explanation* on the supposition 
that the mean distance between the molecules was so great, compared with 
their dimensions, that the latter might be neglected. In this method he takes 

♦ Pogg. Ann. 1860. 

9—2 
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account of the principle, that after a collision the niean velocity of the pair is 
the same as before, and of the consequence, that the moleculen croamng a 
plane surface, perpendicular to the directions in which the inequality vmriet, 
from opposite sides, must have mean velocities such that their sum, in the 
direction of the downward slope of the inequality, is equal to V, the me«ii 
velocity of the encountering molecules, the same as if they arrived at the plane 
from uniform gas in motion with this mean velocity, F, ; the uniform gas being 
discontinuous at the surface in respect of density and velocity, but continuous 
in respect of mean vis viva ; the density and the mean relative-velocity oo 
either side of the plane surface being that of the varying gas at a distance 
proportional to the mean path of a molecule. 

Maxwell by a law of force (which he had arrived at from his experimenis 
on viscosity* as the fifth power of the distance) obtained a numerically 
diflferent, but otherwise, essentially, the same law. 

In a communication — "On the dimensional properties of matter in the 
gaseous statef ' — I have fiilly discussed this action, of the linear redistribution 
by the convections : confirming and extending Clausius' explanation. 

In that paper, by making use of the arbitrary constant s for the msam- 
ranpe, or distance from the plane at which the molecules crossing the plane 
receive their characteristics as those of a uniform gas in motion with the 
mean velocity, V, of the molecules which cross in unit of time, the assumption 
that this distance is proportional to the mean path is avoided, and this is 
important where the mean path (X) is of the same order as the dimensions, a, 
of the molecule or grain. 

In thene analyses account hiis not been taken of any effects of conduction 
so that, neither Clausius' nor Maxwell's, nor yet my own previous method is 
directly applicable for the determination of the rates of linear dis|)enn4>n ol 
linear inequalities in a medium in which a and X are of the same order, oi 
in which X/o- is small. 

It thus appears that to render the analysis general these methods must 
be extended by taking account of the expressions (159). (162), (1(>5), for th< 
rates of flux by conduction of momentum, as well as of rw riva in tenns of ) 
and 0* ; so as to obtain expressions for the mean-ranges of mass, momentum 
and vie viva, as determined by conduction as well as by convection. 

168. The analysis, to be genernl. must take account of all pombh 
variations in the arrangement of the grains. 

But in the first instance it is obviously expeilient to restrict the arrmnge^ 
ment of the grains, to be considered, to those which have three axes, at right 
angles, of similar arrangement, as in the octahedral formation; in which casef 

* **0n Um DxiuiDioiU Tbaory of Umm,** Pktl. Tram$. Ro^^l Hoc., p. 4y, 1S6S. 
t Phil. Trmm$. Hofal Soe.. 1S7V. Part t|. 
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And performing the same o{)eration on equations (160) and (166). th« 
component mean-ranges of momentum at right angles to the direction of 
the momentum, bj convection and conduction, respectively, are 

JX and 'i<r. 

162. The menn-nvige of vis viva. 

Multiplying the convections and conductions, under the signs of integra- 
tion, in the thrt»e eijuations (172), (171), (174) respectively by Xc^intf aii«l 
acos^ and dividing by the respective integral rates of flux, the renpeclivf 
mean-ranges are found to be, for convection and conduction. 

For actual energy §X and l<r, coefficient ). 

Direct displacement JX „ J<r, „ |J. 

Lateral „ -ft^X „ ^<r, „ j|. 

The mean-ranges of momentum and vis riVa, inasmuch as they are 
expressed in terms of X and <r, are general when X has the value expre«siii 
in etjuation (146). 

It should be noticed that while the mean-range of the grains in an 
elementar)' group is X, the mean path from centrt» to centre, owing to con- 
duction, the mean-range of the velocities and the squares of the velocititas arv 
respectively extended to 

V2 



..f./g)„.X.f/g); 



that is to say the velocity of the grain is not dett^rmined by the incAii 
condition at the centre of the grain at which it last undergoes encounter, 
but at a position further back ; and this becomes of fundamental importance 
when Xla is small. 

163. The mean characteristics of the state of the medium. 

The mean <|uantitie8 which define the state of a (spherical) granular 
medium in uniform condition are 

(1) a*\^2, the mass of a grain, 

(2) the constants in the expression /^c)» Art. 102, 

(3) u\ c", w'\ the mean velocities of the medium, 

(4) -.V. the number of grains in unit volume, 

(5) a, when- Sz\ V2 - ( K,' V'f. 

Of thew* fivf* m«'an rharacteristies (l)and (2) stan<l indifferent puoitioo 
fn»m thf n*st, (1) b«*ing ron.HtiUit in timi* and (2) deiH*nding on the ultimate 
amingLMnent of iht* grains, and tht* considt^ration of these may be deferred. 
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and oondactioD of an elementary group in direction defined by ^d{oom0)d^, 
with respect to fixed axes ; for the flux of mass we have by equation (175) 

a(eQ0«-p(u'' + ^J^''cOS(?)^d("^^d*. fcc, fcc ...(211). 

And by the last Art. 

a(.Q.)«-a(.Q.)»+ (8(a) j^+S(«")~, + S(.V)j^)a(^,u. 

whence the inequality of flux is 

a(.Q.)«-a(,Q.)--(8(a)^+S(«")j^„+S(i\0^)a(^.)— .(sisx 

Equation (212) is geueml and Q may represent mass, momentum or~ 
m vtva. 

166. Rates of convection and conduction of monienium by an eUmentan^ 
group. 

Substituting the mean-rate of flux of momentum by convection, and. 
noticing that the component mean-path is increased from X cos 6 Ui^ 
X(ti"+ F,'co8tf)'F,' while the conduction is not altered by the mean — 
motion— omitting the Hquare of the mean-motion and dividing out the X«^ 
we have: — 

For direct action referred to fixed axee 

a(eQ.)«+a(,Qo«-pj(u'+K/cos<?)>4.?^^/(j)F/«co««e?|j 

&c. &c. 

(213). 

For lateral action 

3 (cQ,)^ + d (,Q,)^ « p j(ii" + F/ cos 6) (v" + F/ sin (? cos *) 

+ '^3*J/(j)F/cos(?sin(?cos4^d(-cos(?)d^ ^"*^ 

167. For the rate of dieplacenietU of vis viva by an eletnentary grtmj^ 
referred to fired axes. 

Taking, as before, X(m" + F,'coe tf) a' for X and omitting, for the sake o-^ 
simplicity, all quantities of the second order, such as u^'/'X and X^, we havoK 
for the direct rate of displacement 



a (Q»)« - /> j(M" + v; COS 6) (tt' + y; cos er 

+ [^^'^/(j)F,'»(tt''costf+tr''Hintfcos^ + ic;''sintf8in*)oos»tf 



..(«5X 
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The first term within the brackets on the right, which is the convection 
t^:anrm, becomes, omitting the terms of second order, 

3u"F/»co8»tf+F/'cos«tf. 

One part of the first of these two terms expresses the rate of displace- 
ttifc ^:Mzit of mean vis viva by w" ; while the remainder of this term expresses the 
di^;^3lacement of the inequality of vis viva (2u"ViCOs^0) by F/. 

The second of the two terms, which changes sign with cos 0, expresses the 
d i^ :^=»lacement ( F/« cos« 0) by F/ cos 0, 

The second term within the brackets expresses the displacement resulting 
conduction on the mean normal velocity, and this does not change sign 
^ cos^. 

For tlie lateral a^ion 
^ (Q,)^ = p |(it" + F/ cos 0) {v" + V; sin cos 4>y 

+ ^^~ /[nF/»(M''costf4-t;''sintfcos<^+w''8intfsin<^)co8tf8in-acos»^ 

/(j)F,'«costfsin«tfco8»^1l ^d(-costf)d<^ 



■*"3X 



.(216). 



168. The inequalities in the mean rates of flux of nuiss, momentum and 
' viva resvUing from space variations in the mean characteristics in a medium 
equal spherical grains. 

When the mean state of the medium varies continuously from point to 
^int, 80 that (\IN)(dN/dx\ 

|x+V2<r/g)/3|^/(ir, {(^ + V2<xyg) 3) a^du'/dx, 

"'^d (X/a) da/adt are of the first order of small quantities, the mean charac- 
^ristics iV, a, u", «Scc., obtained by integrating over a unit of volume, taking 
^^Mxsount of the motion in all directions, are taken as the mean characteristics 
^^t the centre P of the unit element. 

Then it follows that if PQ represents a distance r of the order X + <r, 
Slaving a direction defined by I, m, n, the characteristics at Q will, to the 
'Crst order of small quantities, be, putting / for any one of the characteristics, 

/, = /. + r(/^4-«.,^ + «i)/, (217). 

If, then, r is the range of /, whether it is X, V2<r/(r-J /3 or a /(> )/3, 
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as the case may l>e, and it be assuineci that the gnmp of grains arririiig ai 
1\ from the direction of ^, anive as from a uniform medium having chanc- 
teristics which are the mean cbaracteristicH at Q, the inequalities in the mean 
nitcH of flux at p would be obtained by substituting 

^v-/.-r(i^ + ,«|-.n^)/, (21H) 

for d (/) and integrating 1 1 d{I)s\nddOd4f> for the partial groups. 

There is however nothing in the definition of the mean charucterinticK 
at a point, in a varying medium, as 8tate<l above, to warrant the astKumptiuc 
that the gniins arriving from the direction Q will arrive at P with the lueai 
characteristics of the medium at Q. 

The mean characteriHtics are the means of all the groups at Q, wlierea« 
the gniins arriving at P from Q must, unless PQ is at right angles to ibt 
direction in which the medium varies, differ from the mean at Q taken in all 
directions ; and therefore cannot have the mean characteristics at Q, It ii 
necessary therefore to obtain further evidence before we can determine whal 
are the characteristics of the elementary groups in different directions, whicli 
evidence is found in the conditions of equilibrium of the varying medium. 

169. ITie conditions between the variations in the mean charocUriMticM 
a. n\ <£*€., ^V or p, in order that a medium^ in which c and the cansiamt 

in /ir) o^re constant, inay be in stecuiy condition with respect to all tJu 

characteristics. 

The condition of equilibrium of a medium in mean uniform conditkH 
requires that u\ a and N should each be constant for all positions and al 
directions ; so that in a medium in which any one of these mean character 
irttics varies, the rest being constant, the equilibrium would be disturbed 
But it does not follow that equilibrium would be impossible if two or moi% 
of the mean characteristics vary. 

For the case where <r'\ is small these general conditions have beet 
aln*ady det4?rmined, in the study of the conduction of heat by Clauaius* 
and more generally, in the study of the dimensional properties of matter ic 
the gaseous stati*"*". In the latter instance, this was accomplished by lh« 
recognition that if the mean chanu'teristics, u\ a. JV^ of flux by a meat 
group of molecules arriving at P were the mean chanicteristics of %ht 
nunlium at Q, PQ bi'ing the range of the characteristics, the three condititHM 

* Voffff. Amt., Jan. iHTi'i ; Phil. A/u^., Jun« 1H61. 

t I'ktL Trans. Jiupal Vor., Ik«)7. Part ii. pp. 786 H03. 



170] LINEAR DISPERSION OF MASS, MOMENTUM AND ENERGY, ETC. 13^ 

of steady density, steady momentum and steady vis viva, could not be 
sivtisfied ; whereas if the characteristics, a and iV, of the flux arriving at P 
from Q were the characteristics at Q, while instead of the characteristics 
t*", v", w" at Q arbitrary functions of x, y, z (U, V, W) are taken for the 
mean velocities of the aniving group, all the conditions could be satisfied ; 
axid the values of U, F, W be determined in terms of a", v", w'\ a and N, 

This method may be applied for the determination of the conditions 
botween the mean characteristics, i7, a, N and u", when - is large as when 

At 

iinaall, now that the expressions for the mean rates of flux and mean ranges, 
resialting from conduction, have been determined, as well as those resulting 
fr'om convection, in a unifoi'm medium, 

3170. The equation for the mean flux. 

Substituting JJ for u\ &c. in the expressions for the characteristic rates 
^f H.UX by an elementary group ( ), remembering that \ is the range 

^^ <^onvection and o- the range of conduction, that 



dN dN\ \ 
+ m V + n -1 



,dN 

dx ^ '"^ dy ^ "' dz J * 



^ ^ fjda ^ da da\ 



" For convectiou 



da 



f, d d ^ d\ 



For conduction 



.(219), 



m 
to 
to 



^txe expression for the inequality of the flux, and integiating from 0=0 
^ ^=a= TT and from <^ = to <^ = l-n, the equation for the mean flux is obtained 
^^ "first approximation. 

-^V the flux of mass. 

^^'rom equations (176), the equation for the flux of mass in direction of 



''«"=''^-l^.(«l+^S'^«-'^° <22«)- 



Yy^ ^Equation (220) has reference to fixed axes, for moving axes the equations 

r ^ These equations define the values U, V, W in terms of the characteristics 
*^ , a, /5 or N\ the mean chanicteristics at the point. 

For the rates of flux of momentum to a first approximation. 

From the first of equations (213) the nites of direct flux of momentum 



\ 
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become, to a fintt approximation, aHsuniing \ to be the eame in all dirm 

For IcUercU flxuc. \ ...(tJ 

From the second of (213) the equations become 

For the rates of Jinx of vie viva to a first approximation. 

From ef{uation8 (215) the equations for the rate of flux of direct pi 
become 



For lateral flux. 
From equation (216) 






y ..(« 



The values of U — u", &a, as defined in e<)uation8 (221), are 
c{uaotities of the first order. Hence as these quantities, and their 
variations, enter into the rates of momentum as factors of the small dist 
X and a only, the terms into which they enter are all of the second 
of small quantities, as compared with />, and may therefore be neglect 
being within the limits of approximation. Omitting these terms 
etjuations (222), the rates of flux of momentum to the first order of 
quantities are by convection : 

/)"(m'm')"«p" , &c., &c.. 



p"(mV)" = 0, &c.. &c. 
and by conduction, o«|uatii»n (159), 



/>"^-0. Sic, &c. 



3 x-'vx/'' i'*"'*^- 



.(« 
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T'lie total rates of flux of momentum being 
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,-„+,",.vr.{i+f?/g)}4'| ,j„,. 

l>"xy + p"(^Vr = 0, &e., &c. ) 



Substituting in equations (223) the values of U - u\ &c., as obtained 
finom equations (221), the rates of flux of the vis viva of the component 
motions become by transformation : 



<^"«'"'-^)"=ni(»-^-¥^S) 



(f»«r=- 



is Vtt 



.[(?-..). 



dx 



/6£ 1_\ „dtC\ 

\\ V2/'* dx] 



),&c.,&c. ...(226). 



{ 



V / s vf ' V b y equation (223) 

(P«|fV) =»i(P«r^) ^ 

i-^d for the rate of flux of the total vis viva 

,^_21 da» 



(iUUU -^PxxU 
pu'f/v' + PxifV 

fm'w'y/+p„w' 



^"*i-i^£) 



&c.,&c (227). 

The equations (221) to (227) as they stand are perfectly general. 

So fieir however these equations satisfy the conditions of steady density 
"^ steady vis viva, only, on the supposition that the conditions of mean-mass 
^ satisfied. And these conditions explicitly involve the space variations 

X; as is at once seen from equations (225). 

171. The conditions of equilibrium of mass re/erred to axes moving with 
mean motion of the medium. 
Differentiating equations (225) with respect to x, y, z, respectively, and 
■'^Transforming, the general conditions of the equilibrium of mass may be 



(pressed as 



di-f 



V2«r 



/©- 



^•a 



V2\a»6*e ' 



3\ + V2cr/(^) 
^^d from equation (146), differentiating and transforming. 
dp S\'^\^2a^b'e' ' 1 dX « , 



■it-i.%'^-'--*^^- 



dx 



i 



3X4- 



^'-/(O 



Xrfx' 



.(229). 
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Adding the equations (228) and (229) the condition of equilibriom w 

«-K«'£-^2)'*«-'*'^ ^*»^ 

The rates of fiux of vis mm vhen the medium is in equilibrium. 

Substituting in the first and second of equations (226), (227) respectiveU 
from iH|uation (228) the respective rates of direct flux by convection 
conduction are expressed as: 

^ \ 

6V ^ , + 21X P ^ T- . «c., &c. 



'^ lo VTf i 



3X + \/2a 



/(O 



2(h 



(/»i 



"''>"=-i5V.{-2<*-V2X)a/(?)^ 



a\3+V2o»6'«' v.. (231). 



3X + V2a/g) 



the re8|)ective rates of lateral conv<»etion and conduction being one-third oC 
the Corresponding direct rates. 

Adding the respective members of the equations (231) the expre*«<ion fi*r 
the total nit<* of <lirect flux of m ravi by convt»ction and conduction is : 



*«A 



<r\\ 3-|-x'2#i«6»4r ' 



Then, sinci* the nites of flux of hiteral vis nivi an* «*ach one-thini «>f tht' 
normal rat4\ the total mte becomi»s 

(+(p"«V+/,„)u.l 3X+v2<r/(-) 

,«x.(i^-V2)./(5)p'£..^..*c. ,..m 

The ei|uatit»ns from (221) to (233) are perfectly general to a finn 
approximation of the inequalities, the axes moving with the* mean motiim oi 
th«* nuHlium, the meilium being in sternly condition, an<l the arrangement 
mich that ci' and 6* are constant. 



17 SJi LINEAR DISPERSION OF MASS, MOMENTUM AND ENERGY, ICT(\ US 

172. The coefficients of the component ixttes of fltuv of (a* . a^ji, ^2) iha 
'm^drTi, component vis viva of the grain. 

By equation (129 b) Section VIII. 

Substituting this in equations (233), dividing by N and putting (6V -f /V) 
for -fche product of the first two factors of the member on the right, tlnmn 
QCiexjcibers take the form: 



«'--^-)S.4(f). 



as ^apressing the relative rates of flux of the vis viva of th(! grainn imroMH 
smii-^Eaces moving with the mean motion of the medium. 

*irhese rates expressed by the space ratcH of variation of tli<t viti viva 
^^ "ftwle grains multiplied by the coefiicient (CV + AO expn^HH tfin rat<i of 
^^^^^ under the condition of steady motion. 

IBut as long as the scales of the variation of a^ are Huflici<jntly larg<i, 

compared with the squares of the scale of the relativ*^ uuihh and tliM 

»^i^Wi paths, to come within the limits of approximation for iUt* tuuiuUtiuui't' 

^ ■"*Jean and relative systems, the rates at each [wint will }n* (ipproxiniutiTly 

^^ Bame as under the conditions of e^juilibrium. 

Tlien if the inequalities of mean motion are ntp ntntiW that tlnr in<''|M.'iliti<^N 

^r^^^itinted in X, X, and a may l>.- lu-gh^.'U^I hh tuttuimnul witli A', K, a, 

*^^ iff the scales of mean motion are Kuflficiently larg<; and th<r MM'inalitM *i 

^^^^iently small, the coefficient CV and />,*, wlu^^h tin* n'>!|H'' tiv< 1^ th'- 

^P'^'^^cients for ccmvection and conduction, may }m: tak<rn a^ r//ni^tan»^ witlnn 

^ limit of approximation. 

^B^73- T^ rate of di*perti/m of Htt^tr {itatpmUHj^.H in Otf. fut^ tnwi /// llit* 



^ C, r \ d 






3 ^; / . . -/' '/^ ¥' « 
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severally on the component inef)italities, and admit of separate expreflsioiv 
which when added together give the expression 

^^/.(c.-^fl.-);,v.(D .jM, 



And niultiplving by N 



'^-(W*A-),.v.(l'). 



174. The expressions for the coefficients C,' and A' involve the arbitrary 
constant b', so that the general expression cannot be completely interpreted^ 
until 6* is defined. But the terms which depend upon b are very mnalK 
except for states of the medium in which X is greater than cr/10 or leas thaaa 
lOcr; so that outside these limits the coefficients are indepeixleDi of h^ 
within the limits of approximation. 

Then, outside these limits, the expressions for (7,' and D^\bb appears froam 
equation (233X when a'X is small, are, within the limits of approximation. 



.,.^> 



•(M7). 



And when o-/X w large 

n, 4 <r« a /0\ (288). 

And these values become infinite in the limit. 

175. Sumtiutry and conclusions (is to the rates of redistrUfMiiom 
relative tnotion. 

The equations (202) express, in terms of the quantities which 
the relative* motion of the metlium, the rates of angular rearrangemeii^C* 
of the relative-masH, by institution of relative motion, c<»rrespoiMling to tln^ 
last tenn in (Mjuations (119) Section VI. 

E<]uations (235) Secti<»n XII. express the linear re^listribution of in — 
cKjualities in tris viva of relative motion by the actions of coovectioa and 
conduction com^sponding to the second and third terms of equationa (117 a > 
Section VI. 

Equations (195) and (205) express the respective rat4*s of angular redia- 
tribution of angular inequalities in the vis viva of relative motion, reanltii^f 
fn>m convections an<i conductions respectively, correspontling to the foortb 
term in (Hjuations (117 a) 

The second term in the equations (119) Section VI. is the only tana 
in the equations of mass which does not become xero when p' ia oooataat in 
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time and space. Therefore equations (202) express the only redistributive 
actions on mass, equation (204), resulting from relative motion. These 
redistributions of relative-mass are essentially positive dispersions of un- 
symmetrical arrangement, at rates which are proportional to the inequalities 
m the arrangement of the mass. But subject to the same limit as the 
permanent difiiision, as X/o- becomes small. 

Thus the action of relative-motion on the mass is that of positive 
dispersion of all inequalities. 

The second, third and fourth terms in equations (117 a) are the only 
terms in the equation which depend on relative motion only ; that is, are 
the only terms in these equations that do not necessarily vanish when the 
tns viva of mean motion is constant. 

Therefore the equations (195) and (204), Section XL, express the only 
redistributive actions on the vis viva resulting from relative motion. 

From these equations it appears that all these actions are essentially 
ciispersive of inequalities, at rates proportional to the inequalities multiplied 
fcy coeflScients depending on the characteristics of the medium ; the only 
limit being that imposed by the nearness of the grains, which is the same 
limit as that of permanent diffusion as expressed in equation (205). 

It thus appears that to a first approximation the action of the relative 
YDotion on relative mass and relative vis viva is essentially that of positive 
^iispersion of inequalities; in which the rates of linear dispersion, and of 
«mgular dispersion of vis viva, by convection, are subject to no limit, while 
"those of angular rearrangement of mass and of angular dispersion of vis viva 
T)y conduction are subject to a finite limit as the grains become closer. 

The generalization of the dispersive actions. 

The numerical coefficients of the several rates of redistribution expressed 
in the equations (202), (195), (205) relate to a medium consisting of uniform 
spherical grains. But if, for these numerical coefficients, arbitrary constants 
are substituted, these equations become general, that is to say, they include 
all discontinuous media in which the separate members do not alter their 
shape or size. 

Whence the conclusion follows, that discontinuous, purely mechanical 
media satisfy the condition for the maintenance of the state of relative 
motion. 
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SECTION XIII. 

THE EXCHANGES BETWEEN THE MEAN- AND 
RELATIVE-SYSTEMS. 

176. It has been Hhown (Sections XL and XIL) that the effect of the 
relative motion is to di8|)erse all inequalities in the mean rti viva of 
relative motion and in the arrangement of the mean-mass; the rate« and the 
limits of these actions having been expressed in terms of the qoantitiet 
which define the relative motion. 

It remains therefore (1) to effect such analysis of the terms in the 
ecjuations which express the effect of inequalities, in the mean-system, in 
instituting inequalities in the relative-system, as is necessary to define the 
actions they express, in terms similar to those in which the rates of redistri- 
bution are expresst^d ; and (2), by combining the effects of the refipectire 
actions of iiistituti<m and redistribution, to arrive at expressions for the 
resultant ine<{ualities which may be maintained. 

The only terms, which remain to be considered in the members on the right, 
of the equations of component vis vina of mean- and relative- motion (123) 
after transferring the first term on the right, which is the convection term : 

to the left member, are those terms which are concisely expressed as the fifUi 
and sixth terms in equations (117 a). 

Therefore these* tenns are the only terms which express exchanges of 
vis viva between the two systems taken as a whole. And since these terms 
do not bt»come 8urfjici» integrals they expn^ss the exchange, at points, of rts 
viva from the mean-sy.Htem to the relative-system. And further, these terms 
are transformation tenns S4)lely ; so that they each express, under the 
opposite sign, the exact rates of exchange as the corresponding terms in the 
ec|uations (116 a). Thus the fifth tenn in equations (117 a) expresses the 
rate at which vis viva is received by the relative-system from the mesn* 
system on account of the diminution of the abstract resilience in that 
system, while the sixth term in (117 a) expresses the rate of excluuigs 
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dnetic energy necessary in order to satisfy the condition of no energy in the 
esidual system, the expressions under opposite signs being identical in the 
wo systems. 

177. The initiation of inequalities in the state of the medium. 

Since the terms in (117 A) express the only actual rates of exchange of 
nergy between the two systems, and the effects of the relative-system are 
mrely dispersive, it at once appears that in a medium, in a state of general 
^uilibrium, inequalities can be initiated only by acceleration of mean- 
notion, and whatever the state of the medium may be, all initiation of 
nequalities springs from acceleration of mean-motion as the prime cause, 
["his being so, any rate of change which may result by transformation from 
nequalities in the mean-motion will be expressed as : 

dit 9i t * 

ccording to whether or not the rate of convection dc/'( )ldt is or is not 
icluded in the action. 

In this way the joint actions of institution and redistribution are ex- 
pressed as 

dit d^t 

178. As presenting by far the greatest difficulty, and thus entailing the 
Qost discussion, the rates of institution of angular inequalities in the rates 
i conduction through the grains demand first consideration. These rates, 
t would seem, have not hitherto been the subject of analytical treatment ; 
knd although the expressions for these rates of institution are clearly dis- 
inguishable, now that the conductions are separated from the convections, 
he interpretation of these terms presents difficulties owing, partly, to the 
lovelty of the conceptions involved. 

It appears that the analysis of these conductions constitutes the kinetic 
iheory of the abstract elastic properties in the mean-system of a granular 
nedium, that is to say, properties of distortional elasticity. 

The terms which express the rates of increase of abstract resilience in 
;he mean-system are included in the last term but one in the right members 
)f equations (116 a). 

In a purely mechanical medium there is no resilience in the resultant 
jjrstem, so that these terms in the mean-system have their identical counter- 
part under the opposite sign in the corresponding equations of the relative- 
system. But that which has rendered this subject obscure, is that the 
X)unterpart is under different expressions. 

This is owing to the generality of the equations, which are not confined 
to a purely mechanical medium. However, on changing the signs of the 

10—2 
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terms in (116 a) we have the interpretation of the corresponding terms in . 

(117 a). These terms, 

'■i\p''[-d^''d^)^p''[-d,''-^)\\'^''^' 

represent the rate at which kinetic energy in directions x, Ac is beinj^ 
abstracted from the relative-motion to siipfrty the abstract mean resilience^ 
depending on conduction, to the mean-system of motion. This is obviooa. a» 
regards the first of the terms within the brackets, for the componeiita ia 
directions x, y and z. But as these represent uniform expansion multiplied 
by uniform pressure, both the expansion and pressure being eqnml in all 
directions, it introduces no angular inequalities in the relative vi$ n'ra. It is 
however these terms, or more strictly, the three corresponding terms for the 
directions x, y and z taken together, that, owing to their simplicity, reveal 
the modiis operandi by which the conduction through grains, of changeless 
shape or volume, can affect the work done in contracting the space in whicb 
they exist. 

It is not the conductions that are the active agents. But these ooodne* — 
tions are a passive necessity of the space occupied by the grains ; and thiE«^-<iHHi 

measure the contraction of the freedom of the grains, owing to their volume^ ^. 

Whence, it is at once realized that the amount of increase of kinetic energy — , 
which would result from a contraction of the entire space occtipied, woal 
not be the same as it would be if the grains, while conserving their 
ceased to occupy volume. For in the latter case, taking V the velocitj 
the grains and p for the density, and supposing the action were what 
called " isothermal," the velocity V remaining constant, the rate of 
ment of momentum would not be pV*/:], as it would be if the ▼olames of t 
grains were zero. 

Neither would this stress vary with p but with p [1 -|-^(/>)) where ^i 
represents virtual contraction of the space free to the motions of the cent 
of the graina Thus the variation of the kinetic energy caused by a 
volumetric strain in the medium is increased by the proportion of the voloo 
occupied by the grains to the exclusion of other grains. It is thus seen 
it is this excess of work in any mean strain, resulting from the nrUud 
space from which the grains shut each other out, that is measured by the 
conductions. These effects have been fully expressed in equations (158) sad 
(159X i^tion X., and are easily realized in the case of volumetric 
But it is quite a different matter to realize how a purely distortions! 
which neither affects the volume of the space nor the volume of the 
can produce a virtual alteration of freedom open to the grains or inequalities 
in rates of conduction ; and hence the importance of the evidence dcriTsd 
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from the consideration of the volumetric strain in the interpretation of the 
results of distortional strains as expressed in the three last terms within the 
brackets. From these it appears at once that the action which determines the 
character of any eflFect there may be is rate of distortion, which also determines 
the rate of action, while the subject acted upon is the component of conduc- 
tion induced by the distortional strain. In the first of these distortional 
terms, for instance, 

we see that all actions on the mean rates of conduction, expressed by p", 
equal in all directions, are expressly excluded. The recognition of this is 
important as it shows the independence of the actions, in so far that if the 
distortional strain does not induce any change in the rate of conduction there 
s no effect. This raises the question : what is it that determines whether 
>r not these distortional strains shall have any effect ? And the answer to 
ihis is furnished from the experience derived from the volumetric strain. 
[f the mean distortional strain, by altering the relative positions of the 
a^rains from what they would have been without the distortional strains, so 
liters the mean extent of freedom in the directions of the principal axes 
Df the rates of strain, there will be effects, otherwise not. " Limiting the 
Freedoms "is only an expression for altering the probable mean paths, and 
Eui a distortional strain consists essentially of strains in directions at right 
angles, such that one of these strains is of opposite sign and equal to the 
sum of the others, the action of a distortional strain is not to alter the mean 
density, nor if ajX is small the mean paths of the grains, taken in all 
directions, but to institute inequalities, increasing the mean paths in the 
directions in which the strain is positive, and decreasing them in those 
directions in which it is negative. 

It becomes plain, therefore, (1) that no matter what the mass or number 
of grains may be, if the volumes are such that the space they occupy is 
negligible compared with the space through which they are dispersed, the 
efiFect of distortional strains on the conductions must also be negligible. 

And (2) that any effect the distortional strains may produce on account 
of the size of the grains depends on the change in the angular arrangement 
of the grains, as measured by the angular inequalities in the mean paths, 
that may be instituted. 

And from these two conclusions it appears definitely that the abstract 
exchanges of vis viva, from the mean system to the relative system, in con- 
Sequence of distortional strain in the former, and the space occupied by the 
grains in the latter, depend solely on the angular arrangements, as they are 
here called, of the grains. 

This general and definite conclusion brings into view, for the first time, 
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the fundamental place which the conditions to be satisfied by the reUtirc 
mass, as set forth in Section V., as resulting from first principlefl, occupr in 
the exchanges between the two systems. 

It also calls our attention to the fact, pointed out in the preamble to 
Section IX., that the tacit assumption in the kinetic theory of gii«e9«, that 
the redistribution of vis viva entailed the redistribution of mas^, has limited 
the application of this theory to circumstances in which the conductionn are 
negligibly small, and reveals the necessity, for the general theory, of a studjr 
of the law of redistribution of mass resulting from the dispersion of WMMm 
as a subsequent effect of encounters, and as being in some respects inde-- 
pendent of, and of equal importance with, Haxweirs law of redistributioo 
of xris viva. 

Although in such studies of the kinetic theory as I have seen I have not 
found any reference to the existence of such a law or the necessity of its 
study, in a recent reference to the celebrated paper by Sir George O. Stokea, 
"On the Equilibrium of Elastic Solids," I was much relieved to find that, in 
his discussion of P(>iss4)n's theory of elasticity, he expresses the opinion that it 
is important to take into account the possible effects of new relative poiiitioiis 
which the molecules may take up, in which I recognise a reference to what 
I have called the angular distribution of the grains. 

179. The probable rates of institution of inequalities in the mean angular 
distribution of mass. 

When the condition of the granular medium is such that the probaUe 
mean path of a grain is the same in all directions — that is, when the mean 
of the paths of all the grains moving approximately in one direction is tlie 
same, whatever direction this may be — there are no angular inequalities in 
the arrangement of the grains. Ami when the means of the paths of graini 
moving approximately in the same directions are different for differeDl 
directions, these differences serve to measure the inequalities in the angular 
arrangement of the grains. 

And in exa(*tly the same way the angular inequalities in the number of 
encounters b<*twi*en [>airs of grainn having relative-mean paths approximately 
m the same <iin*rtion M*rv<* (and are rather more convenient) to measure the 
angular int^jualitit^s in the mass. 

Such relative angular iruM^unJitic'S iirv instituted solely by distorttooal 
motion in the mean Kystem. Ami the rate of distortion is one of the CmIocv 
of the pnnluct which repremMits the rat<? of institution of the relative 
Hie<|uality ; the other fact4>r being the ratio of the average normal oonductioo 
of momentum at an average en<*ounter of a pair of grains, divided by twice 
the average convection by a grain in the direction of its path. 
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By equation (147) the normal conduction at a mean collision is 

|v2(7')'V/(0. 

and by equations (155) and (156), there are two mean paths traversed for 
each collision, and the mean displacement of momentum, by the convection 
of a grain between encounters, is \ V\ 

Therefore the ratio of the corresponding normal conductions and normal 
convections is 

2V2(iryV ./cr\ V2cr 
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And the rates of institution of relative angular inequalities in the arrange- 
ment of the mass are represented by 

This is, only, when u", v", w'' are referred to the principal axes of the 
rates of distortion. And da/dt, dJb'jdty dcjdty represent the relative rates of 
increase of the mean paths of pairs of grains having relative motion in the 
directions of x, y, and z respectively. The rates of relative increase of pairs 
of grains, having directions of motion other than the directions of the 
principal axes, are obtained from those in the directions of the principal axes 
as in the ellipsoid of strain. 

Besides expressing the inequalities in the angular distribution of mass 
and in the mean relative paths, da\ &c., express the rates of increase of the 
inequalities in the numbers of encounters between pairs of grains having 
relative velocities in the directions of the principal axes. But they do not, 
without further resolution, properly represent the rates of increase of the 
inequalities in the rates of conduction in the directions of the principal axes ; 
since the directions of encounter, that is, the normals at encounter, may 
depart by anything short of a right angle from the direction of the relative 
ixiotion of a pair. 

Before proceeding to consider the relative-inequalities in the rates of 
conduction, however, it seems desirable to call attention to the distinction 
fcetween rales of strain and strains. 

It will be noticed, after what has already been said as to the difference 
l)etween the effects of volumetric strains and distortional strains, that in 
^hat follows, the expressions da'/dt, &c. are used to express the rates of 
increase of relative-inequalities resulting from rates of distortion, while 

* N3. The a\ b\ c', in this article have no relation to (a, 6, c) as used in equations 
(181) Ao. for ineqoaUties of vu viv€L. 
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these expressions are equally applicable to the rates of Tolometric strmiiL 

Thus the expressions, 

V2 a ./<r\ /du dv dw\ 

express, respectively, the rate of relative increase of X, the mean path, 
in all directions, and the rate of increase of the inequality in the m<nin Talue 
of the mean paths of the pairs of grains having motion in the direction oC 
X only. This at first may appear paradoxical ; hut the explanation becomesi 
clear when it is remembered that a rate of strain does not represent a strain , 
however small 

For a finite rate of strain to cause a strain it must exist for a finite time. 
And to convert the expression for a rate of strain into the expression for a 
strain it must be multiplied by the expression for a time; recognising this, 
the difference between the effects of volumetric strains and dist*>rtional 
strains is at once seen. In the uniform volumetric strain the effects on the 
path of every pair of grains, whatever the direction of the paths, are the 
same ; whereas in the distortional strain, if the strain in direction of ooe 
of the principal axes is positive, the sum of the strains in the other two axes 
is equal and negative, and thus they neutralise each other except for soch 
effects as result from rearrangement of the grains. 

Noticing this, it is seen that the rates of gtrain in the directions of the 
principal axes on the pairs of grains with relative motion only, in one or 
other of these axes, are perfectly independent And, assuming that there 
are no initial ine(|ualities, these inde|)endent rates express the initial rates of 
increase of the initial inetjualities in the mean relative paths, with relatiTe- 
motion in the directions of the principal axes of rates of distortion. And, 
as long as the relative inequalities are very small, this independence will 
be approximately maintained. 

Taking ^ as an indefinitely small increment of time and multiplying both 
members of equations (14()) by this time we have, putting a' «■ da'Sifdi, as a 
first approximation to the effects of the rates of institution. 

V2<r ./a\ f^du" 2/du" dv" dw''\) ^^ . . ,^,,, 

or since X is not affected by the distortional strains we may put for the actual 
rates 

(242X 

which expreim the increa^^e in the mean paths of pairs of grains haTtng 
relative velocities in the <lirectiuns of the principal axea 
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Then since the numbers of encounters between such pairs are inversely as 
tihe increase of the paths, we have, equating the reciprocals of both members, 

Trom which we have for the rate of relative increase of encounters the 
^Lumbers of pairs with relative motion in the directions x, y, z^ 

--'-^ifiS)^^-i(X-%^T^^' <-^ 

Having thus obtained to a first approximation expressions for the effect 
of rates of institution of inequalities in the pairs of grains having relative 
motion in the directions of the priucipal axes, we may proceed as in Art. 149 
to find, to a like approximation, the effect of these inequalities in the numbers 
of encounters on the normal conductions in the directions of the priucipal 
axes of distortion. 

180. The initiation of angular inequalities in the distribution of the 
probable rates of conduction resulting from angular redistribution of the mass. 
Taking x\ y\ z as measured in the directions of the principal axes of 
the distortional strains, and — a', — 6', — c respectively for the relative in- 
equalities in numbers of encounters between pairs of grains having relative 
velocities in the directions of x\ y\ z' respectively, where a' + 6' -f c' = 0, we 
have for the probable relative inequality in the number of encounters of pairs 
of grains having relative motion in the directions defined by Z', m\ n referred 
to the principal axes, 

- (f »a' + m'«6' + 'a^c\ since f ^g'^K= 0. 
Then, taking Zi, mj, n, as the direction cosines of the priucipal axis 
measured in direction a!^ with respect to any arbitrary system of axes 
measured in directions of x, y, z\ Zj, m,, n, and Z,, rw,, w, being the direction 
cosines of the principal axes of y' and z respectively referred to the arbitrary 
system, the inequalities in encounters between pairs in directions x, y, z 
respectively are expressed by 

-(ZiV + Z,«6' + Z,«c'), &c,&c (245) 

respectively. Then using — Oj, — 6,, — Ci to express these inequalities, we may 
also take, in the usual way, /, g, A, the probable tangential inequalities, 



^-i(£4;)'*^-^ <^*«>' 



dy. 

— {mjPriCL + m^njb' + m^n^c^ &c., &c. 
Then to find the inequality in the number of encounters having normals 
in the directions of the axes of ar, y, z, respectively, resulting from encounters 
between pairs of grains in all directions, we must express the probable 
number of pairs having relative velocities in a direction defined by Z, m, n 
referred to the directions of x, y,z\ such an expression ia 

ai = Z»a + m»6 + n«c + 2mn/4-2nZgf + 2ZmA (247X 
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Then the angular distances of the direction of Oi from this line to the i 
of X, y, X respectively are defined by I, m, yi respectively ; and the probability 
of the normal at encounter being in the direction of c is ^, in the directioD 
of y is TTui,, and in the direction of i is noi. These are the inequalities in 
the numbers of encounters of which the directions of the normals are in 
the directions x, y, z, respectively, resulting from encounters between pain 
having relative motion defined by /, m. n. Then integrating — a,/, — a^m^ 
— a^n over hemispheres having axes in the directions of x, y, $, respectively^ 
we obtain, respectively, on dividing by ir the mean inequalities in the prt>ba— 
biiity of encounters having normals in the directions of the aiea x, y, m 
Thus putting I — cos 0, m — sin 6 sin ^, n « sin cos ^, 



„ r«(dco8** 1 idco^0 \dcos^0\,. J 



= | + J(6 + c) (248). 

181. The mean relative inequalities in normal conduction are obtainec: 
after the manner in which equation (148) is obtained, by resolving the cxmk - 
ponents of mean normal conduction in the directions of jr. y. $ respeciivelj^ 
and multiplying them by the expressions for a, 6, c, &c. equations (247). 

Then, since a + 6 + c = 0, we have for the probable inequalities respec- 
tively a/4, 6/4, c/4. 

Our object however is not to obtain the inequalities in the probabltf 
number of encounters, but the inequalities in the mean normal conductioo is 
the directions of the principal axes. 

The mean relative inei^uality of normal conduction is obtained by ib 
same method as in Art. 104. This requires that for the direction of m, U 

must be multiplied by v'2/( - J V^l, and then integrated. Thus 

(249) 

reduce to 

These are the inequalities in the proliable normal conductions i 
directions of the axes of x, y, s respectively, and it remains to fin 
inequalities in the probable conductions in the directions of the principa 
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The probable inequalities in the conductions resulting from an encounter, 
having the nornnals in the direction of x, are obtained by substituting the 
expressions for a, 6, c in the preceding equations, then resolving the 
normal components of Fj and <r, in the members on the right of these 
equations, in the directions of x\ y\ z respectively, integrating over a 
sphere of unit radius and dividing by W. Thus since a' + 6' + c' = 0, 

±|2W2.K./g){/;V(l.V+»>W)£l 

It will be observed that these expressions are for inequalities of the 
probable component of conduction in the directions of the principal axes, 
taking into account the relative inequalities in probable normal conduction 
in all directions; and that they do not express rates of conduction corre- 
sponding to the expressions in equations (158) and (159), but if multiplied by 
a*/\/2 the mass of a grain, they express inequalities of conduction corre- 
sponding to the conductions expressed in equation (148). 

To obtain the expressions for the inequalities in the rates of the relative 
component conductions in the directions of the principal axes of distortion, 
the expressions for the corresponding component conductions must be multi- 
plied severally by the number of encounters each grain undergoes in unit 
time, and by the number of grains in unit space, as expressed by the integral 
of equation (157). 

Comparing the expressions thus obtained with the rates of conduction, 
equation (158), it is at once seen that the inequalities in the probable rate of 
component conduction in the directions of the principal axes of distortion 
are, remembering that a expresses di(a')dit/dit, &c., 

^•32 ^jW(1) f |<«')^'* = |(^"--^")5"^' ^- ^ (252). 

Then although the significance of the a' and a, &c., used to express 
relative inequalities in mean paths have no relation to the a' and a, &c., used 
to express inequalities in the vis viva, in equations (192 — 194) they are of 
similar significance and admit of similar transformation, whence it follows 
that by a process strictly corresponding to that followed in Art. 152, these 
rates of conduction transformed to any system of rectangular fixed axes a?, y, z, 






.(253), 
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then dividing by St and Bubstituting the values of ^ , tic from equAtioDt 

Oil 



(146) 



a. (a) 



^2 0- 
'3 X-' 






.(254). 



To convert these into rates of iustitution of ineqoalities to the probable 
rates of conduction they must be multiplied by the constant coefficient of 
the di(a')jdit in equations (2o2) which by equations (159) may be expreased 
as: 0*32^"; the coefficients of the right members of equations (254) may 
also be expressed by 2p"/pa*. Therefore 




."•(-du" 2/du" dv" dw'W B,, „ „, . , , 



0-32p"' - (dv" ^ dw"[ Id, , .. . . . 



,.(255) 



''2 

express the initial rates of increase of probable angular ineqiialitie5 in 
the rates of conduction, resulting from distortional rates of strain in the 
mean-system, which are expressed in the last term but one of e<)uatioiis 

(117 A). 

The rates of increcue of conduction resulting from rates of ckanffe of 
density. 

By ei{uationK (239) the relative rates of increase of p" are the producU 
of the relative rates of change of density multiplied by the ratio of the rate 
of conduction to the rate of convection ; the last factor is 



'ii^iiy 



>/_2«r 
3 



Thus for the relative rate of increase of p" 

1 dAp") _ £_ (du" dv" dw^ 
p-' 8,< " a'Kdx'^ dy'^ ds) 
'' i 

the actual rate of increase being 

c,t " <if\dm dy dt) 

P9 



•(256X 
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183. The institution of linear ineqxudities in the ratee of flux of ms rim 
of relative motion hy convection and conduction. 

Thus far the analysis for the rates of institution of inequalities in the 
vis rtm and rates of conduction has been confined to the effects of uniform 
rates of strain in the mean-motion extending throughout the medium, whether 
distortional, rotational, or vohimetric. When however the rates of roernn 
volumetric strain are other than uniform, as long as the parameters of such 
motion are large as comparer! with the parameters which define the spaces 
over which the means of the relative mass and relative-momentum are 
approximately zero, the analysis of the effects resulting from small variations 
in the rates of strain in the mean-motions, in instituting linear dispersive 
inequalities in the mean vis viva, p(a*y'/2, of relative-motion, follows as a 
second approximation on that which has preceded. 

In Section V. equation (98), it is shown that provided the relative motion 
and relative mass are subjected to such redistribution as to maintain the 
scales, over wliich they must be integrated, small compared with the ci»rre- 
sponding scales of the mean-motion, the conditions for mean- and relative- 
systems will be approximately satisfied. 

The expressions for the rates of institution of linear dispersive inequalities 
by convection and by conduction are given by equations (2G1) and the last of 
equations (256) 

8, / fifx 2 a'.du" dv' rfw"\v 
?7A^2J="S^2idi"^d7"^"37J 



a. 



a. „, 2i>"«/rfii" dp" dw"\} (264K 

,^^(p) = -3^(^-^+-j-+^j| 

2 



'1 



184. TTie institution of inequalities in the mean motion. 

In the case of a space within which there are no inequalities, in 
either system, the institution of ine<iualities in the mean sj*stem within the 
space* must be the n\sult of some niean ine<)ualitie8 in the mean state of the 
medium out.nidt* the s|)iice — of some action across the boundaries; since in 
an infinite* nuKliuni, including all the mass, all actions must be between one 
portion of the mi^lium and another. 

For th(* sake of analysis however it is legitimate to consider the mean 
actions on the* Ixnindaries of any s^Mice, as d(*tenniiied by the scale of mean- 
motions, as arbitmr}'. And it is imfiortant to notice that such mean actions 
on the mean motion an' the only actions that it is legitimate to treat as 
arbitrar}' ; si net*, as has b<*t*n shown in the last article, the insUtution of 
inequalitic*s in the relative motion results solely from the action of the mean 
motion. 
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Arbitrary accelerations may be finite or infinite and by assuming the 
Accelerations infinite we are enabled to institute finite inequalities in the 
mean motion in an indefinitely short time, and this without instituting any 
inequalities in the relative motion, as the instantaneous result ot the 
institution of the inequalities in the mean motion ; whence, it appears, that 
we may, for the purpose of analysis, start with a medium without any 
inequalities in the mean mass, relative mass, or relative motion, but with 
arbitrary inequalities in the mean-motion. With such an initial start we 
liave, from equations (120) Section VI., 

p^' = 0,&c.,&c (265). 

Uit 

186. The redistribtUion of inequalities in the mean-motion. 

The effect of the instantaneous institution of inequalities in the mean 
motion is an instantaneous finite acceleration to the institution of inequalities 
in the relative motion as expressed in equations (255) to (263) as the result 
of transformation ; the action including both the convections and conductions. 
This acceleration of the inequalities, in vis viva of relative motion, including 
conduction, is also an acceleration to the institution of the space-rates of 
variation of these inequalities, and these space-rates of variation of the 
inequalities of relative motion are transformed back as accelerations of the 
mean motion. 

Thus, although diu"/dit = 0, the institution of du"ldx, say, has instituted 

an acceleration to the institution of inequalities, the space variations of which 

I'eact as accelerations on the mean-motion. That these reactions are dis- 

{>ersive, of inequalities in the mean motion, follows definitely from the 

Bequence of the rates of action already defined. 

To prove this we may consider the acceleration of any one of the 
inequalities, instituted by the mean motion, as to its rate of reaction, on 
'tihe inequalities of position of the mean-momentum, by itself — independently 
Cif other inequalities. Considering the effect of acceleration of the inequality 

p (UV) +p zy 

^n the acceleration of the rate of increase of mean-momentum, it appears, 
nt once, from the equations (120) that the reaction resulting from this 
inequality affects both u" and v". These effects may be considered separately. 
But from equations (255) to (263) it appears that the rate of institution of 
the inequality p" (uV)" -\- p"xy depends on the mean inequalities 

dvT dt/'. 
dy dx ' 

80 that if du'jdy is zero there will still be reaction unless dvf'ldx is also 
zero. 
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From equations (255) to (263) the rate of institution of the inequality it 

Then changing the sign and ditferentiating with respect to y we hare for 
the rate of increase of reaction from this inequality, 

Differentiating this last e()uation with respect to y the acceleration of tb^ 
rate of increase of the inequality in the mean motion is 

a.> /du" \ / a' 0-64 A d* (du" dv"\ ._^^ 

This equation expresses the partial effect of the inequality p''(uv)" ^p\ 
on du'jdy. And proceeding in a similar manner we have for the other 
partial effect on dv^jdx 

3.' (dv"\ ( „ «• 0-64 „.\ d' (du" d^'\ 

Then adding, the total effect becomes 
„ a,« (du" dv" \ / ,, a« 0-64 ,, \ / d« d« \ /du" dif" \ ,^ ,, 

It is at once seen that this equation represents a positive acceleraiiom to 
dispersion of the inequality in the mean motion, du" jdy -f dv'/djr, as the 
result of the rate of institution of the inequality p" (uv)" -^ p"g^. 

In a similar manner it may be shown that the effects of the fire 
dintortional inequalities, in the rate^ of convection and conduction, are 
accelerations to the dispersion of the five remaining inequalities in the 
rates of increase of mean motion. These, together with rates of dinpervuMi 
of the volumetric inequalities, admit of expression in a general form. 



186. The inequalities in the component of mean motion. 

du^ diT 
_{du"_l fdu" df/' dt^\\ dy'^dx 

\dx SKdjc'^ dy'^ ds)]' ""^ • 

.du" dur\ 

[ds'^ dx) 1 /du" dff' dw 



du" dw" 

^ dx/ l/du" dfT' dw"\ . . 

admit of expression after the manner of expression of component streaKS by 
simply substituting !"„ for p"„, &c.. &c., and we may further simplifj thm 
expremions by putting r\ for (/"» -f /"^ + r'u)/'^. 
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In the same way we may take !„ for {p"(tAV/' + />"aa}. In this way we 
lave for the three typical expressions of accelerations to rates of increase in 
nequalities of mean motion 

p5(/".-n)=(/.'+^^,-)|.(/"_-/-,) 

'B^'--^ -('>"3+3?v''"'){£<^"-)+$<^"">+£<^"«))) 

(271)- 

Each of these types, it will be observed, expresses acceleration to the 
dispersion of the inequality of the mean motion. 

Whence it appears that the instantaneous institution of inequalities in 
mean-motion is also an instantaneous institution of accelerations to the 
dispersion of the inequalities in the mean motion. Q. E. D. 

It will be observed that since by definition the mean relative components 
taken over the scale of relative motion are all zero, there can be no change 
in the mean momenta as the result of exchanges between the two systems. 
And hence the action of dispersion can be, only, changes of the position of 
the momentum from one place to another. 

187. In the consideration of the equations for momentum the question 
of dissipation of energy of mean-motion to that of relative-motion does not 
xriae. But, as an acceleration to dispersion of inequalities of the mean- 
tnotion is an acceleration to decrease the component momentum where it is 
^eater and increase it where it is less, so that there is no change in the 
integral momentum of mean motion, it follows, as a necessary consequence, 
the acceleration to dispersion of momentum entails an acceleration to dis- 
«)ipation of energy of mean-motion to that of relative-motion. The expression 
for these initial accelerations to dissipation of energy may be obtained in 
various ways, one of which is involved in the proof of the following theorem : 

The initial rales of institution of inequalities as expressed in equations 
(255) to (263), for convections and conductions, are essentially accelerations to 
mean rales of increase of the vis viva of relative-motion as loell (is to t/ie 
redistribution of inequalities in the mean system. 

The terms which express exchanges of energy by transformation from the 
mean system to the relative system, which are the only exchanges between 
the systems, are the last of the terms in each of the equations (116 A). Then 
putting p"3i (m V)/9, (f ), &c., &c., as the initial effects of the instantaneous 

R. 11 
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iiuititutionH of inequalities in the mean motion on the reklive mslion. 
we have 






[ „ , , «V + t;V + wV . T'du" 



.(472K 



and two corrcsponiling expressioiLs for the other components. 

By equation (2G5) 3,M"/3,f, &c., &c. as well as all ineqitalitieft of relative 
motion are initially %(*rc>: so that, initially, both members are lero. Then 
performing the operation S, 3,< on both members and obeerving that by 
equation (265) this operation has no eifect on the moan inequalities, 

n 3, r ,.a' ,.-] iJu"ii,"d<if\] 



.V'|l<"'"-'"- 



:•,[." ^.v-«>,.-,]• 



dr 



dii' dv" ' 



.(2731. 



and two corresponding equations for the other components. 

These three equations taken together express in terms of the diflfereDliaff 
coefficients the rates of institution of ine<|ualities of the relative m«»tioii« 
expressions for which in terms of the mean motion are given in equation* 
(255) to (268); and substituting these expressions for the diflerenlial 
coefficients in each of the three e<|uation8, and adding the correspoodii^ 
members, we have for the total initial rate of acceleration of the rate < 
increase of relative energy 



'■■ftu'"-) -('■■••%■> 



I (,rfu" dv'y (dv" dw Y (dw" du"\) 



.(274 



The member on the right is essentially positive while the left 
exprt*ss4*s the acci*lenition of the mean rate (»f the t^ rt'eo. Q. B^ D, 



188. The first tenn on the right, et| nation (274), expresses the 
tion «>f the raU* of mean-energy of relativt* motion resulting frov 
incN|iijilitit*s «»f the direct spacM* variations of the mt*an motiitn, incl 
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followH that any cause which maintains these inequalities small, compared 
with the relative energy, will render the dispersion irreversible by revemng 
the mean motion, no matter how great the acceleration to the dispersive 
condition arising from the prime tendency to the dispersive condition. 

Such actions exist in the angular and the linear dispendons, of the 
angular and linear inequalities of vis viva of relative motion, and rates of 
conduction through the grains, e()uations (195) and (205), Section XI.. and 
(236). Section XII. 

From equation (266) it appears that the instantaneous reversal of iIm* 
mean motion has no eifect (instantaneous) on the relative motion ; so that 
this is not sinmltaneously reversed. And thus it is not the resultant motiou 
that is subject to reversal, but only the abstract mean motion, while the 
abstract n^lativc motion continues as before to redistribute the reveraed 
mean motion. 

This explanation of irreversibility of the mean motion and the irreversible 
dissipation of energy could not have been obtained until the anahtical 
separation of the abstract mean motion from the relative motion had been 
accomplished. And this fact fully explains the obscurity which has hitherto 
surrounded dissipation of energy. 

The general reasoning in this article, although sufficient to afford a 
general exphuiation, is, of necessity, supplemente<l by the definite analysis 
by which the ine<|ualities in the m viva of relative motion are detennineil m 
the next article. 

190. The detef^mination, iw ternus of the quantities which define the con- 
dition of the medium, oj the ineqmdities maintained in the vis viva of relative 
motion, and in the rates of conduction, by the combined actions of institution by 
transformation, and redistribution by relative relative- motion. 

In entering upon this undertaking it is in the first place necessary, in 
onler to render the course of proce<lure intelligible, t4) point out that as fiu* 
as mechanic4il analysis hiLs as yet been developed, including the present 
rt^searcli, it has not includetl such analysis as is necessary to exprvav the 
means of the instantaneous tninsmission of accelerations, and thus we are 
unable to deal definitely with continuous initiation from rest of contiuauus 
ine<|UAlities. This inability, which is generally recognised, was disicumed 
ill a |»a|M*r n*ad before Section A of the British Association at Southpi>rt. 
though not further publishetl. In this paper it was suggested thai such 
inability wtis evidence* of some property in the constitution of the UHMliam 
neci*sKiiry for thr inHtantan<*ouH transmission of acceleration, and showed that 
if thf UKHlium c«>nsist4f<l of rigid |Mirticles as in Maxwell s Kinetic Theunr 
(IHGO). then since* any acceleration at a point would, necesaarily, extroil 
thn^ugh thf tliicknens of thf grain, it would therefore afford inrtantannfUt 
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(2) Equations for the angular inequalities maintained in the rat^w of 
conduction. 

(3) EquationH for the component linear inequaliticM maintained in th«' 
mean m viva, 

(4) K<|uations for the linear ine<|ualitie8 maintained in the ratcn of 
conduction. 

(5) Ecjuations for the rates of increiuse of mean vis vimi — a'/^ — resulting 
from angular dispersion by convection. 

(6) E<{uations for the rates of increase of mean vis vivn resulting firum 
angular dispersion by conduction. 

(7) E({uations for the rates of increase of mean vis viva by linear dun- 
placement resulting from ine(|ualities in the mean vis viva. 

(8) E<|uations for the rati»s of increase of mean vis viva by linear di>- 
placement^} resulting from ine<)ualities in the mean pressures. 

192. Thedrem. To a first approxiiiiaiion the first fuur of these eif^t 
eijiMtiuns (til htve the sanie general form as long as the space and time 
variations if the mean motion are constant, simple hannonic, or logarithmic 
functions if time and space, in which case tiie constants of fretpiencg and the 
hgi)erMic niriatiofis are such as mat/ be neglected as compared with c X 
atul IX. And the same for the last four etpuUions. 

It is to be noticed that the condition in the theorem as to smallne^^ 
of the constants is necessary when treating the variations of the mean 
motion as arbitrary, since the condition is, as shown in Section V.. a necemity 
for tin* maintenance of the mean and relative systems. 

To prove the first part of the theorem : 

The equations for any one of the six pirtial angular inequidities in vis n'fo 
of relative motion. 

Putting 

/ for thf iniMpiality in vis viva of relative motion. 

/" „ „ „ „ „ in mean motion. 

At' for thr c<H»t!icient by which /" is multiplie<l to represent the rmU* of 
institution. 

iit* for the coefficient by which / must be multiplied to exproas re* 
distribution. 
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the equation becomeH the equation for the inequality in the mean-conHucti«>ii 
if Z>,'. a'A' correspond to A^* and A^ in equation (277), 

A.-I4., <.■A. = .•J^;,f (^x 

"2 
since, aw in e()uation (279), a'7= , (7). 

Thus as long as the inequalities in the mean-motion can be expreflM><1 
as simple finite harmonic or logarithmic functions of time and displacement, 
the equations for the dispersive ine<|ualities have the common form aa in 
equation (276). 

The second part of the theorem follows as a consequence of the first 
for, since the e(|uations for the dispersive inequalities have the same form, 
the general solution of this form of equation will apply to all the in- 
e<)ualities. 

Then if such solution C4in be found for the dispersive inequalitieft. 
since the rate of increase of tlie mean vis viva at a point, at any instant, 
is the result of the action of the inequality on the space rate of variation 
of the mean strain which institutes the inequality, the rates of incremiie 
of the mean m viva (o'/2) are the products of the inequalities (7) by the 
corresponding iue()ualities (/") in the mean-motion. And these are ex- 
pressed in a general form. 

193. The approxivHite solution of the general differential equation j^w 
the inetpialities in mean vis viva of relative- motion and rate of conductiom 
resulting from steady or j}enodic inequalities in the mean-niotian. 

In all probability the equation (276) does admit of complete solution. 
But the analysis is greatly simplified by recognising that any sccondar}* 
effects, resulting from the existence of inequalities, to vary the mean ris 
vivit of relative-motion (aV2) by transformation fn»m mean-motion, and thus 
to vary the coi»t!icients 4,' and A^, are proportional to o*/". And con- 
se<|uently, since by definition a* Is finite, by taking /" sufficiently small the 
secondar)' effects of /" and a" may hv rendered as small as we please, and 
ihf integnil effects indefinitely small as compare*! with the finite value of «'. 

In this way the coi*tficients A^^ and A^ may be taken as constant, and 
tlirn* is no loss of g«»ni'rality in the solution ; while the expn^on fi»r the 
rati' of in<T<jUM* of a-, as det4*riniiUHl by the approximate solution of the <H|ua- 
tion of transformation, may be 8ubse<|uently intnsluced as a small quantity. 

Solution to a first apjtrojcinuitiofi, I" stnall. 

Since aivonling t4» ih«» theorem the space and time variations of / " are 
coiiKtant or |M*n«idic, we may traiisfurm the tx^uation (276) by putting 
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q„, &c. for the maximum values of F'^, &c., which are constant. And 
^'W^ is the maximum value of w". Hence 

^"a» = 9«r sin (mt — cue), 
where q^ is constant in time and space. 

We then have for the angular inequalities and linear inequalities re- 
spectively : 

g- (I) -{-A^l = A^q^ sin {vvt - ax), &c. ( 



\ (281). 

^ (/) + a'(7j«/= C^^q^ sin {mt - cwr), &c. I 



a 



The introduction of the two forms is only a matter of convenience in 
keeping the partial constants distinct. 

Then if we put 1 = C€f^ and eliminate by differentiation with respect to 
time, ill*, A^ being constant, it can be shown that for steady or periodic motion 



or 






.(282), 



and that this is the only solution if A^, A.^, &c. are constant. The 
analysis is somewhat long. But if we recognise that all the terms in the 
equation (281) must have the same frequency to, the same result is obtained 
ly differentiating both members of (281) and substituting the result from 

A^^l - gj. (/) = A i'q^ [A^' sin {mt - ax) - in cos {mt - ax)] . . .(283), 

whence, since d^I/dt^ = — m^I is of the same form as equation (282), 

V 1 

I = ^ A^qxx \A.^ sin {mt — ax) — m cos {mt — cur)} . . .(284), 

^*^ I m 

'^V'hich will be the general form on substituting fi,*, B^ for Cj', a^G^y and 
-t)i«. a'A' for A^\ A^\ Q. E. D. 

The equation for the rate of increase of the mean vis viva {cl^/2). 

Multiplying the expression for /, equation (284), by the corresponding 
Expression for /", it at* once appears that I consists of two parts, the one 
V)eing continuously positive and the other periodic. 



Thus: 



//" = , ;~ .- Ai'qA^^ sin {mt - ax) 



- « . ^ Ai'qm COS {mt — ax) (285), 

m^ + An* ^ 
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from which it appoare that the (lispcr^ive ine()uality in equation (2H4) i^ 
expre88ed by 

the remaining part of /, 

r-rr 4 ^1*7^* cm(nU - rue), 

reprcHcntiiig that part of the inetjuality the eflFect of which is piinly 
periiKlic, or non-cliH|K»rHive. Therefore the e<|uation for the rate of incn'a*"*' 
of the mean m.s viva is 

7/" = -^-^^^ A,' qA.,^ sin {nU-(u:) (2H6k 

which is a general form for all rates of dispersion of mean rur n'rci. 

Q. E. D. 

194. Having, in Art. 193, obtained the general expression for t4>uW 
inetpialities maintaine<i by relative-motion as the result of institution bv 
transformation and redistribution, as well as the general expremionn fi>r^ 
the dispersive and periodic components of the inequalities, it appears that, 
the analytical distinction between the coiTcsponding ine<|ualitie8 in rw nfra^ 
and rates of conduction, may be expressed by substitution for il,' antl 
Ai\ &c., the values of these constants as expressed : — 

^ , . I-.- • fctmvection, in etiuation (277), 

for angular ine<iuahties m -^ , . * \^. v 

^ ' (conduction, „ „ (278), 

for linear inequalities in - , . ** * " V. 1 * 

* (conduction, „ „ (2«0). 

They are, for angular iiie(|ualities in convection : 

y pa' \:\s^w v) ^ ^ 

/« L Y ^i]± \ a«>"(wi<-(ix)- wiC08(wU-cu-)- ...(48i), 

for luigular ine<|ualities in conduction : 

- m vtis {mt -iur)\ . . .4 28h I 



-.«•)! ...I 
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for linear inequalities in aV2 in convection : 
5 a» 

for linear inequalities in a72 in conduction : 



31 ( 



Y \'^2/ ( 4<r«a G ) 

(290). 

The equations for angular inequalities are general for all states of the 
medium. But the expressions for the linear inequalities are those to which 
linear inequalities approximate according as Xja is less than the limit at 
which diffusion ceases, or is greater than that at which diffusion is general. 
[See Art. 145 and Art. 155, Section XI.] 

In considering periodic inequalities in a medium of unlimited extent, 
>vhich is, except for the inequalities, uniform and isotropic, it will simplify 
tihe analysis to recognise, that such inequalities as can be propagated through 
the medium, must have directions of propagation which are normal to con- 
t^inuous surfaces which are either spherical closed surfaces, or of such extent 
that their boundaries are at distances large compared with the periodic 
^parameters. 

This in the first instance confines our attention to directions of propaga- 
tion everywhere normal to an infinite plane. We notice that the classes of 
inequalities in the mean motion are reduced to two: those in which the 
mean motion is in the direction of propagation, and those in which the mean 
motion is normal to this direction. 

We also notice that these two resultant inequalities are to a first 
approximation independent, although they may have the same direction 
of propagation, and therefore may be dealt with separately. 

196. Expressions for the resultant institutions of inefjualities of mean 
motion when the motion is in the direction of propagation. 

Putting Xi and i^" as the direction of propagation and motion for institu- 
tion of angular inequalities we have, since 

/dur_^dv"^dur\ 
\dx dy dz ) 



172 ON THE SITB-MECHANIC8 OF THK UNIVERSK. (19^ 

\n an invariant, for the inequalities of mean motion for the ine^^naiiti 
{uu\ vv\ ww), &c. 

Thc»n, taking j*,, y,, Zi as principal axes, /|, //i,, w, as the direction c^^wm*-? 
•Ti, yi, -?! referred to any rectangular system x, y, ^, the comp»nenti« ; 
since 

I du" ^ dti" dr," dt(\' 

3 dj?, do-, dy, dz. 



I ^ dw," 1 A/m," di\' dwi"\l J dui" 
" [ ^' dr, " 3 Ux, ^ di/, "^ dz. J J " '*'"' do-, 



&c. &c. 



- «,/, j*" , &c.. Ac ( 200 A ». 

cur, 



For tht» linear ine<]uality of mean motion, taking the principal axt*>» Ik- 
same a** for the angular inei{uality, we have 



_(d< ^(W ^dwr\ 
\ dxt di/i dzi J ' 



where 



dr, ^ dw, ^ ^^ 
dt/i dzi 



An«l transforming to the axes x, y, z, we have for the components in din-clirtn* 

^, y. '. 

fdu" dv" . dw"> 
,dr dy 



(du dv diif \ . a 



Kjrj>reMtifHiH /or the reJiulUint in^titfitionjt oj inetpmliiif/t nf iimkim mofM**. 
fi'/i^ii f/ie directum of pnt/niffation w /perj)endicnl<tr to the direction oJ mi4tom 

If •^v. y«. «iri> meJiHunnl in the diri^^tions of pn»|)iigation and meiui niotiocm 
rei^ptHTtively, the rt*8uluuit rate of Mh<*ar strain is expn^ssi^d by 

dr.' 
dx^ 

Then taking J'l.y,. X| for tin* prinei|Nil axes. /,, m,. «, for the dirvcu«»e- 
coftines of the principal axes refemnl t^) j-,. y,. z^, we have, n^nolnng for thf 
principal stniins. 

du," , dp, diK* , dp, dti», ^ 
<lx dx. do^, 'd-r, dx. 
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id since 

fii = n^ = Ws = 0, l{' = ^« = vi^^=^m^^ = i/,mi = - l^vu, = ± i, 
dux/dx^ = — dvi/dx^ = ± ^dvQJdx^, 
I referring to any rectangular axes x, y, z, the partial inequalities are 



{du ^ /du" dv" dw'^ 1 . dv" du"\ 
\dx \dx dy dz I) 2\dx dy ) 



) 



^^^^\^£),&c.,&c (290B). 



2\dx 



196. The equations of motion of the mean system in terms of the quantities 
^ning the state of the mediuvi. 

Having obtained the four general expressions for: 

The total angular inequality in convection: — equation (287) 

„ linear „ „ „ „ (289) 

„ „ angular „ „ conduction „ (288) 

„ linear „ „ „ „ (290) 

Adding the two first together we have the total inequality in vis viva. 

And in the same way adding the last two together we have the total 
^equality in conduction. 

Then again adding we have the total inequality. 

Thus reverting to the forms ulj', £,', &c., for the respective constants, 
lid introducing the actual expressions for the general expressions /", or the 
armonic expressions p (uu), &c., for the inequalities, we have, for angular 
ad linear inequalities in vis viva, 

/ -X ^i' r^. dlida" \(du' dv" dw'W 






.(293). 
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And for angular and linear ine<|ualitic8 in conductions 

A' ( ,n, 3) {du" dv' dw") . . 

(294). 

and two corresponding e<|uation8 in directions y and z for conv(«ction.s ami 
conductions. 

N.B. The linear incipialities which fonn the second member of tH{uati«>os 
(291) and (294), and the corresponding terms of the tNpiatioiis fur diiectiai» 
y and z, do not iuchido such linear inequalities in the vm vitfa aixi coci. 
ductions as are instituted by dispersion of angular ineiiualiticB, fuuc<* thesie, 
being secondary effects of the mean inequalities which an» themselves small, 
are altogether negligible. And thus equations (291) to (296) art* thf 
(H|uations for the ine<)ualities in vis vivti of relative motion t4> a tin4 
approximation. Q. E. F. 

As to these iue(|ualitie8 it may be well at this stage to point out : 

(1) That if m' and d', b\ c*, which express the frequencies in time and 
s(»ace are zero, the angular ine<(ualities in the mean motion are severmllv 
constant, while the linear ine(|ualities are zero. 

(2) If the direction of propagation is in the direction of motion, or ijk 
normal t4> a shearing motion, all the inequalities in mean motion are ien> 
except that one, whether it be 

du du du g ^ ^ 
dx' dy' dz-^'^'^'- 

But otherwise the ine<{ualities of mean motion as expressed in equation (291^ 
are ptirtial. 

(3) The coefficients of these partial expiations must be such as vill, 
within the limits of approximation, res4»lve into the resultant et{uation<i fur 
the resultant inequalities. 

(4) The nH*ffici(*nt^ in the partial (Hpiations which expre98 comp^Mtit 
luigular ine<|ualiti<*s satisfy the condition of rt*solution stat^^d in (8) tm a 
matter of form. 

(5) Thi* c«K*fficient8 in the partial equations which expreMi compooeiil 
linfsar in(M|ualiti(*s do n<»t obviously, as a matter of fonn, rotisfy the ooiidiUutt» 
of ri*f««>lution to a Hrst Hppn)ximation unl«*Hs (i*i\* m^ is small. But in*«luur 
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tihis quantity as small, it can be shown that they do satisfy the condition 
«ven to a second approximation. Thus omitting the square of a^G^jm^ as 
& first approximation, and putting (a^-^ b^ -\-c^yC^*l4!m\ the mean value of 
ci*Cs*, in the second approximation, the terms expressing component linear 
inequalities take the form 

and these obviously satisfy the conditions of resolution for inequalities in 
l>oth via viva and conduction : 



,&c.,&c....(298), 



m' V ^' " dt) Kd^'^ dy ^ dz ; r a' ~ 

AV,n, d\/du"di/'dw"\L (o> + 6^ + c»)= A*) » , ,„am 

which satisfy the conditions of resolution, and the second approximation may 
be neglected. 

(6) The proof that these — a^G^jm^ — are small, is not possible as long as 
w* and a' are considered as arbitrary, and subject only to the conditions of 
being small as compared with ajX and l/X, since the proof depends on 
dynamical analysis which is effected in a subsequent article, in which it 
is shown that for any disturbance propagated through the medium these 
constants are extremely small. 

(7) Although small the second approximation is finite as long as the 
first approximation to the inequalities is finite. Beyond reminding us of 
this fact there is no object in retaining this second approximation. 

197. The equations of motion to a first approximation. 

Substituting in the equation of mean-motion (119) from equations (291) 
tio (296) for the inequalities in the relative vis viva and rate of conduction, 
t^hese take the form: 

-f &c. &c. 

■*■ W HciC.y C ' dt] ■*■ m:^ H^D.y L" ^' dt\ Idx^ dy'^ dz\] 

(3()0), 

with two similar partial equations for the rates of increase of dv" jdt and 
dw' jdty and the conditions 

dw dv ^ 
, +:t- + &c. = 0. 
dy dz 
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Ah explained in (7) in the last article the last &cior in the siecoci*! 
tenn on the right, which addH the second approximation, may be omtttni 
within limits of a iirHt approximation. 

Substituting for the coefficients ^,', A^, &c. their values in term* *4 
the ((UtuititieH which detine the state of the medium, as given in e^uatium 
(277) to (280) and (287) to (200), we have, to a first approximation, the 
equations of motion in the mean system in terms of the quantities, referrvd 
to axes moving with the mean-motion of the medium, the general ex- 
pressions for which are stated in equations (119X Q. E. F. 

From these partial e<)uations (300), we get the partial equations for 
the component vis vtixi of mean-motion, in terms of the quantities which 
define the state of the medium, by multiplying the partial e({uatiua4 of 
motion by n", v\ w" n^spectively, as in (H|uation (122), and tht^xe added 
together resolve into the st»veral e<(uatious of via viwi in terms of tbr 
(|uantities the general expression for which is given in equations (125^ 

198. The equations of the coniponeiits of energy of the relative eyeiem 
in steady or periodic motion. 

It has already bi»en shown, equation (285), that the rate at which the 
component of energy of relative motion is increasing, at a piint moving 
with the mean-motion of the me<lium, is the product of the total partial 
component of the ine4|uality in n*lativ4» motion multiplied by the inequality 
of mean-motion in the genenil fonn : 

TherefoH'. pnnviHling as in the last article to take account of all Xhe^ 
inequalities angular and linear, since the constants are the same, and tt 
linear ininjualities (i, 6, c are the |»arameters of the variations, the equaiifjo= 
for the jMirtial rates of inen»ase of the energy of relative motion by 
formation from the mean-motion lMH*onie 

i^HVl ' " '.„r + A,' L'*' 2 dt] ^ m' + H,* [ ^ 2 ?<J) 
with two (*urres|>oiHling t*4|uati<mM for th<* direi^tions y and t. 
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Then substituting for the coefficients from equations (287) to (290) we 
have, to a first approximation, the partial equations for the vis viva of 
relative motion in terms of the quantities which define the state of the 
medium, terms for which the general expressions are given in equations 
<123). 

Then considering the partial equations (298) we have for the resultant 
equation of relative vis viva, the general expression for which is given by 
equation (126), 

*i\dx dy dz ) 

Ij/duf^ d^y (dv"_ dwy (dw" duy\ 
■*"2JUy ^ dx) "^U^ "^ dy) ^\dx ^ dz)] 

^jg[c,(a. + J. + o.)-||] 
-^nd putting for the right-hand member its equivalent 

\ I [p" («' + «" + '''")] - \ I [p" («'= + "" + 1"")]. 

>^e have the expression which would constitute the first member of 
liquation (126). 

Therefore we have, in the second member of equation (302), the ex- 
^^ression, to a first approximation, for the rate of variation of the energy 
^ the relative system in terms of the quantities which define the state 
^f the medium. 

Thus equations (300), (301) and (302) are, to a first approximation, 
Tespectively the partial equation of momentum of mean-motion, the partial 
equation of energy of relative motion, and the resultant equation of energy 
of the relative system. 

And it may be noticed that the equation of energy of mean-motion 
corresponding to equation (125) Section VI. is at once obtained by multi- 
plying equations (300) by u'\ v", w" respectively. 

And thus the dynamical theory of a purely mechanical medium is 
established and defined for periodic inequalities to a first approximation. 

g. E. D. 
B. 12 



L 
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It iH to be noticed here that the three equations (300) of momentum 
in the mean system, to a first approximation, when multiplied by the 
respective components of mean motion, become the component equatitHtf 
of energy of mean motion, and on being reduce<I and added together ft»rfii 
the resultant equation of mean energy. 

And since, in a conservative system, such as that under oonsidenUioo, 
the only exchanges between the two systems are between the enerjQT of 
moan motion and the energy of n»lative motion, we should have as the sum 

if the approximation ib complete ; and this is the case. 

That is to say, the approximate exprc*s8ion8 for energy of mean niotioo 
obtaincMl from CH}uation (12H) become, on changing the sign, the e<|uatioiL« 
for energy of relative motion. 

It thus appears that there is only one equation of energy although 
there may be two systems of partial e<) nations for the energy f>f ih** 
components of mean and relative motion. 

There are, however, two systems of equations for momentum, one for 
momentum of mean motion, and the other for the mean momentum of 
rt*lative motion, the second of which is expressed by 

while the first is the system expressed by eijuations (300), 

This affords a check on the method of approximation which atiU 
becomes apparent at this stage. 

199. The equations of viotion to a second approjrimation. 

In pDKveding to a second appn>ximation, it is to be noticed that the 
ratt*M of inoriMLHe of a or a*, il,'. Hi', ^V» and />»•, the coefficients in the fir^t 
appmximation, are the result of the irreversible dissipation from vU nwi 
of mean motion in conse(|uence of the inequalities in mean motion^ a» 
considered in the first approximation, tending to increase the value of «^ 
and to institute linear intH}ualities in the value of a or a*; such 8eci>ndar}' 
iniH|ualitii.*s are instituted both by angular and linear iuequalitien in ih^ 
first approximation. 

But it is not in taking account of these secondary inequalities thai the 
second appmximation consists, for, as will appear as we prDoeed, i^ucb 
secondar}' inequalities are of no accotmt as compared with the first. 

Th«» sec^md approximation consists in Uiking account of the rate of 
im»ver«iblf diMipation of onergj' resulting from each of the seveiml aciioiM, 
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as expressed in the first approximation, as cause logarithmic rates of 
diminution in the linear inequalities of mean motion. 

In this portion of the analysis, since the general expression for the 
equations to a first approximation has been effected, attention may be 
confined to the two primary undulations, approximately simple harmonic, 
referred to axes in the direction of mean strain ; taking the axis of x for 
that of propagation and the axis of y for that of shear, so that the 
inequalities (/") in mean motion are expressed by 

du'' , dv" 
3- and J- . 
dx dx 

The equations for the undulations are obtained to a first approximation 
y>y taking all the rates of variation of the mean motion zero, except those 
Mrhich enter into the two expressions respectively in the equations (300), 
(301) and (302). 

200. The detemiination of the niean approooimate rates of logaHthmic 
<iecrement 

To do this it is necessary to know two quantities: — 

(1) The ratio which the mean of the total undulatory energy bears 
t^ the mean of the energy of mean motion, including resilience, per 
vinit volume. 

(2) The rate of irreversible dissipation per unit volume in terms of 
tihe energy of mean motion to which it is proportional. 

Let R be the ratio of the total energy of undulation to the total, 
including resilience, per unit volume; 

T the coefticient by which mean energy of mean motion must be 
multiplied to express the rate of dissipation. 

Then, the bar indicating the mean, 

f'^dtK 2 )=^ [ 2 j-| 

The logarithmic rate of decrement is r (oU.i). 

-T 

The values of T are all to be obtained from equation (302) omitting 
the d/dt. 

The values of R are a little more complex. But as in the first 

* No connection with r (tau)— the rate of propagation of light. 

12—2 
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approximation the motions are a simple hannonic function of t and x or 
X and y, 

iJ = 2 for normal waves, 

i2 s 2 for transverse waves when there is no diffusion, 

Rta I for transverse waves when diffusion becomes easy. 

This last case, whatever other interest it may have, is of great interenl 
in aflfonling a check on the correctness of the approximation, since Stokes 
has obtained a complete solution of this case for a gas as well as any viBcous 
fluid, and as 0-/X is small in this case it enables us to compare this approxi- 
mation, and, as will appear, to show that the results are identical. Id 
this case total mean energy is the same as the energy of mean motion. 

The only values of R which are not included in the list above are the 
values of R for transverse waves for the region between the state of do 
diffusion and that at which diffusion becomes easy, and in this case the 
value of R varies, very rapidly at first, but at a diminishing rate, from 
2 to 1. 

201. The rates of decrement in a normal wave. 

Taking x for the direction of propagation and motion, the motion 
hannonic and u,"* for the maximum value of u"^ ; the mean value ia ii,'*^ 2, 
and the mean energy u,''*/^* 

The two rates of irreversible dissipation of energy by angular inequalities 
and linear inequalities are obtained by omitting the d^fdt in the coeflBcienta of 
both the terms of equation (302) and dividing by p. 

For convenience putting A for the sum of the coefficients for the angular 
ine<)ualitieH, and L for the sum of the coefficients for the linear inequalitiea. 
resolving in direction x, we have for the respective rates of dissipation 

4{t)-<>-^H'£J '*"^ 

And we have for the mean S4|uare of the inequality, mean energy «»fl 
motion, and total energy, 

^/2, ^/2a*, and 9*/(i' respectively. 
ThuH«.2andg-=|(|il + I)«.. 

i-iUuy- <*«^ 

And the equation for the normal wave is 

a"-*'«-(i-«*i)"'Hin(m<-<wr) (306> 
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In a similar manner for the transverse wave 

4(¥)— (£')■ <-^ 

The mean values of — (dv"/dxy, (v")', and total energy are, when cr/X is 
large, and since there is no linear inequality, 

^yx/2> ?W2a', and ^/a\ 
T=-Aa\ R = 2, 
^nd the equation for the transverse wave becomes 

t/' ^^e'i^ sin (mt- ax) (308). 

If (t/X is small, /2 is 1 and 

t/' = qy^e-^^^ sin (nit -ax) (309). 

When <r/X is large the equation for undulations in the direction of the 
propagation is 

/' — 1} a'^ 2 3 .tt« 8 A V» 4 m*i 



u =^ — e 
a 



'^1 



co8{mt — ax) (310), 

«tnd the equation for transverse undulations 

t;"=:^e"(i^^)*cos(me-CM:) (311). 

In the same way if cr/X is small the equation for the normal un- 
dulations is 

i^"=?i6"pV»Vir"+4'»virm«^^cos(m«-.cw?) (312). 

and for transverse undulations 

t;" = ?>^6'(l^^)^cos(me-cw?) (313). 

From equation (310) the coeflScients A, 5, L, are 



and for - small 

A 



and for - large 

A 



1 SXg'o'. 

r -A. ^1 "^ ^ » 

^2 



.(314). 



We have thus obtained the complete equations for indefinitely small 
steady continuous undulations, including rates of decrement for normal and 
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transverHC waves, in tenns of the quantities o, X, ^ which define the comlitiMH 
of the medium. 

These equations are thus available for obtaining the mU^ (»f pn^popHitm 
and the rates of decrement for nonnal as well as transverse undulations f«T 
any specified values of a, X, a. 

Also if the rates of propagation together with the rates of decreni#*nt for 
both the normal and transverse waves are known, the values of a. X, a may 
be found from the equations. 

At this stage of the analysis, however, we have not before u» all the dau 
necessary to make a complete determination of the values of ar, X, a, s«> that 
the (M|uations would be the iHpiations of light, as this would re<|uire a kni»«- 
le<lge of actual rates of decrement as t^) which we have no certain knowK^I^-. 
and further, these e<juations have been obtained by neglecting all semmilar} 
actions (m*e note. Art. 196). And thus these e^piationn aifonl no evidence m!» 
to the limits of the [>ossible magnitudes of the undulations. 

The conditions which limit the [Hissible magnitudes of the nndulatory 
strains have been generally discussed in Art. 91, Section VII. Fn>m which 
discussion it appears that, when the medium in normal piling has n.*lati\e 
motion, however small Xia may be, the me<lium yields in proportion to the 
stress when subject to indefinitely small variations of stress ; so thai such 
stress is ecjual to the strain multiplied by a coefficient which is constant if 
the terms involving the srjuare and higher powers of the strain are neglt*ct«d 
as small c<»mpared with the first term ; and in this case the medium has the 
properties of an elastic solid within the limits of such strain. It tia» no 
finite stability and only such dilatation as would correspond to the elai»tic 
solid as long as the terms involving the square and higher powers of the 
strain are small. 

On account of both these the further consideration of the undulation}^ i» 
continue<l in the section next but one to this — after the considermtitMi oC 
the p«>ssible strains, other than the undulatory strains, which afford furtbei^ 
evidence. 



SECTION XIV. 

THE CONSERVATION OF MEAN INEQUALITIES, AND THEIR 
MOTIONS ABOUT LOCAL CENTRES, IN THE MEAN MASS. 

202. In the last section we obtained the equations for continuous steady 
undulations, including the rates of decrement, for normal and transverse 
waves in terms of a", X" and cr, the only quantity undetermined being the 
superior limit to the amplitude ; while from the same section it is evident 
that undulatory strains have characteristics which diflFerentiate them from 
etrains other than undulatory, and that they are essentially elastic strains 
niaintained only by the inequalities of the mean motion, and independent of 
motion by propagation. It remains to eflFect such analysis of the strains 
other than undulatory, the possibility of which has been pointed out in 
Art. 190, Section XIII. These are: 

(i) Some local disarrangement of the medium together with some dis- 
placement of portions of the medium from their previous neighbourhood, 
such as vortex rings, which may have a temporary existence if X^ja is large. 

(ii) Local abnormal arrangements of the grains when so close that 
diffusion is impossible except in spaces or at closed surfaces of disarrange- 
ment, depending, as already explained, on the value of being greater than 
6/V2 TT, under which conditions it is possible that, about the local centres, 
there may be singular surfaces of freedom, which admit of their motion in 
any direction through the medium by propagation, combined with strains 
throughout the medium, which strains result from the local disarrange- 
ment without change in the mean arrangement of the grains about the 
local centres — the grains moving so as to preserve the similarity of the 
arrangement. 

203. The character of these two general classes of strain must depend 
primarily on the state of the medium, where uniform, as indicated by the 
value of cr/X". 

When cr/X" is small there is no dilatation, and there is diffusion, hence 
there are no singular surfaces except such temporary surfaces as result from 
vortex motion. Therefore this class of strain may be considered as belonging 
to the undulatory class which does not concern us in this section. 
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The second of these classes of local disturbance, in which a- X is larg»% m> 
that there is no diffusion except about centres of disturbance, iiicludt-?* all 
local disarrangement of the normal piling that can under any cirfuiitoUDo-* 
be permanent. 

(i) Such ])ernianence belongs to all local disarrangements of the (^^'^ 
from the normal piling, which result from the abeence of any particulju' 
number of grains at some one or more places in the medium which would 
otherwise be in normal piling. The centres of such local disturbance may be 
called centres of negative disturbance, or centres of negative inetjualities in 
the mean density. 

(ii) We can also conceive disarrangement nvsulting from exct^ss «»f grain!* 
in the otherwise uniform medium — a definite numl>er of graim* over and 
above the number which constitute the uniform piling, and such, whether of 
not capable of independent existence, will be called a positive disturbanct.*. 

These positive and negative centres are the principal centres of distiir- 
bance, as w^ell as the simple centres of disturbance. 

There are other classes of disturbance which, although more or le»* cum- 
plex, are to some extent permanent. 

(iii) If by any action on the medium in normal piling a number (m) 
grains were displaced from their previous ueighbourhootl whee in normal 
piling, to some other neighbourhood previously in normal piling, the distur- 
bance would be reciprocal, and, if there were no further displacement, would 
be permanent if there were no further action. 

It should be noticed that such displacement might correspond exactly 
with that of a negative disturbance resulting from the absence of (n) graint, 
and a positive disturbance from introduction of (n) grains in positions com** 
sponding to those from and to which the (n) grains were displaced. 

It should be noticed however that, assuming the poieibility of the 
displacement and that of the simultaneous existence of ecjual negative 
disturlmnces, this in no way proves the possibility of the existence of a 
solitar}' positive disturbance. 

(iv) Another class of possible local disarrangement of the normal piling 
in an otherwi.sc uniform medium is that class which does not depend on the 
absencv, presc*nce, or linear displacement of grains, but does depend oo the 
rotational displacement of the grains about some axis. 

If we conceive a finite spherical surface in the medium, and further 
(x>nceive that for 30 on either side of a diametral plane the medium im- 
mediately external to this surface is, owing to rotational disarnuig%»iiieot. 
retii.**ting |ii»Hitivi* rot^ition of the surface, while the medium immecUaiely 
interniil to the surface, that which extends from each of the poles.to witiiiB 
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30"" of the diametral plane, is resisting negative rotation, then it will appear, 
since owing to the relative motion the medium is to some degree elastic, 
tihere will be positive rotational strains extending outwards in the external 
medium within 30** of the equator, and negative rotational strains extending 
outwards over both the surfaces from the poles to within 30° of the diametral 
plane. 

These represent a state of polarisation in the strains of the medium, 
inside and outside, and if we had two such polarising surfaces with similar 

poles in contact the strains would superimpose, while if the opposite poles 

were in contact the strains would cancel. 

204. With regard to the conservation of similarity in the arrangement 
of the grains within and without singular surfaces, we may prove the follow- 
ing theorem. 

Theorem 1. When the condition of the medium is such that there is no 
diffusion except at a singular surface, where G is greater than 6/\/27r as 
a result of the absence of n grains, the replacement of which would restore the 
uniformity of the medium to that of unstrained normal piling, there tvill result 
inward strains extending from an infinite distance to some spherical surface 
within the singular surface; then whatsoever mxiy he the inward strains in 
the normal piling and the disarrangement of the grains, with the surface at 
which the strained normal piling ceased and abnormal piling commenced, the 
number of grains absent would be the same (n) and the strains in normal 
piling would be the same. 

To prove this we have only to consider that, owing to the pressure from 
the outside and the mobility of the grains due to the relative motion, a", 
however small, would secure that in the first instance the arrangement 
of the gi*ains was such as to cause the minimum dilatation, and hence 
would secure the maximum normal inward strain and then would be in 
equilibrium. Then since there would be no outside disturbance, if there are 
to be any exchanges of neighbourhood owing to relative motion, these ex- 
changes must be such as do not entail any increase in the mean dilatation. 
Whence it follows either that all the grains within the singular surface must 
maintain their neighbourhood, in which case the centre of disturbance 
would remain unchanged, following whatever uniform motion the medium 
might have, or the arrangement of the grains immediately inside and 
outside the singular surface must be such that the dilatation caused by any 
influx of grains into the singular surface from one side would be simul- 
taneously compensated by the contraction caused by the efflux of the same 
number of grains from the opposite side, in which case the centre of dis- 
turbance, together with its attendant strains extending from infinity to the 
abnormal piling, would be free to move in any direction and maintain the 
same minimum dilatation, Q. E. D. 
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It is to be noticed that the second alternative requires conditions a^ to 
the possibility of which notiiing has been altirme<l in the proof of the th(H>nni. 
while the first is general. 

Then again we have as a corollary to the last theorem : Ij two M^ihnr 
cetUres of disturbance exist within any finite distance of each oiMer, tke 
numbers of the grains absent in each of the centres would remain the same. 
But it docs not follow, as a necessity, that the strains in the normal piling in 
the respective centres should be the same as if the other centre of disturbaooe 
was absent. 

Then again we have a theorem with respect to a more compK-x di!*- 
turbance : 

Theorem 2. When the disturbance is such as would result /rvm the 
removal of n grains /rum one place in a uniform medium and their intrutinr^ 
tion to another place at any finite distance, which is the same thing as tuy* 
equal centres of disturbance at a finite distance, one negative as the result **j 
n grains being absent, and one positive as the result of n graifis in eaxett* 
Then whatever may be the resulting strain or motion in and about the 
tufo centres, the number of grains absent in the negative disturbance mttst 
always be the same as the number of grains in excess in the positive dis- 
turbance however this number may be changed by exchanges between the 
centres. 

This theorem being self-evident needs no demonstration. 

205. The dilatations which result from strains in the nonnal piling in 
the otherwise uniform continuous granular medium have been subjected to 
somewhat full discussion in Arts. 86 to 92, Section VII. This discuBHi*in 
includes the ideal c*ase (a" » 0), in which there is no relative-motion, as well 
as that (a' finite) in which there is relative relative-motion. 

It is with the second of these cases that we are directly concerned, but 
it appi'ars that the only process of effecting the analysis necei«ary for 
detennining the coefficients for the dilatations in the medium with relative 
motion is, in the first instance, to determine the coefficients of dilatation, 
when a' = 0, for small strains in the directions of the axes of distortion. 
Then by examining the effects of relative motion on these to arrive at the 
general coefficients of dilatation for small strains in all directions in the 
medium with relative motion. 

206. In Art. 90. Stn^tion VII. it appears that in the uniform kinematicml 
medium (\ -0) there an* six axes symmetrically placed, which are axt>« of 
no contraction, and bisect the middle pointu of the edgew of the cube «if 
refen*nrr, and all |MSh through the centre. Between these axes and at angiei 
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of 45'' to them, that is in directions parallel to the axes of reference, or the 
edges of the cube, there are three axes of possible symmetrical distortion ; 
lence this medium under any mean stress p", equal in all directions, has 
stability and crystalline properties. If however the stability resulting from 
uniform stress is overcome, say by uniform superimposed stress in the 
direction of one of the axes of reference, the dilatation resulting from the 
initial small strain is positive, and can be shown to be equal to the normal 
contraction, i,e, the result of the normal contraction and lateral extensions 
is to increase the volume by a quantity equal to the small normal strain 
multiplied by the initial volume. Hence the coefficient is unity. 

As the strain increases the coefficient diminishes according to a definite 
law (which will be expressed) slowly at first, then more rapidly until maxi- 
mum dilatation is reached, when the coefficient is zero, and G = G/tt. The 
medium is then unstable, and under the mean pressure equal in all directions 
would revert to some second state of normal piling. 

207. To prove the statements in the a 

last article as to the coefficients of the 
dilatations resulting from small strain in 
the direction of one of the axes of dila- 
tation in a kinematical medium : /'""I \ ^>^" 

Let OA, OBy 00 = Oi, 6i, Ci, respectively 
be the principal axes of strain. b^- y .-f^- i -^b 

Let AB, AC, &c, the generating lines of 
the conical surface be the lines of.no con- ^^ 

traction. 

Put 

e = OAB, <f> = OAC, Ln = AB, L,, = AC. ^ 

Then ^'^' '' 

a = 2//, cos = Lr cos <f) ) 

6 = Z^sin^=0 = Z,.sin</)j ^'^^'^^^ 

da r ' rt da r . . ^ v 

^ = -Z«sin^, ^ = -Z,,sin</» (316), 

r=^.a.6.c = ^ .a.ZyyZcsin 5 sin <^ (317), 

-^ . „- = -l-J-cot^^ + cot^<^ (318). 

Then, since dV/V is the dilatation and - da/ a the stmin, the coefficient 
of dilatation is by equation (318) 

-^. ^ =-1 +cot»^-f cot-<^ (319). 
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Whence it appears, since ==if> and cot diminishes as increaacs, we havt* 
for the maximum coefficient 

cot"5 + cot«^-l-l. 
and this is when the axes of no contraction are inclined to the axen of dis- 
tortion at 45*". 

Further, it appears that as increases from 45**, cot' diminishes until 
dilatation is zero, when the condition of the medium is unstable. 

This may be demonstrated graphically. In Figs. 3 and 4 A A, BBtuni (V 
are the three axes of symmetrical distortion, and the full-line circles represent 
the spherical grains in contact. (See also Fig. 1, page 83.) 




Pig. 8. 




Kig. I. 



Fig. 3 shows a loss iAA' in height Fig. 4 shows a gain lAA' in plan. 



208] CONSERVATION OF MEAN INEQUALITIES AND THEIR MOTIONS. 189 

These losses and gains are taken on the three axes at right angles of 
which the dimensions are A A, BB, CC. 

The normal strain is iAA'/AA. 

The volume iaAA.BB.CC or (AAf. 

The increase of volume (AAy . ^AA' - (AAy . 2AA' = (AAy. %AA\ 

Whence we have the dilatation 

dV {AAY .2AA' 
V ~ (AAy • 

And dividing by the strain — 2AA'/AA and changing the sign, we have for 
the coefficient of dilatation 

AA (AAy.2AA ' 
2AA' • {AAy ~ 

207 A. Then as regards the inequalities of pressure py=2pt = fp", 
resulting from such symmetrical distortional strains in the principal axes of 
strain, since there is no work done on the grains it follows directly, putting 
j/' for the mean pressure, pr for the normal in the direction of the strain, 
and pt for either one of the tangential since these are principal stresses 

p,+ 2pe = 3/' (320), 

and since there is no work done on the grains, 

Pr = 2pt (321), 

whence by (320) 

l>r = fl>", p. = fp" (322). 

208. It is to be noticed that contraction strains, such as that discussed 
in the last article, the strain being in the direction of one of the axes of 
distortion, are the only symmetrical strains when a = 0, and it does not follow 
that the coefficient of dilatation for small unsymmetrical strains is unity. 
But it does follow from virtual velocities that if p" is the mean pressure in a 
kinematical medium without limit, that the normal pressure resulting from 
a local disturbance cannot be greater than 2p" and must be greater than zero 
if p" is finite. 

From this we have the proof of the important theorem : 

That whatever the coefficient of dilatation may be, a disturbance such as 
might be caused by the removal of any number of grains from a spa4>e in an 
otherwise uniform medium, without relative motion, would be attended with 
inward radial displacement of the gi*ains from infinity throughout the entire 
medium. 

For, as has just been shown, pr must be greater than zero ; so that there 
can be no cavity greater than the space from which the grains can exclude 



190 ON THE SUB-MECHANICS OF THE UNIVERSE. 

Other grains, and there can be no dilatation without the diMplacenient «»f 
grains, so that as the ideal excavations proceeded the grains would follow 
inwards, and as there is no elasticity and the grains are all under |N>««urv. 
each grain as it disappears must cause inward movement from infinity: f«ir 
as the coefficient of dilatation cannot be infinite, the grains being smooth 
spheres without friction (so that any binding or jamming would be impos- 
sible) every grain would be under pressure, Q. E. D. 

Thus the relation between the tangential and normal pressures would 
depend upon nothing but the coefficients of dilatation, and if these wt*re 
constant the normal and tangential pressures would be constant. But such 
constancy would depend on there being angular similarity in the arrange- 
ment of the grains about every axis through the centre of disturbance, 
which similarity does not exist in the normal piling. It is therefore certain 
that the inward strains, although having six axes of similar arrangemeot 
symmetrically placed, would be influenced by the crystalline formation of the 
uniform piling; particularly at great distances from the centre of disturb- 
ance. For when the distances from the centre are large the strains woukL 
be so small that the crystalline characteristics of the uniform medium wouldt 
have undergone very slight modification, whereas near the centre wh<*re the» 
displacements are greatly larger the unsym metrical characteristics wi»uld be 
greatly mo<lified. 

On these grounds it ap|!>ears certain that the coefficients of dilatation 
would be greatest at an infinite distance from the centre and would gmduallv 
diminish ; in which case the tangential pn\Hsure would fall and the normal 
pressure rise gradually tis they neared the centre, satisfying the couditioos of 
virtual velocities and the condition for equilibrium, which latter reqoirvs 
that at any distance r from the centre />^ + 2p, = p". What the nie^n of 
Huch coefficients might be is doubtful, but it seems probable that they wouM 
not differ greatly from the coefficient unity, which is the smallest cuefficient 
for symmetrical distortion. 

Whatever these coefficients may be it follows from the paragraph last 
but one, that the dilatation resulting from the inward strain must occupy 
the space from which the grains were absent, so that the sum of the normal 
and tangential stresseH would be e<|ual to the mean pressure of the medium, 
or pr + 2pt - 3p". 

209. From the conditions of geometrical similarity in the case t>f uiiifurm 
continuous media it appears : 

(i) The site of the unifonn graifis has no effect on the dilaiatian or 
fii#rift yreMuren renulting from cmUinuans uniform dUtwrtUmM, Thertfort 
nmilar ami etfual conttnuoM JtnUe diMortional etrttins will prodmm ntmiimr 
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and equal dilatations whether the grains are indefinitely small or of any 
finite size. 

(ii) The size of the uniform grains in a continuous medium does affect 
the dilatations resulting from strains other than continuous uniform distor- 
tional strains. 

To prove these theorems. 

If we consider two finite media of which the parts are exactly similar in 
shape, number, and relative position, but in one of which the scale is A 
and the other B, these media will be geometrically similar except as to scale. 

Thus whatever strains in proportion to the constant parameters, A and 
B respectively, these media may undergo, the proportional similarity will 
hold, and this extends to the dilatations, the coefficients of which will be 
equal Q. e. d. 

If however instead of considering these similar actions within spaces 
proportional to the scales A and 5, we consider these proportional actions 
within equal spaces, the principle of similarity disappears unless the positions 
and strains are such that there is perfect uniformity throughout the medium. 
This proves the first theorem. Perfect uniformity exists in the case of grains 
in uniform piling subject to equal distortional strains whatever the values of 
A and 5, provided the spaces are such that there is no sensible eflFect firom 
the boundaries. Q. E. D. 

It is thus proved that for other than equal uniform strain there cannot be 
similarity in the efiFects in equal spax^es in media of which the scales of 
similarity A and B differ. 

Thus if the strains in the medium in which the scale is A are subject to 
variation on that scale, while those on the scale B are subject to similar 
strains on that of B, then the effects of these variations taken over equal 
spaces will of necessity differ. Q. E. D. 

Then since the dilatations resulting from parallel continuous strains are 
in no way dependent on the size of the grains, even if these are infinitely 
small or have any finite size, the question arises as to what would be the 
difference in the dilatations resulting from finite similar local disturbances 
about negative centres in two media in one of which the grains are infinitely 
small and in the other finite. 

In the first place it appears that as far as regards the dilatations resulting 
from uniform parallel distortional strain these would be independent of the 
size a. 

And it can be shown that these are the only dilatations if a is indefinitely 
small as compared with the reciprocal of the curvature. 
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For since <r in iudefinitely small when the scale of disturbanc^f t> tiuittr. 
if we conceive all dimensions including a to be exaggerated so that 0' 
becomes finite, and the distances between the grains exaggerated on th^ 
same scale, then, since the mean strains before exaggeration vary cotitinuoiuJy 
without crossing, so that in the strains the finite paths of two graioA which 
were neighbours before the strain would still be neighbours after the finite 
strain although separated by any distance which is less than the finite 
distance a, their two paths would still be parallel lines of infinite length 
and at any finite distance apart. 

It is thus shown that if the grains are indefinitely small as compared 
with the dimensions of the disturbance, the only dilatations would bt* tho» 
resulting from uniform parallel distortional straina Q. E. D. 

Again in the case of the medium in which the grains are finite it ha» 
been shown. Art. 207, that when the grains are finite, however snudl as 
compared with the dimensions of the finite volume from which grains are 
absent, that the effects must diflfer from those resulting from uniform |Mirallel 
distortion. 

And by the last theorem, putting 4'irroV3 for the volume the absent 
grains would occupy in normal piling, it appears, since a/r. is indefinitely 
small, that the dilatations result solely from uniform parallel disti^rtiooal 
strains. And hence whatever finite curvature may result from finite straios, 
this curvature does not, as curvature, produce any effect on the dilatation : « 
that there are no curvature effects. 

Then since it is shown that when <r is finite, however small compared 
with the reciprocal of the curvature in the strained normal piling, the 
dilatation resulting from curvature depends solely on the existencv of a 
finite value of the product of a multiplied by the curvature, the dilatation 
will equal a inultipliiHl by the curvature. 

Further, it follows that for any given strain, this dilatation n*««ulting 
fnmi curvature will be in exce.ss of thr dilatations resulting fnmi unifi>mi 
parallel strains. 

210. The analj-tical separation of the dilatation resulting from unifonn 
strain and that resulting from the curvature would be perfectly general if 
might have any value as compared with the curvature. But, in that case, 
any analytical separation of the dilatation resulting from distortions friMD 
that n»sulting from the size* of the grains would be different on acct»unt «if 
the reaction of the dilatation resulting from the size of the grains on thai 
resulting from distortion. But we are only concemecl with cases in whicii 
a is such that a multiplied by the curvature is so small that to a first 
appniximation any n*ai*tion from the clilatation resulting from the curvalurv 
may be neglected. 
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Whence it appears that, to a first approximation the only curvature is 
that instituted by a uniform distortional strain — as if a multiplied by the 
curvature were indefinitely small — the dilatation resulting from small inward 
radial displacements about a centre being of necessity equal to the curvature 
at each point. It follows as a necessity that, taking A as the dilatation 
resulting from the uniform distortional strains, the dilatation resulting 
from curvature owing to the finite size of the grains at the same point is 
expressed by Aaj2r^, where Vi is the radius of the singular surface, whence 
we have for the total dilatation 



A 



(-^) 



211. Granular media with relative motion have this fundamental 
difference from media without relative motion, that when in normal piling 
the medium with relative motion is within certain limits perfectly elastic 
without crystalline properties, that without relative motion is perfectly rigid 
and crystalline. 

When the media are both under strain this difference is not so apparent, 
as the medium without relative motion is then also without rigidity. But 
the difference is still fundamental, and the fundamentality of the difference 
in no way depends upon the degree of relative motion. For in the one the 
medium satisfies the condition of virtual velocities, while in the other state, 
owing to its elasticity, this condition cannot be absolutely satisfied however 
near the approximation may be. 

The crucial difference between the two states is virtually reduced to the 
existence of a state of absolute rigidity in the one, however limited, when 
.tihe piling is normal, and the absence of such rigidity in the other however 
Somali may be the relative motion. 

For ay has been shown in Art. 207 the medium without relative motion 
^vhile satisfying the condition of virtual velocities when strained from the 
normal piling, will also satisfy the condition of equilibrium— that the sum 
of the normal and tangential pressures equals three times the mean pressure, 
or that 

Pr-^^i = ^y' (323). 

Another medium will also satisfy the conditions that the pressure between 
the grains cannot be negative, and that every grain is in contact with at 
least four grains, whence it follows (since the last three of the four preceding 
conditions are satisfied in the strained medium without relative motion they 
are of necessity satisfied by the strained or unstrained medium with relative 
motion) that if, as has been shown, the condition of virtual velocities can be 
satisfied to any degree of approximation in the medium with relative motion, 
such medium has to any degree of approximation all the properties of the 
H. 13 
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medium without relative motion, except tho»e depending on the limiu-d 
stability on which the crystalline properties depend. 

It is thus shown that the necessary distinction between the two «ftaU-9 i* 
that of finite rigidity when there is no relative motion. 

In rcganl to this statement it is jxjrhaps necessary to call att<*nti«»o to 
the fact already demonstrated, that in the case of a medium with reUlivr 
motion, the relative ij^otion as expressed by a in a steady state of strmxn 
must be constant, since any incnjuaiities in a are subject to re<liMtnbuli«jci. 
so that the mean energy of every grain remains constant Therefore lh<f 
energy of the medium after the grain has been removetl and the inward 
strain estiiblishe<l would be constant, and there would be no change in the 

mean relative kinetic energy of the grains /« • « . «"<! it, is the fttatc aArr 

the grains have been removed with which we are alone concerned. 

This although, for the purposes of analysis, an ideal action — that *^f 
removing grains from a medium in t>therwise unifonn normal piling — ^ach 
action has no existence. This apiK'ars from ThcK)rem 1 in this section, frooi 
which it follows that whatever may be the volume occupied by the ab^Dt 
grains when in normal piling such accident is ]KTmanent. 

It has thus been shown that the inwanl strains resulting fn>ni the 
absence of gniins which would occupy the volume 4Trr/ 3 in iionual piling 
about any centre in the infinite, elastic miHlium, must cause dilatAtioi» 
extending from an infinite <lisUince to the singular surface about the ccotiv 
of disturbance, which dilatati(»ns o(x*upy a volume (*(|ual to 4irr«' 3, the 
volume from which the gniins are absent ; and they are such as satidfy thf 
conditions of e<|uilibrium umler the s^ime mean pressures nonnal mnd tan- 
gential expressed by 

/>, + 2/>, = 3/>" (324>. 

p" l>eing the mean pressure equal in all ilirections. 

212. It also follows from Art. 210 that these dilatations, uotwithstaadiiig 
the rt*lative motion of the me<liuni, admit of aimlytical separation into ibtr 
two claKses : 

(i) Dilatation resulting from uniform di.stortional strains such aa wouM 
result if a were indefinitely snudl. 

(ii) Dilatation which rt*sults from the finite value of a and the cunrattin* 
induce<l by the uniform distortional strains. 

The relations of these dilatations are those expressed in Art. 210 by 

- /. a \ I the total dilatation per unit) /«iox\ 

\ '2rJ { of volume at the point ) ** 
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The dilatatiou expresjjed by cither meiuber of e<|uation (327) \» the U>ul 
dilatation resulting from the uniform disUtrtional atrainH, as well a» that 
resulting fn»m the curvature on account of the finite size of the gmin^. Ai>«l 
to complete the analysin of the relations between the dilatations and lh«- 
strains it Is necessary to effect the analytical separation of these* Iwm 
dilatations. 

The sepiimtion of the dilatations follows at once from e(|uation (324i 

By equation (327) we have for the total dilatation per unit of volume at 
a point 

And from eijuation (325) the total dilatation is 



Therefore 



A=- 



1 + 



2r. 



<T -W + y) 



2r. 



■-3T, 



.132H>. 



The first and second of equations (328) are rt»8|)ectively for the dilatations 
resulting from uniform strains and from the size of the grains. 

These involve the s<(uares of cr/2r, ; neglecting thij» term we have •^ 
approximations : 

For the dilatations resulting from uniform stmins 
And for the dilatations resulting from the sizi* of the grains 
Adding these two last expressions we have 

-(/8 + 7) (8m 

which expresses the total dilatation per unit of volume at a point in ibe 
medium. 

Then integrating the partial dilatations from x to r, over the medium, 
since the totiil integnd dilatation is 4^r,'/3 we have for the integral dilatalioo 
resulting from uniform distortion 

_r-,,.,„(,..;J,.,,..(.-/J^., <ao^ 
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And for the dilatation resulting from the size of the grains 

/>(/9 + 7)27;»^^-(l-^.)-T^' (331). 

The relations between the strains and the resulting dilatations, as expressed 
in equations (326 to 331), are the complete relations to a first approximation 
as long as there is no other disturbance in the normal piling than the 
spherical disturbance which gives rise to the mdial inward strains. And they 
have been obtained by taking the coefficients of dilatation as unity. 

The relations between the principal stresses are such as satisfy the 
equation of equilibrium 

2)/' + 2p/'=32)" (332), 

and are also such as satisfy the condition of virtual velocities approximately, 
which on the assumption that the coefficients of dilatation are unity, since 
the contraction strains are tangential, requires that 

Pi'^^Pr'' (333). 

Therefore from (332) and (333) we have 

K = fp" and p;'^y (334). 

Equations (332) and (333) express completely, to a first approximation, the 
relations between the constant mean pressure, equal in all directions, and the 
constant mean tangential and normal principal stresses resulting from a 
negative spherical disturbance about an only centre on the supposition that 
the coefficients of dilatation are unity. 

214. Having in the last article effected the analysis of the relations 
between the dilatations and strains, as well as between the mean tangential 
and normal principal stresses and the mean pressures, equal in all directions, 
about an only negative centre, on the supposition that the coefficients of 
dilatation are unity, it remains to consider that choice pointed out (Art. 213) 
of the circumstances under which this condition can be realised. 

The definition of a negative local disturbance (Theorem (i), Art. 203) in- 
volves the absence of a certain number of grains, which if present in normal 
piling would render the piling in the medium normal, reverse the strains, 
and so obliterate all trace of disturbance about the centre. 

There is nothing in the definition of such local centres that defines the 
mean distance from the local centre at which the grains may be absent, nor 
is there any obligation that the space from which the grains are absent shall 
be continuous, as long as there is some symmetry about the centre. 

It is therefore open for us to consider such arrangement of the position 
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about the centre from which the grains are absent as will result iu the l««»t 
analytical complexity. 

It would seem at first sight that the greatest simplicity would be secured 
by assuming that the grains were removed from a spherical space. But in 
that case it at once appears that the inward radial displacement wouM 
extend to the centre of the sphere. And it also appears (Art. 207) thai 
the contraction strains as the centre was approache<l would be .such that 
instability would come in, and the arrangement near the centrt» would r^vt-rt 
t^) some more nearly normal piling, forming a nucleus of grains in normal 
piling without dilatation. In this case the dilatation would commence in tht* 
grains outside the spherical nucleus, there being a spherical shell «if gniio?* in 
abnormal piling constituting a broken joint between the nucleus and the 
medium outside, which, although strained inwanls, would still be such that 
the grains harl not changed their neighbourhooil. Thus it appears that tbr 
abstraction of grains from a spherical space wouhl not entail that thb» 
straineil normal piling would reach the centre. 

Th<' arrangement in.stituted as a result of this abstraction fnun » 
spherical space seems most natural and, with a little modification, surh 
arrangement presents the least anal)i»ical difficulty. 

If we adopt the nucleus in an exaggerated form and the spherical nh^^ll 
of grains in abnormal piling, no matter how thin, also take r^ for the radiui^ t»f 
the singular surface which is somewhere within the spherical shell of graia« 
in abnormal piling, since the volume of grains absent is4irr/3 which volunK 
as a spherical shell of radius Tj would have a thickness approximmting i«) 
r^^/^ri^, we have jis an expression for the inwanl railial displacement of lh«* 
grains in strained normal piling which are adjacent to the singubur suriact^ 

.V,« ar,> ^'^^^ 

Then sincr this is the «;n.*atest p<x«»sible radial displacement, and being 
adjarrut to the singular surface is indepi^ndent of dilatation, the contractitio 
strain, owing to the displacement, would be the largest contraction strain 
|xissible. Whence, if this is small, all the contraction strains will be %vry 
small, and as the dilatati(»ns an* iMpial to the contraction strains, th<»iigh 
of op{)o«.it4* sign, the dilatation would hi* very small, and by Art. 2U7 the 
coefficients of dilatation would approximate to unity. 

In order to show that the contraction strains at the singular sar&c^ 
resulting from radial displacement 

would be very small; let the out«r circle (Fig. 4a) rep r ete o i a wctioo 
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through the centre of disturbance before the volume ^irr^jZ is removed, 
and the inner circle represent the section through the centre after the 




Fig. 4 a. 

volume is removed. Then if the inner circle is taken to represent the 
section of the singular surface through the centre of disturbance, since the 
radial displacement [a = — 2 ()8 -f 7)] of the grains at that surface has been 
shown to be (equation 335) r^j^r^^y the contmction at the singular surface is 

Then since ro/r, is small, according to powers of ro/rj, we get a rapidly 
converging series, the first term of which is 

-^, = ^ + 7 (337). 

Then by equation (327) we have as a first approximation to the dilatation 
resulting from the contraction at the singular surface r^j^r^. And as this is, 
approximately, the greatest possible dilatation, it follows that under the 
conditions as stated above the radial displacement and inward strains are 
such that the coefficients of dilatation would to a first approximation be 
unity. 

It 18 thus shown that the conditions assumed in the present article are 
not only possible but are also the most probable. 

216. In order to complete the analysis for an only negative centre it 
remains to obtain the expressions for the contraction strains and dilatations 
at any distance from the singular surface corresponding to those found in 
the last article for the contraction strains and dilatations at the singular 
surface. 

This problem differs essentially from that of determining the strains at 
the singular surface; this diflference appears at once when we realise, as 
already pointed out, that the radial displacement which the grains at the 
singular surface have undergone is definitely expreased by ro'/Sr,*, since 
it is subject to no displacement from dilatation, whereas the radial displace- 
ment which the grains at an arbitrary distance r from the centre have 
undergone depends on the dilatation between r and r,. 
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There are however two definite conditions that the radial dinplarenK-nbi 
must satisfy to a first approximation. 

(1) The condition (Art 207) that whatever the radial di8plac<>m«*nt may 
be it must be such that the integral of the dilatations taken fn»m r, t4> jc 
shall be equal to the volume from which the graias are absent 

(2) That the radial displacement must be such that at ixny di^UUHV 
greater than Tj the resulting tangential contractions will causi* dibitatitici 
which, integrated over the volume of the spherical shell 4ir(r|' — r/> .*}, will 
express when divided by r,' radial displacements corresponding to th«^^ 
assumed. 

If instead of taking - rg'/Sr" or — r,r//3r,r* we take 

3r» 

for the radial displacement, we have for the contraction strains, since they anr 
negative and only half the total elongation, 

From which to a first approximation we have for the contraction strain 

3 r- 

Then changing the sign, multiplying by n and integrating from r^ to r 

*^'''a..Vi'^'- V- 3 r <-^^ 

The result arrived at in et|uation (338) admits of more general pnHtf, 
from which it appears that this result is the only result poosible. 

Putting X for the rmiial displacement ; since the dilatation is exprv^wt^I 
by A' r we have to obtain the expression for X satisfying the conditit^n 

f^X . 4ir 
WJ ±f-dr^^r.^ (S39), 

whence it appears that 

jr--':;;:' (»4oi 

Also dividing the last term in equation (338) by r* we have for the radial 
displacement at a distance r 

3H • 
which is the same expression for the railial displacement as that MsuiiMd 
So that both conditions are completely satisfied. 



216] CONSERVATION OF MEAN INEQUALITIES AND THEIR MOTIONS. 201 

216. In this section it is assumed that there is no diflFusion. Having in 
the previous articles in this section effected the analysis of the inward strains 
and the consequent dilatations for only negative spherical disturbances 
resulting from the absence of grains, before proceeding to consider the corre- 
sponding analysis for the other inequalities in the density of mean matter, 
it seems convenient to proceed with the analysis necessary to determine the 
effects such negative disturbances may have on each other when existing 
within finite distances of each other. 

Any such action must depend on the interference of the strains outside 
the respective singular surfaces, and any attraction of the centres resulting 
from such interference must be a function of the distance between the 
centres. 

From Arts. 209 and 212 we have perfect similarity in the strain 
resulting from uniform distortions, from which it follows that such strains 
from different negative centres superimpose without affecting their respective 
dilatations, and hence can in no way interfere or attract one another. 

In the case of the strains resulting from finite values of a owing to the 
curvature resulting from distortions, the strains from different negative centres 
at any finite distance must interfere. 

This appears in Arts. 209 and 212, in which it is shown that for other 
than equal uniform strains there cannot be geometrical similarity in the 
effects in equal spaces, in media of which the scales are different. 

For, applying this to the case in hand, since the diameter of the grains, 
<r, say, is common to all the grains, while the number of grains absent as well 
as the radii of the singular surfaces may differ in almost any degree, the 
dissimilarity at once appears. 

For the sake of clearness we may consider in the first place two cases in 
both of which the a has the value <ri, and the singular surfaces both of radii r,, 

but in one of which the volume of the grains absent is -_- 7^, ai^d in the 

•J 

other — Tfc'. 



Then by equation (331) we have for the dilatation at a distance r for 
the centre a 

and for the centre h 
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and neglecting cr,/2r, for the present, as small, multiplying by Hrfr miyl 
integrating from r, to r = oo we have for the dilatation, taking m to czpreiw it. 



.4341^ 



. 4r7rr»* cr,\ 

4f7rri* cTj 
«*= 3 r./ 

From the expressions in the preceding paragraph for the total dilatation 
resulting respectively from the two centres considered as if each were iht* 
only centre within an infinite distance, it apixMirs in the first place that th*? 
dilatation rt*^ulting from the product a into the curvature is directly pn»pi»r- 
tional to the volume occupied in normal piling by the grains abs«^nt. And 
in the second phice from the foruj of the expressitms obtained, that tb«* total 
dilatation is inversely as the radius of the singular surface. 

It is this fact, that whatever may be the volume occupied by the absent 
grains in normal piling, the dilatation will be inversely as the radius of tb<> 
singular surface, which proves the effect of clissimilarity b(»tween the c«>n.Htant 
value of a and the cliflTerent values of r,, namely that for any particuUr 
volume of grains absent the dilatati<m resulting fn)m the small ci^itrt* will be 
greatcT than that rt»sulting from the large centre in the inverse ratio of the 
radii of the centres. 

So far we have only considered the effect of dissimilarity in a r, ou tht^ 
supposition that each centre is the only centre within finite distance. 

We may now proceed to prove that negative centres at finite disitaiice!« 
attract each other. 

Taking o) to express the total dilatation from r^ to r - oo reflulting fnun a 
single negative centrt*, then as has just been shown 

«.=*;-^;; (342X 

Then the numbcT of such singular surfJices which would occupy an 
empty sphericjil shell of radius r,, when amuige<l in closest onler would be 
appn>xinuitely 

«■-'"::' ,«.y 

And by e(|uation (341) tht* total dilatation of each of the N' nnrfmcon outiode 
the surface 4irr,* is 

4irr.» a 
<»ir= ., - (n44k 
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Multiplying a>i and to^ by N^ we have for the respective total dilatations 



and 



N%, = N^^'^^ (345) 

N'iOs^N'^^^' ^ (346). 

6 Vb 



Subtracting these equations as they stand we have 

J., 47rro' /a- 



*'(».-".)-*'¥(',-a <«*')■ 



Then from equation (347) it follows that the dilatation resulting from 
any number of negative similar disturbances (if the singular surfaces are at 
an infinite distance from each other) will be 

3 r/ 
while if these surfaces are arranged in closest order the dilatation will be 

^,4^0* £_ 
3 r/ 

Whence since Vg is greater than Vi it is shown that, no matter how 
accomplished, the dilatation resulting from negative centres diminishes in 
the ratio 

!i 

as the centres of the singular surfaces approach until they are arranged in 
closest order. 

This proves the diminution of the dilatation owing to the diminution of 
the variations of strain as the centres approach — or the diminution of the 
dilatation owing to the diminution of the curvature of the normal piling in 
the medium due to dissimilarity. Q. E. D. 

From the proof of the foregoing theorem it also appears how it is that 
the dilatations resulting from distortion do not interfere however much they 
superimpose, for since the dilatations resulting from distortion in no way 
depend on the curvature in the medium, as curvature, they depend only on 
the strain, whereas the diminution is in the variations of the strain. 

In order to prove the attraction of the negative centres it is necessary to 
consider the effects of the pressures in the medium. These have already 
been discussed in Art. 213, equations (332) to (334), in which it is shown 
that the dilatations resulting from curvature are subject to the mean 
pressure p" and satisfy the condition of virtual velocities. In dealing with 
attraction it might seem necessary first to prove or assume that the singular 
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Rurfacen are also surfaces of freedom which can be propagated in anj 
direction through the medium, for as the medium is elastic in coniiec|iiefMv 
of the finite relative moticm, if we can find the variation of the work done 
by the external media on the singular surfaces owing U> variation of their 
distances, it becomes possible to sepamte the active effort fn)m the |Mii#ii%e 
resistance. 

Multiplying the member on the right of eijuation ('J47) by /*" w»» havt- 

7' ^^•^ 



>•'"'*¥{:.-:-) 



as the expression for the difference of the energies in the media when the 
iV' singular surfaces of radius r, are at an infinite distance from each other, 
and when the N' singular surfaces of ratlins r, are arranged in cloflest order 
within the surface r^,. 

This difference in the energy pn)ves the existence of attractions what- 
ever may be the passive resistance* owing to want of mobility of the singular 
surfaces. 

These attractions as obtained by neglecting a^ are the only at tract ii>a^ 
bt»tween negative oentn»s of disturbance which are small compared with their 
distances apart., as follows from the fact already pn>ved that the aggregate 
dilatation resulting from distortional strains depends only on the volume of 
the absent grains. 

217. The law of the attniction of negative centres ap|)eani at once fnwi 
the analysis. 

If instead of taking the total dilatation fn)m r,, to r = x , as in ei|uation 
(H46), we take the dilatation from r„ to r, where r is gn*ater than rg, the 
dilatation from the N' singular surfaces in cl<»«t*st onler is 

.,,47nV fa 



Tny /a a\ 



Then if there is another singular surface of radius r, in which the volume 
of grains absent is ^r^j^ at the distance r the variations of the strains of 
the outside singular surfaces interfere with those from the centre rj,; and 
multiplying the dilatation outside r^ less the dilatation outside r by minus 
the v(»lume of the grains absent in the outside eentn*. we have the exprewtm 

-^■(^■nf.-;)- 

and differentiating this expression wutli respect to r we have 
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whence multiplying by 'p\ since a\\ is large so that the density within the 
singular surfaces is unity, we have for the acceleration 

""^'l^ysCV?)-^"^'!^!" (='*»^ 

This expresses the sfpa/ce rate of variation in the work, or energy in the 
system, with the distance, that is the effort to bring the centres together 
whatever may be the passive resistance. 

It is thus shown that the law of attraction, that is the effort to bring the 
surfaces together, whatever may be the passive resistance, is the product of 
the masses of the grains absent multiplied by a and again by minus the 
reciprocal of the square of the distance. 

This law of attraction, which satisfies all the conditions of gravitation, is 
now shown by definite analysis to result from negative local inequalities in 
an otherwise uniform granular medium under a mean pressure equal in all 
directions, as a consequence of the property of dilatancy in such media 
when the grains are so close that there is no diffusion and infinite relative 
motion ; and further it is shown to be the only attraction which satisfies the 
conditions of gravitation in a purely mechanical system. 

The mechanical actions on which this attraction depends are completely 
exposed in the foregoing analysis, and offer a complete explanation of the 
cause of gravitation. 

In this explanation of the cause of gravitation there are some things 
^hich are at variance with previous conceptions, besides the fundamental 
facts, (i) that the attraction of the singular surface which corresponds to 
that of gravitation is not the effect of masses present but of masses absent, 
which has already been revealed in the previous analysis, and (ii) that the 
volume enclosed within the singular surfaces, which is the volume from 
which the singular surfaces shut each other out, has no proportional relation 
to the number of grains absent, but, as will at a later stage appear, depends 
on the possibility of some one definite arrangement of the grains absent, out 
of a finite number of possible different arrangements. 

218. In the analyses of Newton, Laplace, Poisson, and Green, for defining 
the consequence which would result if distant masses attracted eiich other 
according to the product of the masses divided by the squares of the distances, 
the attraction is taken as inherent in the masses. This assumption assumed 
that there was something that was not force, but which varied with the 
distance from a solitary mass, and this something after various names is now 
generally called the potential. That any of the philosophers named believed 
in force at a distance is more than doubtful, as Hooke and Newton and 
Faraday repudiated any such idea. Maxwell went a stage further and 
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Hhowed that such attractions might be a result of a certain law of var}iD|( 
Ktre8.ses in a medium — as to this he writes, " It must be carefully burutf in 
mind we have made only one step in the theory of the medium. We havt' 
supposed it to be in a state of stress, but we have not in any way accnuntc^d 

for the stress or explained how it could be maintained." ** I have not btt-n 

able to make the next step, namely to account by mechanical coiisidcrali«iaa> 
for the stresses in the dielectric*." 

Maxwell is here writing of electricity, which is not the ^iamc thing ju 
gravitation, as will presently appear. 

This second step, namely that of accounting by mechanical coniiidermtiuQft 
for the stresses in the medium, has now been overcome; as wc have the 
mechanical interpretation of the |K>tential as the product of the uniform 
pressure /)" multiplied by the integral of the dilatation over the mfdium 
''h to Tj, or 

K.p"A--Y'(r.-t) <••»»■■ 

or, omitting the constants, 

K=_yv^^"«'^''-' mn 

This is entirely nitional and when multiplied by — iirr//3 and differ- 
entiated gives us the attraction hitherto expressed by iff. 

And it thus appiuirs that the thing to which the name potential has bivo 
applied is the pnxluct t)f p' multiplied by the total dilatation between ihr 
surface of radius r^ and the surface of radius r (greater than r^). 

It is to be noticed that in so far as we are concerned with the effort of 
attraction and not with acceleration, it is only the volume of the space fnxn 
which the grains are absent, and not the mass within the space, that we 
have to take into account. 

And it is for this reason that in the foregoing analj'sis, in this sectioo, 
p has not been introduct^d. But ^ince, in states of the medium under 
consitlenition. in our present notation p is, to a first approximation, equal U> 
unity, it would have made no difference if we had taken it into account 
(wh(*n we have to consider the displacement of ma^is owing to the effort, tbi* 
fact that p' is unity is of primary imiwrtance), since whatever the effort !•• 
acceleration, the acceleration is inversely proportional to the density — ami 
this will appi'ar at a later st4ige. 

In onler to render the expression for attraction intelligible it should ben* 
be noticed that strains, and consiM|u<jit dilatations in the medium, which have-- 

• Eltctricit^ uml }ht;fnftitm. Vol i. Artii. 110 am) 111. 

t Thw H )i«« no connvclion with th« U um-d in ArU. ItOO mad WL 
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no dimension, and which are the only actions, are outside the singular 
surfaces ; so that we are not dealing with two or more independent masses, 
but with the variations in the displacements in the entire medium, all the 
mechanism, so to speak, being in elastic connection controlled by the pressures, 
as conditioned by the positions of negative inequalities in the mean mass 
represented by 4tirr^li, 

There is no complete freedom of inequalities as long as there are other 
inequalities within a finite distance. 

Thus it appears that the singular surfaces are virtually the handles of 
the mechanical train. 

219. Having eflfected the analysis for the attractions and the potential, 
we may now return to the inequalities in mass as mentioned in the schedule. 
Art. 203. 

The second inequality in the mean mass in that schedule is that which 
may be conceived to result from an excess of grains, instituting a positive 
centre. 

The analysis for the effects of such positive centres is precisely similar 
to that already eflfected for the negative centre, except that in the case of 
the positive centre the curvature would be revei-sed, the curvature being 
away from instead of towards the centre. 

The eflfect of this appears to be to cause positive centres to repel instead 
of attract each other. Such repulsions would as in the case of negative 
centres depend on the product a multiplied by the curvature, which is of 
opposite sign to that for positive centres, and thus the eflFort of repulsion 
between two positive centres would be expressed by 

„/47rro»\ <T 

The coeflficient of dilatation is the same — unity. There is thus no 
necessity to repeat the analysis. This concludes the approximate analysis of 
the actions between centres having similar signs. 

It may however be remarked that there are reasons why it is probable 
that positive centres should exist, as will appear at a later stage. 

220. The first of the class of complex local inequalities ((iii), Art. 203) is 
that which would be instituted if by action on the medium in normal piling 
a number of grains (n) were displaced from their previous neighbourhood 
when in normal piling to some other neighbourhood previously in normal 
piling. 

Such complex inequalities are only second in importance to groups of 
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negative inequalities at finite dintances, such as have already been diflcu«e*l. 
In the case of complex ine<|ualities then* is no difficulty in <*onc<*ivin«( that 
owing to the mean preasure there would be an effort to reverse the di?«pUce- 
ment, as nothing would seem more natural if we have an absence of gmin^ in 
one place and an excess in another, under pressure, than that there i«houM 
be strains fn)m the place of excess to the place in which the grains an» ah^nt, 
and vice versa. 

It also ap|)earH at once as pointed out in Art. 203 that the case is identi- 
cal with that which would result from the existence at finite dlHtaiice of et|UAl 
positive and negative centres, having the same number of grains absent and 
present respectively. 

This identity indicates the direction of the analysis necc^ssary in onler U^ 
obtain the expressions for the effort to reverse the displacement 

We have already obtaine<l the expressions for the dilatations jier unit «»f 
volume at any point distant r fn>m a negative centre resulting both fn^ii 
the distortional strain and from the curvature owing to the finite size of th<* 
grain 

s- ? ""^ T v 

And it ha8 also been shown that there is no diminution in the ddatatioDi> in 
the former as the centres approach. 

It has also been shown, Art. 217, that multiplying the dilatations at a 
point resulting fi*om a negative centre by p'r'dr and integrating frum r^ 
to r, we have the equation 

the second member of which expresses the potential of attraction bi*twei*n 
the two equal negative centres. This multiplied by a second n«|{mlive 
inequality and differentiiitetl with resjHJct to the distance between the ot* otrt*« 
expresses the effort of attniction of the centres as 



«-""(Y)"; ^^'-^ 



And a^'ain, although not previously notict^l, it appears at once from e«|uatii»o 
(:{.'> 1 ) that, if instead of th«* liniit«4 of integnition biding from r^ to r, tht*y arv 
takt'U from r to r^ x , we havt» 






This inU»^ral must have some signifiamce .'i> a p >t<'ntial. And it apiJCAiv 
on multiplying e<{uation (853) by 4irr«Y3, which is an expresMon for a |ii«Mtiir 
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inequality equal to the negative inequality, and differentiating with respect 
to the distance between the centres, when the equation becomes : 



dr 



K^T/:^-H -^"(t'O'^ ■<'">■ 



The second member expresses an attraction between the positive and 
negative centres. 

221. The significance of the two integrals. 

In Art. 216 from equation (346) it is shown that negative centres 
attract, therefore if there were a choice of two general integrals of the dilata- 
tion from a negative centre, from one of which in the case of negative centres 
there would result a repulsion, while the other would result in attraction, it 
is certain that the integration which would result in the attraction is the 
only one between negative centres whatever might be the significance of the 
other integration. And this is what actually occurs. 

If instead of the limits from r, to r as in equation (351) the limits are 
taken from r to » as in equation (353), then taking account of a second 
negative singular surface we should have for the complete potential : 

which differentiated with respect to r is: 



P 



\ 3 yr"' 



) 



which expresses a repulsion. Hence this cannot be the integral for the 
attraction of one negative centre for another. 

As already remarked this form of integral of the dilatation from a 
negative centre must have a significance, and significance appears when we 
substitute a positive inequality ^nrr^jZ in place of the negative inequality 
- 4nrrQ*/3 in the last expression for the attraction, which becomes 

Thus we have the expression for the attraction of ecjual positive and 
negative centres resulting from the finite size of the grains. 

222. The intensity of the attractions of equal positive and negative 
ineqvalities. 

In the first place it is to be noticed that the intensity of the attraction 
between equal positive and negative inequalities as in the last expression 
R. 14 
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(Art. 221) is as <r to r, of the total intensity of attraction between po^itiTe 
and negative surfaces. Indeed the expressions last but one and butt (Art. 
221) only indicate the significance of the two integral potentials. AimI 
such intensity as they express in no way depencis on the curvature. 

This becomes clear if we recognise that in the case of a displacement of 
n grains the strains from the negative centres are negative and extt'tid lo 
infinity, while the strains resulting from the positive centres are po«itive and 
extend to infinity. The comjwnents of the negative strains cancel with the 
components of the positive strains with which they are fMirallel ; hence thr 
diminution of the dilatation as the displacement diminishes in no way 
depends on the curvature but wholly on the cancelling of the difitoiti<»Dal 
strains. 

It thus appears that in onler to express the eflTort to re8t4>re the normal 
piling in the medium, we have only to substitute the radius of the singular 
surface in the place of a in the last expression (Art. 221). 

Thus for the total eflfort, in the complex inequality resulting from the 
displacement of a volume of grains Anrr^l'^ through a distance r, to restore 
the normal piling we have 



«.-p"(: 



^i <»«' 

Q. E. F. 



223. It may be noticed that in obtaining e<|uation (355) no us4* luui 
l)een made of the p<»tential of attraction. This is becau.se the ine«)tiality 
cau.simI by a displacement of a volume of grains under the prt*i<iture />**. 
which has the dimensions MlJT*, is essentially one displacement, not two 
ei|ual and op|)osite displacements as in the case of two equal negative 
centres, in which the relative displacements of energy have no effect on the 
mean petition of energy in the medium. 

This may be shown by subjecting the expressions for the effort t>f 
attraction l)etwt»en negative centres, ami the eflfort to reverse the displace- 
ment in the case of complex ine4|uality, resjH»ctively, to further analvsis. 

Taking the effort of attniction of two etjual negative centres, as in 
tHjuation (354), t4) be : 

,, Wrp* a 

" '^ 3 r* • 

and the effort to reverse the displacement in the (x>m{Jex inequAtitv, 10 in 
equatitm (355), to be : 

""'^ I 3 j H' 
and then integrating each of these expressions from r, to ao , we hare ai 
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the energies resulting from the dilatation from outside the singular surfaces 
of radius r^, 

and 

Then to obtain the expressions for the potential of attraction for either 
of these respective energies, the factor 1/r must be separated into two factors 
proportional to two inequalities of the same or opposite sign in accordance 
with the sign of the product of the inequalities. Then multiplying the 
factor which has the positive sign by 1/r we have the potential, while the 
other factor is numerical and represents the attraction of the centres. 

In the case of two negative centres, taken as equal for simplicity, as the 
signs of the inequalities are the same we have for the potential : 



and for the attraction : 






And in the case of the complex centre, since the product of the centres is 
negative, we have for the potential : 



and for the attraction : 






Whence it appears that in the complex inequality both the potential and 
the attraction are irrational. Whence it is proved, since the eflfort is real, 
that the absolute displacement of energy is one displacement and not two. 

224. The electrostatic unit of electricity is defined as the quantity of 
positive electricity which will attract an equal quantity of negative 
electricity at unit distance with unit effort. This unit as is shown in 
Art. 223 is irrational. An expression for the unit corresponding to the 
electrostatic unit is obtained from either of the last two expressions in 
Ai-t. 223. 

Thus from the first of these, putting ri = r^ and r = 1, we get: 



V'-It)"-' 



14—2 
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And from this, since all the quantities under the radical are ponitive, we 
have the condition 

p"(y)'r.'-l (S-'ie*. 

from which if />" is known r. may be found. 

226. From the analysis in Art. 223 it is easily realised that there is a 
fundamental difference in attractions between two negative centres, aod the 
attraction of two equal centres one positive and one negative. It has been 
shown (Art. 217), that the attraction of two negative centres corresponds, in 
every particular, to the attraction of gravitation as derived from experieDoc. 
And it now appears that the alteration from a positive to a negmtive 
inequality correspond to the statical attraction of the positive for the 
negative electricity. Not only then has the step at which Maxwell wa* 
arrested — that of accounting by mechanical considerations for the stresses 
in the dielectric — been achieved, and a moot point of historical interest 
settled, but as now appears a definite error as to the actual attractions hM 
been revealed. 

This error is in the general assumption that electrified bodies repel each 
other. As this may not be at once obvious it will be discussed in the oeii 
article. 

226. To show that positively electrified bodies do not repel. 

It has been shown in Art. 225, neglecting the small attractions of t«o 
j)ositive or two negative centres, that the efforts of attraction between equal 
positive and negative centres, at any distance r, are equal and opposite. 

If then in the same line we have two e<)ual complex inequalities arranged 
so that their displacements are opposite, the negative centres being outwards 

as H + . the effort of attraction of one of these complex inequalities woald 

not in the least be affected by the other complex centre. 

Hi'nce there is no attraction between two |)ositive centrt*s, the only efibrt 
to K'panition of the two positive centres being between those of the two 
complex intM|ualities, the effort in either being the same as if the other was 
nt)t there. Hence the only efforts are those of attraction. g.E.D. 

It should be noticed that these* attractions are <|uite apart from the 
repulsions rt*snlting fn»m two |)ositive centres owing t4> the curvature and 
finite size of the graiuH as in gmvitation. an«l further that, other things 
being the same, the ratio of the attractions Ix^twet^n p«mitive and oegatiie 
and the repulsions between [xwitive centrt»s is as r, a, and hence llie 
repulsion may be neglcH'ti*d as com|)anH] with the attraction. 

227. In thf analysis for the effort of attraction of negative inequalities 
and that Ut reverse the di.Hplacement of a complex ine<}uality tbe terms in 
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the expressions for the contraction strains which involve powers of r^jr* — 
the ratio of the volume of grains absent divided by the volume enclosed by 
the singular surface — have been neglected (Art. 214, equation (337)) and it 
is this simplification only which renders the law of attraction — as the inverse 
square — the law of attraction of the singular surface at a distance. 

But this in no way limits the variation of the stresses over those portions 
of the space in and between the parts of the two singular surfaces which are 
within indefinitely small distance of each other. Such limits can only be de- 
termined by taking into account the higher terms which have been neglected. 

This analysis I have not attempted. But it seems to me very important 
to notice this omission, as it appears that the attractions or repulsions ex- 
pressed by the higher powers of 1/r, when the surfaces are indefinitely near, 
must be of great intensity, so that owing to sudden variations the work 
done in separating the surfaces must be extremely small. 

These characteristics are those of cohesion and surface tension and they 
promise to account by mechanical considerations for the hitherto obscure 
cohesion between the molecules as belonging to the attractions resulting 
from the finite value of the diameter of the molecules divided by the 
curvature resulting from distortion, or, we might say the complement of 
gravitation. 

228. The fourth and last class of possible local disarrangements causing 
strain in the normal piling, with some degree of permanence, in the schedule 
(Art. 203), is that which does not depend on the absence, presence, or linear 
displacement of grains, but does depend on local rotational displacement of 
grains about some axis. 

Then since there are no resultant rotational stresses or rotational strains 
in the medium, or rotation of the medium, the rotational inequalities must 
be arranged so as to balance. 

Any such rotation of a portion of the medium would be attended with 
dilatations. But it does not follow that the dilatations would in all cases be 
80 small that the coefficient would be unity. 

Then noting that the medium in virtue of relative motion of the grains is 
in some degree elastic, if we conceive that by two opposite couples about 
parallel axes at a finite distance two equal spheres of grains in normal piling 
having their centres on the respective axes, could be caused to turn about 
their axes through opposite but equal angles 6 and — 6, the actions would be 
reciprocal, and supposing the actions to start from the medium in normal 
piling, when the angles were so small that at the surfaces there was no 
change of neighbours, the only effects would be strains attended by dilatation 
about the axes, which on removal of the couples would revert, restoring the 
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unstrained medium. And in this case the coefficient of dilatation would be 
unity. 

Then if the angles were increased the strains would be such that over the 
equators of the spheres the grains would change neighbours, diminishing the 
dilatation; so that on the couples being removed the sjiheres would not 
revert and would not restore the unstrained medium, nor would the angl«9« fi 
and — tf be zero. 

Thase portions of the surfaces of the spheres nearer the axes, where the 
strains had not been sufficient to cause a change of neighbouring grainy 
would be subject to stress tending to diminish the angles and - $, while 
in those portions where the grains had changed their neighbours the slreMet 
would be resisting this change, so that the result would be a balance of 
strains and stresses, leaving the system in eijuilibrium under the relative 
rotational strains and stressed) and <lilatations extending outwards from the 
surfaces of each till they vanish at an indefinite distance. 

The strains and stresses extending from the sphere of which the residual 
angle was 0, since the axes are at a finite distance, could not in any war 
affect strains of shear having the angle —0. But if the shears were in a 
plane perpendicular t*) the axes and at a finite distance from each other, the 
strains and stresses being opposite would cancel, and the dilatations would 
diminish in such manner and pro|X)rtions that there would be eflPorts to 
approach proportional to the inverse s<|uare of the distance. Or, if, other 
things being the same, the spheres were at Hnite distances on the same axes, 
they would still be under efforts to approiich, owing to the cancelling of the 
strains and diminution of the dilatation. And in either case, other ihingt 
being the same, if one of the poles at the axis of either one of the sphen^s 
were reversed the result would be an effort of repulsion. Q.K.F. 

Thus efforts of attraction correspond exactly with those of fixed magnets, 
and thus we have been able to account by mechanical considerati<»iifl 
for the magnetism which has any degree of jwrmanence. 

229. Having in the foregoing articles of this section accomplished the 
analysis niKM^ssary for the det<*rmination of the attraction of negative ceniras 
of disturbiince, the efforts to reverse the displacement in the aimplex 
ine<jualities, discusse<l the probability of cohesion as the result of the terms 
noglectinl in the analysis for the efforts of the negative centres, and effected 
the analysis for the efforts of attraction resulting from opposite rotatiocial 
stniins about parallel axes at a distance ; it remains to complete the seclioo 
by effecting the analysis fur detennining the mobility of the singular 8urfiMr«a 

230. From Theorems 1 and 2. Art. 204, and more particularly in Art 114, 
we have defined the effects of local ine(|ualities in the mean roass^ when ^X 
is large, on the arrangement of the grains and the distribution ot the strmint 
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in the medium about both negative and positive centres. Thus it has been 
shown in the case of a negative centre that the inward strains would be such 
that the resulting dilatation would pass the point of stability and reform, 
causing a nucleus of grains in normal piling which might increase until it 
was stopped by meeting the inward strained, and consequently dilated, 
normal piling. 

This meeting of the two closed surfaces, the outer surface of the nucleus 
in normal piling with the inner surface of the inwardly strained normal 
piling, affords the first clue to the po.ssibility of a surface of freedom. For, 
since the grains are uniform equal spheres, there can be no fit between the 
grains in normal piling at the one surface and the grains in strained normal 
piling at the other. To use a mechanical expression the grains cannot pitch, 
and consequently there is a spherical shell of grains in abnormal piling which 
constitutes the singular surface a surface of weakness if not a surface of 
freedom. Then by Theorem 1 it follows, whatever may be the arrangement 
of the grains and whatever the exchange, there can be no change in the 
arrangement or number of the grains. Therefore these surfaces of misfit are 
fundamental to all inequalities in the mean mass. 

231. Since there is no regular fit in the shell of abnormal piling at the 

singular surface, say of a negative centre, and each of the grains is in a state 

of relative motion, each of the grains is in a state of mean elastic equilibrium 

Buch that half the grains are on the verge of instability one way and half in 

smother. If, as by the existence of another negative centre at finite distance 

tihere is an effort of attraction, however small, it would, since there is no 

iBnite stability, in the first instance cause change of neighbours, and if 

suflSciently strong it would entirely break down the stability and cause one 

or both the centres to approach at rates increasing according to the inverse 

square of the distance, since as by Theorem 1 there would be no change in 

the mean arrangement of the grains and the viscosity may be neglected. 

232. This brings us face to face with questions as to the mode of dis- 
placement of the singular surfaces, as well as the manner of motion of the 
inequalities in the mean mass which constitutes the centre, which have not 
as yet been discussed. 

In the first place it appears at once, however strange it may seem, that 
in the case of a negative ine(|uality, to secure similarity in the arrangement 
of the infinite medium the mass must move in the opposite direction to the 
inequality, otherwise there would be no displacement. And further the 
opposite displacements of the positive and negative masses must be equal, 
subject to the condition that for every indefinitely small displacement of the 
negative inequality there should be an equal and opposite and exactly similar 
and similarly placed displacement of positive mass. 
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233. Then, apart from vortex rings which cannot exist in a medium in 
which afX is so large that there is no diffusion of the grains, it appears thai 
the only way in which the conditions in the last paragraph an; realijied is 
by propagation. This admits of definite proof. 

If we conceive a singular surface about a negative centre to be moviog 
upwards through the medium, as it rises the upper surface will be con- 
tinuously meeting fresh grains. Then if the motion continues one of two 
things must happen. The grains must be shoved out of the way, in which 
case all similarity of the arrangement would be destroyed, or the grains mutt 
cross into the singular surface. If this were all we should again have the 
similarity upset, as the singular surfiice must increase to accommodate graim 
coming in. But if at the same time as the grains enter the singular surface 
from above grains cross out of the singular surface in exactly the same 
numbers and vertically under the grains which enter from alK>ve, the motion 
of the singular surface would not disturb the similarity of the arrangement 
beyond such limits as the elasticity of the medium admits. 

This manner of progress of a singular surface is that which has several 
times been referred to as propagation. It is strictly propagation. For if 
there is no general uniform mean motion the grains within the singular 
surface are at rest, while if the medium has such mean motion it would not 
affect the motion of the singular surface though it would affect the mte of 
propagation since that would include the propagation through the moving 
medium. 

This then is the only mode of displacement of a singular sur&ce — the 
propagation. 

N.B. This law of pro))agation would not prevent strains in the singular 
surfaces such as might be caused by undulations in the medium corresponding 
to those of light 

234. It may seem that displacement by propagation does not of neoeMty 
entail displacement of mass; nor would it if there could be propagation 
without locail ine(|uulities in the mean density of the medium. But in a 
unifonn me<liuni, without inequalities, there can be no pn>pagation as there 
is nothing to propagate. 

Thus it is that the inequality in density, the integral of which is the 
volume of the grains, the replacement of which would restore the uniformity 
of the medium, obliterating the inequality, constitutes the mass propagated. 
And as this, for a negative centre, is negative, its propagation requires 
the displacement of an equivalent positive mass in the opposite dirertioo 
to that of propagation of the negative inequality. 

236. It thus appears that the distribution of the density of the poMitive 
moving mass is at all points the same as the distribution of the denaily of 
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acceleration to start them. But once started the action, since it involrei 
a certain definite rate of displacement of mass, would proceed at a uniform 
rate, supposing no viscosity, and the medium unstrained by other centres^ 

That the necessary acceleration to effect the start must depend oo tb« 
|>articular arrangements inside and outside the singular surfacea, ia clear. 
And from this it may be definitely inferred that the number of definite 
prinmry arrangements in which the stability to be overcome by acceleraiioci 
is within finite limits, is finite. 

Whence it follows that the number of singular surfaces hann^ ciiflTerent 
numbers of grains absent, in which the limits of stability are within finite 
limits, is finite ; and these would be the only surfaces of freedom. Q.ED. 

It should be notice*! that the expression ** primary arrangements " is here 
used to distinguish those singular surfaces which do not admit of s<*parmtioti 
into two or more singtdar surfaces of freedom. 

U is thus shown that singular surfatres about negative inequalities admit 
of motion in all directions, by a process of pro))agation, without any mean 
motion of the grains within the singular surfaces, while the motion of the masi 
outside the singular surfaces, when there is no other ine<|uality within finite 
distance, is such as to maintain the similarity in the arrangement about the 
centre entailing the displacement of the mass (^itTo* 3) in the directioa 
opposite to that in which the singular surface is displaced by propagatiim. 

238. We have thus effecttnl the analysis for the determination of the 
mobility of solitary negative centres. And it may be taken that the analysis 
for |X)sitive centres would follow on the same lines with the exception of the 
sign of the ine<pialities. 

There still remains to consider the possibility of the combination of 
primary singular surfaces, forming singular surfaces with limited stability 
in which the grains absent or present are the sum of the grains, the absence 
or presence of which constitutes the inequalities of the primary singular 
surfaces combininl 

It has been shown by neglecting certain terms ((N|uation 337) that 
negative ine<|ualities attract according to the inverse square of the distaooe 
and in Art. *i27 it has been point^*d out that the terms neglected art* such 
as would indicate coheNion or repulsion between the singular surfaces when 
clom*st; and in such conditions there would be a conm*cte<l singular surface 
however many were the primary singular surfaces cohering, so that mobility 
of the whole gn)up would bi» secure<i. 

In the case of two primary- negative inequalities in which the numben of 
grains absi*nt an* difren*nt, although neither of tht*se admit of separati^Hi into 
two or mon; M*parate ine<|ualities, there d4K!« not appear any impooaibilitf. 
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except such as results from their limited stability, why they should not 
combine if their velocities are sufficient to break down the limited stability. 

In such case it seems that one or other of two results must happen ; 
either the breakdown would be temporary, the two centres immediately 
reforming as by the rebound, setting up a disturbance in the medium which 
would be propagated through the medium, or they would reform into a single 
negative centre, in which the volume inside the reformed singular surface 
would be less than that of the sum of the volumes within the two singular 
surfaces of the two primary inequalities, or in some other way manage to 
diminish the dilatation ; and in this case also there would be a disturbance 
in the medium. 

239. It is certain that when negative inequalities are arranged in their 
closest order, there is cohesion between the adjacent singular surfaces which 
resists the separation of the adjacent singular surfaces but does not cause 
attraction between the singular surfaces when these are at a distance which 
is greater than some small fraction of the radius (r,) of the singular surface 
(Art. 227). It is also certain that, when under the conditions stated, the 
singular surfaces would still attract one another at a distance — as in 
equation (348): 

And thus if we consider N — the number of such negative centres within a 
distance r, — to be indefinitely large as compared with r,, since they are in 
^jlosest order the centres would be in stable equilibrium under normal and 
tangential pressure, as in the case of gravitation. 

240. If the number of grains absent about each of the centres which 
constitute the total negative inequality is the same, and by some shearing 
stress the inequality is subject to a shearing strain, there would result 
dilatation, doing work on the medium outside, which would be maintained 
as long a8 the shearing stress; but since all the centres are equal, whatever 
arrangements of the grains under the stress take place between the centres, 
there would be no absolute displacement of mass. 

And the result would be the same whatever might be the number of 
grains absent in the primary inequality. 

241. Thus we may consider what the action would be if we liad two 
such total inequalities A and B differing in respect to the number of grains 
absent in their primary inequalities — say that the number of grains absent is 
greatest in A, 

If these total inequalities are brought together by their attractions the 
grains in abnormal piling which separate the two total inequalities A and B 
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may be, for simplicity, taken parallel to a plane which is a plane of wtaknem in 
the medium. If, then, there are shearin)( strains parallel to this plane such 
a» cause grains from the inequality A to pass to the inet}uality B in the 
abnormal piling in the plane of weakness, so that in this piling the arrmngv^ 
ment, instead of the two primary inequalities in which the numbers of grmins 
absent are A and B, is two equal negative inequalities in each of which the 
number of grains absent is : 

A^-B A-^B 
2 ' 2 • 

and one complex inequality in which the numbers of grains absent in the 
positive and negative centres are : 

A-B B-A 



in this case it at once appears that besides the attraction correspi>nd- 
ing to gravitation and cohesion, the effect of the rotational strain would be 
to cause absolute displacements of mass, which, by Art 225, would cause 
efforts of reiustitution between the strained aggregate inequalities, correspond- 
ing to electric attractions. But as the attraction would be normal to the 
surface of weakness, while for reiustitution the action must be tangential, 
the rotational strain might be stable, and the attraction might hold when 
the strained aggregate inequalities were forced apart. If the n>tatit»nal 
strains were sufficient the normal attractions might overcome the normal 
stability of the complex inequalities, and in that case there would be a 
sudden tangential reversion, which, as there is absolute displacement of mai«, 
would in the recoil reverse the complex inei|uality and so on, oscillating until 
the energ}' was exhaustiHl in setting up undulations in the medium which 
would be propiigatecl through the medium at the velocities of the normal or 
transverse waves as in light. 

If we have two aggregate inequalities in one of which the primary 

ihiHiualities are not conibined, while in the other the different priuiarj 

ine<|ualities are combined, we should have three total inec|ualities A^ B % C t 

in the arrangement : 

. B C . B C 



2 ' 2 2 " 2 
1 



and twu c«mipli>x in(r<|ualitieH : 



B C 

2 ' 2/ 2 "^2 






Then if the strains were sufficient the normal attraction might oveit!ome 
tho normal stability of the complex imH)ualitic^. causing a nwemion. In this 
caMe however it does not follow that the reversion would be complete and m 
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reinstitute A, 3/2, C/2 ; for since the work done by the strains might be 
sufficient to overcome the resistance to combination of B/2 and C/2, the recoil 
from the breakdown would cause a total or partial combination of 5/2, Cj2, 
instituting B the aggregate inequality and so diminishing the energy available 
for undulations, thus affording an explanation by mechanical considerations of 
the part electricity plays in instituting the combination of molecules into 
compound molecules with limited stability. 

It is to be noticed that the effects of rotational strain between the 
aggregate negative inequalities which differ as to the number of gi'ains 
in the primary inequalities, correspond to the effects produced when resin is 
rubbed by silk — or frictional electricity — and thus the so-called separation of 
the two electricities by friction is accounted for by mechanical considerations. 

Having shown that negative inequalities may not only attract, but may 
also cohere when in contact, we may return to the consideration of the 
significance of the fact mentioned in Art. 217, that the attractions correspond- 
ing to gravitation as well as cohesion depend solely on the numbers of grains 
absent, while the volume within the singular surfaces, which determines 
the volume from which one centre excludes other centres, depends on the 
possibility of some arrangement between the grains in abnormal piling and 
those in strained normal piling (Art. 214). 

241 A. It is shown in Art. 217 that for any displacement of a negative 
inequality there must be a corresponding displacement of positive mass in 
the same plane and in the opposite direction. From this it follows that 
«is two negative centres approach under their mutual attractions the mass in 
the medium recedes, which is an inversion of the preconceived ideas. Such 
action however is not outside experience, since every bubble which ascends 
from the bottom in a glass of soda-water involves the same action. The 
matter in the bubble having the density of the air requires the descent 
of an equal volume of water at a density 800 times greater than that of the 
air. It is the negative inequality in the density of matter which under 
the varying pressure of the water causes the negative or downward displace- 
ment of the material medium — water — and the positive or upward displace- 
ment of the negative inequality in the density within the singular surface. 

In order to recognise the significance of the parallel drawn in the last para- 
graph it must be noticed that in this research we have adopted a definition 
of mass, which, although satisfying the laws of motion and the conservation 
of energy, is independent of any other definition of matter. Hence it is open 
to us to suppose that what we call matter may be such, that if expressed in 
the notation so far used in this research, would represent local negative 
inequalities in the mean density of the medium. 

Then since, as has already been shown, and will be confirmed in what is 
to follow, the definition of matter as representing negative local inequalities 
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in the mean density of the granular medium completes the iDvemoo and 
removes all paradox, this) definition of matter is adopted as the only pomble 
definition. 

We then have for the negative inequality : 

4irro» „ 
- -3 - . P , 

where p"= 1. 

And for the volume from which one negative inei|uality excludeai other 

similar inequalities, when in closest order, we have hy etjuation (ri43): 

4 4 

Then dividing the negative inetjuality by the volume from which other 
centres are excluded we have as the expression for the mean density of the 
negative inequalities when in closest order : 

\'%P" = ^ <357V 

Then again dividing p' the density of the uniform medium by FI, the 
mean dent»ity of the ine<)uality, we have in the ratio of the two densities a 
number without dimensions as expressed by 

fl-3n» ^^^^^ 

In equations (357) and (358) 11 is used to express the mean demnty of 
the negative centres when in closest order. Thus IT is the maximum mean 
density of the negative centres for any particular negative centres. 

It does not however follow that II expresses the maximum mean density 
of negative ine<|ualitie8 for all negative ine<|ualities when in closest onler. 
For as pointiHl out there is no proportional relation between the numb<»r of 
grains absent and the volume within the singular surfaces for inotiualitit^ 
which difTer. 

But it does follow, from the fact that the number of centres which have 
surfaces of free<lom is finite, that there must be some negative ine<)ualiiy of 
which the mean density is a maximum. And from this it again follows that 
p"jll must have a minimum value. 

Then taking 12 to express the minimum value which, whatever it may be, 
is c«>nst4Uit and without dimen.sions, we nmy express the deiisitie« of all the 
other negative ine(|ualitic*s in tenns of fl, making use of any system of uhiUl 

l*hen if, as before, the den.sity of the medium is unity, the nmxinioin 
density of negative inequalities is : 

1^ 
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and if the mean density of an inequality is n times less than the maximum 
inequality it is expressed by: 

J_ 

And again, if, changing the unit of density, the density of the medium 
becomes nil, the maximum density of negative inequalities is expressed by n. 

The proof that the quotient fl of the density of the uniform medium 
divided by the maximum mean density of the negative inequalities is a 
numerical constant, independent of units, giving us, as it were, the gauge by 
which we can compare the quantities, as obtained, in this and the previous 
sections, with the evidence derived from actual experience, completes the 
consideration of the possible strains other than the undulatory strains (con- 
sidered in Section XIII.) resulting from the conservation of inequalities in 
the mean mass, which formed the subject of this section. 



SECTION XV. 

THE DETERMINATION OF THE RELATIVE QUANTITIES a". A", cr, /;, 
WHICH DEFINE THE CONDITION OF THE GRANULAR MEDIUM 
BY THE RESULTS OF EXPERIENCE. THE GENERAL INTEGRA- 
TION OF THE EQUATIONS. 

242. In the last ])aragraph of Section XIII. it was notictnl that, up to 
that stage, it was not possible, for want of evidence aM to the actual rat^.^ of 
degnulation of light, to complete the <letennination t)f the vahu*a of o", a, X". 
And further, that as the ei|uationH (310 — *Mii) have been obtained by neglect- 
ing all secondary inequalities, they aflford no evidence tin to the limits imputed 
by dilatation on the shearing and normal strains. These disabilitit*s have not 
as yet been altogether reniovtKl. But we have, in the last section, obtaitifd 
expressions, in tenns of />", a", <r, X", for the attraction of negative ci*ntrv*» 
which corri'spond to those of gravitation. Als4) in the last article it is sht>vn 
that what is known as '* matter" corres])onds with the inei|uality iu the 
medium resulting from absc»nce of grains. Also it is proved that there must 
be a finite maximum mean density for negative inecpialities when in clusi* 
onlcr, which corresponds to the mean of the heaviest matter. And further, 
it is shown that the mean density of th«* uniform granular mtniium, divided 
by the maximum density of negative iniM qualities, is a number with«»ut 
dimensions — expri*sse<l by fi — whence we art» enabltnl to me4U»un» the density 
of any iniH|ualities in closest onler, in any s}sti*m of units. We are thus* 
in a very diflferent position, us reganls eviilence, fnnn what we were at the 
end of Section XIII. 

243. By the last article of Section XIV., taking 22 as expn^ssing in cm.k 
units thi* density of the matter platinum, which is approximately the densc-st 
fonn of matti*r, we havi* unity for the d(*nsity of tht* matter water in rjis. 
units. 

Then for the <lensity of the granular medium in C.Q.H. units we have 

22(1, 

where the constant number 12 has still to be detenniued. 
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The change of units of density, from that in which the density of the 
medium was taken as unity, to the density as measured in units of matter, 
has thus been effected. 

244. From the last article it follows that, measured in c.G.s. units of 
matter, the mean pressure in the medium, equal in all directions, becomes 

p = 22np" (359). 

Also the mean density of the medium p" or unity becomes 

/3 = 220/3" (360). 

And, if in c.G.s. units of matter, p expresses the mean density of any 
negative inequalities in closest order, however complex, such as the mean 
density of the earth — 5*67, the corresponding expression, when p" is taken 
as unity, is 

" = 11 <361)- 

246. From equation (359) we may now proceed to find an expression for 
the mean pressure in terms of the rate of degradation in the transvei*se 
undulations when ajX" is large. 

From equation (311) the rate of degradation of transverse waves is 
expressed by 

1 dv" 2X"o" . .„„_- 

t7'-dr=-3 v^'" ^^^2>- 

Then if U is the time taken to reduce Vo" to Vi 
where Vi = - . V, 

^"«"-|-$-J ^363). 

which gives one equation between the three quantities a", \" and if 

A second equation is obtained from the dynamical condition of undulation 

=-'V? •''^*' 

and n=- A:, A: being ujvv ' ^ '\ ^^^^^ 

Therefore, reducing, 

"TS-? <*>«>• 



B. 



15 
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Then, L being the wave-length, if we put 

n,^ . a ^ L 

r 27r 
Since 1/ = --- , 

a 

Bubfitituting for <r in e<|uation (367), 



an 



H! = f .- (.-Je-s). 

a 4 iin^r 
Then eliminating a" from equatitms (367) and (368) to find X" 

V' = 5, . (Mr)~* .(361h. 

the value of the constant coefficient being 

,_V27"7r 

Then substituting from equation (369) in e<iuation (367) 
.. 1 3V7r^ ... n 

a" = «,(w,f,)*.J^ J 

Y==|<"«^')f7 ^•^^**' 

The eijuationn (369) and (371) define the valuej* of the constants X" and «" 
which entiT into the expression />" in e<]uation (159) in terras of ci, t. r, an<l 
it which detine the wave-length and rate of pro|iagation for any [Articular 
rate of degradation. 

Thus substituting in the equation (159) which is 



a 

.(370>. 
.... 1 I 

or 



^ " 3'X'"^- 2-^U'7' 



and which, under the condition <r/X" large, is. taking the density of the 
medium as unity, 

V2«ra"' 6 

P "Z V'T4V2^ ^*^'*'- 

the liquation lMK^ome8 



Then transforming we have 
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The equations (376) and (377) define the pressure in tenns of 

^ or 22n"'. 

according to whether the density of the uniform medium is taken an unity, or 
is expres8e<l in c.o.s. units of matter. 

247. Ah me>asured in c.o.s. units, the matter in the earth, amuming 

Baily's value, 567, for the mean density, is 

614 X 10*^, 

the mean radius is 6*3702 x 10* and the attraction of the earth on a unit of 

matter at the surface is 

^ = 981 (379). 

To compsire with this evidence we have the exprcHsions for the correspond- 
ing quantities as obtained from e<]uations (348) for corresponding coDditions 
when translated into the same units. 

In the general expression for the attraction of negative centres in cloeeit 
order, eiiuation (348), where p" = 1 : 

where i\r'=» -75 (-*] and r-r,; 

substituting, the expression for the attraction of unit mass becomes, if the 
,. r.» 4 5-67 . , 






Then, supposing that r.'/ri' is a maximum, we have from equation (358) 

r7-75n •<^^ 

And as the density of the mean negative ine<{uality is 5*67/22 of the 
maximum inei|uality, we have for the attraction 

„ fr.y 5-67 

which becomes, on substituting from e<]untion (380) and reducing, 

* ,. 4 „ 5-67 

Then transfonning so that the density of the medium is 220, sinoe rg m 
6*37 X lO*. we have for g 

981 -22n/>'V^ir g.— . 637 x 10- ^38U 
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Then substituting the value of 22np" in equation (377) we have 

g7r5-67 X 6-37 x 10« x 1-8574 x 10" x ^^y<r = 981 (382). 

Then, cancelling and reducing the numerical factors, since 

cr(n,/«e)*=Z/Vr;7„ 
we have 

981 = y^^i^1 

v^^t ' (383). 

whence Vn^ = 1126 x 1 0^*^ 

And thus we have obtained the value of 

thtty 

which satisfies the condition 5r = 981. 

248. The evidence afforded by the limits of the intensity of light and 
heat does not appear to have hitherto demanded much attention. But it 
now appears that, if we can find a fair estimate of the maximum intensity of 
transverse undulations, it would afford important evidence. 

For the rate of displacement of energy by the transverse waves in the 
uniform medium we have, taking U for the rate at which energy must be 
supplied to maintain the waves, and t for the rate of propagation : since the 
velocity of light is independent of the wave-length, the maximum energy of 
mean motion over a unit surface 

is, by equation (308), the mean energy of the undulation ; and 



ir=r.p"'^' and v"=(|^)* (384). 



V 

It must be noticed that in these expressions for U and v' no account is 
taken of the secondary effects imposed by the dilatation in the granular 
medium. This was noticed in the last paragraph. Section XIII., as showing 
that there is a limit to the intensity of harmonic institutions. 

Put definitely, the condition to be satisfied for harmonic undulations is 
that, taking x and y for the directions of propagation and mean motion 
respectively, 

-^ic— i& small as compared with p\ 

Thus if the amplitude of the transverse motions is considerable, the 
action will not be confined to the institution of simple harmonic waves, 
but will include compound harmonic waves, and probably normal waves, 
which would proceed faster than the simple transverse harmonic waves, 
until, by divergence or degradation, their intensity was reduced. 
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Evidence from which we may form an estimate; of the limit to thv 
amplitude at which the waves cease to be sensibly harmonic may, it appe an*, 
be found. The greatest int**nsity of transversti waves is obtainec] fn>m the 
carbons of the electric arc. If then we assume that U, the w«>rk fX|>fn*K.'d 
in |)nKluciiig the light, is all spent in mdiatiim of heat and li&^ht from the 
carbons, we have only to measure the radiation area of the carbons t4> obtain 
an outside estimate of the mean value of t^'. 

Thus if U |)er stj. cm. is 2*29 x 10* ergs 

2-29xlO»»ipeV'*.T (t = 3x10»») (:185). 

whence we have 

1*52 
tV'»= - X 10-' in C.G.8. units (386). 

P 

where p is 22f2p" and where p' is unity. 

249. From this value of v/' we may obtain the expressions for y the 
amplitude of the undulations, and for x. 

Taking r as an arbitrary amplitude 

y = rcQ&0 and dyldt = - r sin tf . dOjdt 

Then since the periodic time is 27r/m, ditfereutiating with respect to 
time d$jdt » m, and 

t;" = — //irsin tf and t;" is a maximum when 

/. r « — , y = — cos tf, 

and * = - , 

tt 

.-. ';y-a.^J--a'''-»in(>.^' (387). 

ax dd m T 

Then multiplying this by n or pr* we have for the shearing strew 

22n?./r.^ = pr"T (388k 

and these are in gmvitation units. 

Then fn>m e<|uation (386) we have, for the maximum value of the 
tnmsvfrse velocity r", 

'■'-Z> <-^ 

anil inultiplyiiig by 2211 wv haw for the niaxiiuuiu nheariiig Mtrcas 

/> . r," . T - 1172 X 10" X V22Xi ^MO). 
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Taking s (= 10-») as the coefficient of the limit within which 22n . 3/c/8 
may approach 22np", we have, substituting the expression on the right of 
equation (377) for 22ftp", 



22n X 1-8574 X 10" (j\ = V22I1 x 1172 x 10" 



whence follows; 



logs 

/w«\* 6-31 , 

\tt) " V22S ' equation (390), SOOO - log V22n (391), 



Vn,tt= 1126x10" (384), 0517 + 14 (392), 

7108 X 10" , 

"^ ^^l^ ' •8517 + 14-logV22ft...(393), 

ee= 1-785 xl0^»x V22ft, 2517 + 13 + log V22n ...(394), 

<r= 6-534 X 10-« x \/22n (372), -7430- 20 + log V22a ...(395), 

,, 6-777 xl0» , 

« =-71^— (370), •8310 + 3-logV22n 

X."= 8-612 xlO-« (375), '9351-28 



....(396). 



250. So far we have obtained the expressions for the limiting values of 
a\ \'\ or and the logarithmic decrements for transverse and normal waves 
in terms of the constant coefficient H which enters as a factor into the 
expressions for the density of the medium and the potential of attraction. 

Substituting from the equations (391 — 393) in equation (375) we have 

^„^6777xl0. 

V22n ^ ^' 

X" = 8-612xl0-« (398), 

a- = 5-534 X lO""* x V22n (399). 

Then for logarithmic decrement of the transverse undulations, <r/V' large, 
substituting in equation (311) tlie values as given above for a" and X" we have 
as in equation (362), U being the time required to reduce v" from v^ to Vo/e, 

<t = |w/^-,= l-784xlO>»V22n (400). 

N.B. This result checks the calculation, since this value corresponds 
mth equation (394) in the first three significant figures, which is the limit 
of the arithmetical approximation attempted. 

The value of tt thus found in terms of the coefficient V22n expresses the 
time the transverse waves would travel before their amplitude was reduced 
in the ratio from 1 to i/e, or their energy in the ratio 1/c*. 
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The values of a", X", <r cannot be defined except by further evidence. Such 
might be obtained if we could completely solve the dilatation pn>biem and 
so obtain the value of il. Failing this, however, there remains one source of 
evidence from which we may obtain a close approximation to the value of the 
ratio V22ft. 

261. The conclusions to be drawn from the absence of evidence of any 
namiai waves in the medium of space until t*ery recent times. 

From equations (310) and (311) it appears that in a granular medium 
normal as well as tangential waves may exist, the only difference being in 
their rates of propagation and in their rates of degradation. 

From this it would seem that, if the medium of space is purely mechanicml, 
either such waves did not exist for lack of incitement or the normal waveis had 
no effect upon our senses or on the physical properti^ of matter. The recent 
remarkable discovery of Rontgen that under certain intense electrical actions 
a system of waves which have the properties of normal waves in a unifiinn 
medium subject neither to refraction nor reflection, can be produced, ba« 
opened the door to different conclusions. The first suggestion by Kiintgen 
was that these were normal waves. And although various special explana- 
tions have been attempted to avoid the admission of their being nonual 
waves, everj' one of these explanations involves normal action. 

It appears, from the definite analysis of the granular medium, that when 
the uniform medium is in the sUite to propagate transverse waves the degra- 
dation of which is such that the diminution from loss of energy by degradation 
m some millions of years is in the ratio l/e*, the rate of degrailation of the 
normal wave is such as would occupy something le.ss than the millionth (10~^) 
part of a second to reduce it in the same ratio ; so that the normal wave 
would lose nine-tenths of its energy before it had traversed some thousands 
of metres, say x metres, and this affords crucial evidence of the purvly 
mechanical granular structure of the medium of space. The coincidence 
is such, that in the absence of any definite proof to the contrary, it should 
carry conviction notwithstanding those things which cannot be defined for 
want of evidence. 

262. Without attempting any general discusnion uf X-rays there arv 
several V4»ry significant characteristics which affonl evidence be*adt*» that 
of not lH*ing subject to refraction or rt^flection. In the first place the niyn 
in their production are attended with very internet light, that is they arv 
attende<l with transvt-rsi* waves. In the sc^cond place, after the light wave* 
have been filtvre<l out, they can again be transformed into visible transvene 
wavv« by their [MUMage through certain earthy substances. And in the third 
place*, in {mssing through any matter they are subjected to rapid degrmdatioo 
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The logarithm of this product being 

•4076 + 3 + i log (220) (403K 

log decrement log (log docrement) 

-2r)56x ICx V22n, -[•4076 + 3 + ilog(22n)] (404). 

Then if U is the time to re<luce m"* in the ratio !/«• we have 

e^ = 3-923xl0-^;V22a log^ = -5924-4 (40:»). 

The product of the time tn multiplie<l by the rate of pn>pagatioii of the 
nonnal wave in the linear distance which the nonnal wave must travel ^^ 
that the energy is reduced in the mtio 1/^. 

The rate of normal pn)pagation is 2*387 x 3 x IC* as above. 

Therefore taking x as the distance the normal wave must travel to 
diminish the energy in the ratio l-e* we have 

a: = 2-801 X KFx- ^ (406). 

V22n 

g. E.F. 

264. Then to find the inferior limit to the value of the ratio ejr- 
pressed by 

n. 

From the evidence furnishecl by Rtintgen rays we have in Art. 2.>3 
define<l this ratio to be such that the value (»f jr (in I'.o.s. units) shall not 
be less than some thousand odd metres. And fn>m the absMMice of any 
evidence of normal waves other than Rontgen it follows that there mu«»t 
be a superior limit; but this depends on the value of il and cannot be 
defiue<l without further evidence. 

To find the superior limit of II, putting for simplicity 

;r = 2-801 X lO'-^ (407), 

we have by e<]uation (406) from the evidence of Rontgen rays 

V22(l = 10^ where q is not less than 2, 

whence we have for the value of fl, 

10^ 
n=: 22 =4\546xlO^-' (40H). 

and for the density of the unif4>rm me<lium 

22a = 10*^ 14091. 

266. It is iManUnl out (Art. 254) that the su|)enor limit to the value 
of n cannot bi* obtaintnl except on further evidence ; evidence which ha* 
as yet not b<H*n taken int«) account, and is exactly to the point, in 
available. 

Thi« is the evidence an determined by Lord Kelvin (and ooofirmed by 
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Equation (413) expresses the number of diameters of a grain which would 
measure the inward strain at the singular surface of the maximum inequalitj 
as of platinum or 22. 



Then reducing 



n.' 



^ = 1-602 X 10«»-*»» (414). 

671,' 



For the minimum ine<|uality, n, remains the same, and fi«' is di\id€d bj 
200. and we have from equation (414), 

— -— — « 8013 X 10^»» (415). 

Ow,' 

Then if we take the number of the diameters of a grain which measure 
the inward strain at the singular surface of the minimum inequality to be 

8-013. 

9 = 2 (4ltfX 

We have thus found the superior limit of the square root of the density 
of the uniform medium to be 

V22n = 100. 

266. Comparing the inferior limit of V22n in Art. 254. obtained from 
the evidence of Rontgen rays, with the superior limit iu Art. 255 obtained 
from the evidence as to the size of the molecules, we see they are identical 

Too much weight must not be attached to this identity since the 
estimates on which they are based are somewhat wide approximations, so 
thUt they must be considered as relating rather to the order of the quantities 
than the actual numbers. Yet considering that the evidence of the sixe 
of the molecule, and that of the Rontgen rays, are perfectly independent, 
the result, which, taken as a wide approximation, would be almost infinit^^ly 
improbable as a mere coincidence, when substituted in the equations (590) 
and (390), and (402) an<l (409) enables us to obtain, in cms. units, the valuts 
of all the arbitrary (instants which define the condition of the purely 
mechanical medium, and they are such as correspond with the experience — 
as to the rat4»s of pro|iagation and as to their rates of decrement — of bi>th 
transverse and nonnal waves; they also correspond with experience as to 
the existence of molecules and gravitation, the limit of the intensity of the 
energ}' of light and radiant heat, besides the absence of normal wave«, and 
the evidence of K^intgen mys. 

The numerical values of these constants are for convenience given in the 
following table. 
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It is thus shown by definite analysis that an infinite, purely mechanical, 
medium consisting of uniform spherical grains, in relative motion, the grains 
being in normal piling, except for local inequalities in the mean density, and 
so close that there is no diffusion, affords a complete account by purely 
mechanical considerations of potential energy, the propagation of traosverse 
waves of light and the apparent absence of any rate of degradation, the 
lack of evidence of normal waves, the gravitation of matter and electricity, 
as the result of the dilatation which follows from the strains caused by local 
inequalities in the density of the medium. 

It is also shown, by definite analysis, that this is the only explanation 
possible by purely mechanical considerations. 

257. Having arrived at the conclusion stated i^ Art. 256 we might 
make this the end of this research, having every confidence that the evidence 
which has not already been adduced would confirm that which has been 
adduced. It is not, however, the sole purpose in undertaking this research 
merely to show that there is a mechanical explanation of such parts of the 
universe as shall render the mechanical structure of the remaimler in- 
definitely probable, but also to obtain as much light as may accrue from the 
purely mechanical analysis. The analysis is therefore continued so far as it 
relates to effects in the medium, that is to say, it does not include electro- 
dynamics or electro- magnetics, since the institution of complex centres, that 
is, the magnetic conditions, is not a primary effect, for it results in separating 
the molecules, after combination, the reunion of which results in electric 
currents. 

268. The blackness of the sky on a clear dark night would be explained 
if the light waves were subject to viscosity however small, or nearly la 
It has been so far a m<x>t (|uestiou whether there is such viscosity. But 
it now appears from the rate of decrement of the transverse waves, Art. 256 
(5'603 X lO^**). that the time taken to reduce the energy of the wave in 
the ratio l/e*. or 18, would be more than fifty-six million yean. This rate 
of dtM!rement, alth(»ugh affording an ample account by mechanical considem- 
tions of the absence of uniform brilliance in the sky, such as would result 
in an infinite space from an infinite number of stare, however sparaely 
scattered, if then> were no rate of decrement as the result of viscosity, is 
such as has baffled all attempts to obtain any evidence of decrement by 
obM*rvation. 

259. The dissipation of the ine(|ualities in the mean energy of the 
medium resulting from the rates of decrement of transverse and normal 
waves which, as shown in Art. tbii, affords a complete mtnrhanical explaoatiof 
of the blackness of the nky, differs fundamentally from that dissipation whie' 
results in the increase of energy of the molecules, or singular surfaoea. Th 
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is at once apparent since the degradation of the energy of the normal and 
transverse waves can only be a dissipation from the energy of the molecules, 
or mean motion, to increase the irreversible energy of the mean relative 
motion of the medium. 

It thus appears that the dissipation of the mean motions of matter, such 
as the motions of the sun and planets, or vortices in fluids, until all motion 
ceases, does not complete the dissipation of energy, for this would go on 
until the only energy was irreversible relative motion of the grains, which is 
expressed by a"'. 

260. The electrostatic unit, or more correctly the unit corresponding to 
the electrostatic unit, is defined (Art. 224) by the condition 



'■■©■-- 



.(417). 



This definition is on the supposition that the density of the medium 
is taken as unity. 

Thus if the density is taken as 2211, we have as the condition 



22ft/'(^yr.' = l (418). 



Then reducing the member on the left by the table (Art. 256) it is found 
that the complex inequality in which the number of grains is displaced is 

1-615 X 10*», 

and in which the displacement is unity ; the effort to institute the normal 
piling is waity and thus corresponds to the electrostatic unit. 

Comparing the effort to revert to the effort of attraction between two 
negative centres, each having the number of grains as above, since the radius 
of the shell which would contain the grains is 

ro=6-493xlO-» (419), 

the ratio of the effort to reinstitute the normal piling, to the effort of 
attraction between gravitating mass, is approximately 

1-2 X 10^». 

Thus the effort of attraction between the two gravitating masses, the 
grains absent in each of which are the same as the grains which constitute 
the electrostatic unit, is eighty-one thousand billion times less than unity. 

261. The conclusion arrived at in Art. 256, as to the density of the 
medium, does not exhaust the conclusions to be drawn from the size of 
the molecules. Coupled with the evidence afforded by the effects in dis- 
sociating certain compound molecules, possessed by the transverse waves 
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of shorter length and greater frequency, it appears that there mtist exint 
certain coincidences of periods between the possible internal vibration periods 
of compound molecules and the periods of the shorter waves. 

262. From the evidence, Art. 261, it follows that the compound mole- 
cules which are dissociated by the waves of light must have been in a state 
of limited stability : so that 

(1) by the breakdown the total potential energy is reduced, 

(2) a sudden disturbance in the medium is produced causing wavei«. 
which are of undefined length, in the medium. 

263. Comparing the evidences as to the effects of waves of greater 
frequency in dissociating certain compound molecules, adduce<l in ArtA. 
253, 254, with the conclusions arrived at in Arts. 238 — 241 as to the 
effects of collisions between compound singular surCsMHss, rotational strainji, 
and the institution of complex inequalities corresponding to electrostatic 
induction, it appears that the latter account for the former by mechanical 
considerations as will appear in the following articlea 

264. Accepting the statement in Art. 263, we find ourselves face to face 
with the question, What is the source of light ? 

From the mechanical analysis it follows, Art. 238, that undulations in 
the medium can arise from nothing else than the relative motion of the 
singular surfaces. The collisions of these surfaces would set up disturbances 
which would be propagated through the medium with the velocity of light, 
and which would correspond to the waves of heat. But from Arts. 238 — 241 
it appears that there is another effect thau that of simple collision, by which 
undulations may be instituted. 

In Art 241 it appears that when two aggregate inequalities, separated by 
a surface of weakness, in which the numbers of grains absent in the priomr}* 
inequalities differ, are subjected to rotational strain, parallel to the surC^oe 
of weakness, the strain will cause the total aggregate inequalities to reform, 
instituting two fresh aggregate inequalities with limited stability, which, as 
the strain is gradually reduced, do not gradually revert but, owing to the 
limite<l stability, are maintained until the strain has been relaxed sufiiciently 
to overcome the limite<l stability and then break down under the nc^ariy 
full effort of the complex imH|uality; which, by Art 260, is more than two 
hundred billi«)n times greater than what would be the effort of attraction 
of the two equal negative ine(|ualities at the same distance. 

Such a transverse reversion as that considered would not result merely 
in reinftituting the normal piling. But, as it involves the absolute displace- 
ment of mass, the recoil by reversing the strain would institute a oumplax 



265] THE VALUES OF a", X", cr AND BY EXPERIENCE. 241 

inequality of the opposite sign ; and this would be repeated, in a gradually 
diminishing degree, until all the energy was spent in setting up undulations 
which would be transverse. 

We have thus two, more or less distinct, sources of undulations; and 
from the evidence it appears that, whatever undulations result from the 
collisions of singular surfaces, the undulations corresponding to those of 
polarised light are those caused by the reversion of the complex inequalities. 

266. Since, from Art. 264, it appears that the institution of light 
depends on the existence, in the medium, of compound molecules with 
limited stability, and it also appears that these compound molecules dis- 
sociate in the production of light, it follows that either the source of 
light must be continually diminishing or that there must exist some action 
which results in thus reassociating the primary inequalities, and as the 
first alternative is contrary to experience we must accept the second as 
a fact. 

The reassociation of the primary molecules which, when associated, form 
compound molecules with limited stability, receives its explanation from 
the mechanical analysis on the same lines as that of their dissociation. 

Thus if we have two aggregate inequalities in one of which the primary 
inequalities are not combined the diflFering primary inequalities are combined. 
These may be analysed by putting 

a + a for the combined total aggregate inequality, and 

6 + 6' for the total aggregate inequality uncombined, then 

a + ajf6jf6' a + a' + 6 + y 
2 ' 2 ' 

a^a'^jh + V) 6jh6' - (a + a') 
2 ' 2 • 

These if added together constitute the total aggregate inequalities ; they 
express two equal total negative aggregates together with one complex 
aggregate inequality. 

Thus putting a-\-a=A the total aggregate inequality in which the 
primary inequalities are combined, we have 

2 ' 2 ' 

^-(6 + 60 h^-V-A 
2 ' 2 • 

Then if the strains were sufficient the normal attraction might overcome 
the normal stability, i,e, the stability in the direction of the normal, of the 
R. 16 
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complex inequality, causing a reversion. In thiH case, however, it docn not 
follow that the reversion would be complete and so reinstitute il, 6 and 6'. 
for since the work done by the strains might be sufficient to overcome the 
resistance to combination of 6 and 6', the recoil fn>m the breakdown would 
cause a total or partial combination of b and 6', thus instituting B, the total 
aggregate inequality, and so diminish the energy available for the instituti«>D 
of undulations. 

We have thus an explanation by mechanical considerations of the part 
played by electricity in instituting the combinations of molecules which 
differ into compound molecules with limited stability. 

266. The absorption of the waves of light, let us say by lamp-black, 
presents a problem, the explanation of which, by the assumption that the 
molecules are capable of intenml vibrations in various periods, is altogether 
sufficient. Thus, supposing the molecules in the lamp-black are so various 
that there are molecules the internal vibrations of which coincide with 
all periods of the incident wave, they would be set in peri«MHc motion 
and absorb the energy of the waves; but this is not all. For suppiining 
the absorption of the light continuous, the energy in the moleculi»s would 
continually increaf^e, and this is not in accordance with experience? There 
must therefore be some means by which the energ)' abnorbeii by the 
molecules may escape. This cannot be by radiation, since in tliat case 
it would only escape as light, which it does not. It is nu^chanicalh 
im)K>8sible that it should escape by radiation in the fonn of the long 
dark waves. And the only other mode of escape for the energj* is bv 
transmi.ssion — by convection and conduction through the molecules to the 
surface of the lamp-black. Nor does this altogether solve the problem — ft»r in 
such an experiment as we are considering, it may be possible that the lamp- 
black i» in iHicuo ; in which, having reached the surface, it would be arretted. 
And the absorption continuing the energy of the molecules would con- 
tinually increase indefinitely. Since any such indefinite increase of the 
absorbeii energy is outride experience it follows that within the iimitii of 
experience such perfect vaimum as contains no free molecules is impoefiuble. 

'Vhii evidence which follows from the theoretical explanation of Sir William 
Cro«»kes' radiometi»r* at onci* illustrates the fact mentioned above, for when 
the light is tun)e<i on the receiver which contJiins the vaneti, the latter 
almost instantly iu>|uire a steady speed which shows that the lamp-bUcked 
surfaces as well iu» the op|)o8ite surfaces, which are white, have acquirvd 
a steaily difference of temperature, so that there is no further increaflv of 
tem[)erature from the absorption of the light ; the euergj* received from the 
light wave by the black surfaces of the vanes, taking the form of eoergr 

* ** CcrUio dimenaional propcrtkrt of nuiU«r io the gajeoui tUU.'* PhiL Timm. It S., ISTf . 
p. 83S. 



267] THE VALUES OF a'', X", a AND BY EXPERIENCE. 243 

of vibration of the molecules, is transmitted to the surface beyond which 
the vibrating molecules do not pass, but, as the molecules at the surface 
are vibrating, the energy of this vibration is communicated by contact to 
any free molecules whose paths bring them in contact with the molecules 
at the surfaces of the vanes, causing reaction and conveying the energy to 
the inner surface of the receiver. 

Thus if there were no free molecules there would be no motion imparted 
to the vanes, and as the stage of exhaustion at which the vanes do not 
revolve in unlimited light has not yet been attained, it follows that on the 
assumption that the waves of light are capable of communicating energy 
to the molecules in the mode of internal vibration, the production of an 
unlimited intensity of energy by the absorption of light is outside 
experience. 

267. The assumption on which the absorption of light is based, Art. 266, 
has not as yet been subjected to the further analysis necessary for a 
mechanical explanation of the actions involved. 

It therefore remains to show that, in spaces where negative inequalities 
exist, the state of the granular medium is so far affected by these in- 
equalities that it no longer transmits waves which pass through the medium 
at the same velocity as when there are no inequalities, undisturbed, other- 
wise than by divergence. 

To show this : 

We have (Art. 230) the fundamental misfit between the nucleus in the 
singular surface with the grains in strained normal piling, instituting in the 
medium a shell of grains in abnormal piling which constitutes a shell about 
each singular surface which offers little or no resistance to strains tangential 
to the singular surface. 

We have also (Art. 255) the diameter of the singular surface some ten 
thousand times less than the wave-length. Thus we have a free singular 
surface through which the medium is free to move by propagation, the 
diameter of which is 10000 times less than the transverse wave, but which 
is still subject to the undulatory motion of the medium corresponding to the 
light waves. 

Consider next what must happen from the existence of a single negative 
inequality in a space through which transverse waves are passing: — 

In the first place, since the surface of the inequality is a surface of 
freedom there would be a certain small area of the surface about an axis 
through the centre of the inequality which presents a nearly plane surface 
perpendicular to the direction of propagation, and this small surface, owing 
to the freedom of the inequality, oflfers no resistance to the transverse wave. 

16—2 
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This area of freedom would relieve the stress in the medium in the plane 
normal to the direction of propagation, and so cause an increane of the 
undulatory motion at the small surface, the recoil from which would revere 
the direction of propagation over the small area, thus imitituting a partial 
reflection. (N.B. Tlie amount of this reflection would admit of quantitative 
determination, but the analysis is long and it does not appear to be 
necessary.) 

The reflection considered does not constitute the entire reflection which 
would result, for there would be similar reflections at the opposite sur&oe of 
the inequality, and besides the reflections on the small surfaces nearly plane, 
there would be reflections resulting frum the relaxation of the components 
of the transverse stress all over the surface of the iyequality, causing re- 
flections in all directions except in planes normal to the direction of 
propagation. So that there would be a general but varying scattering of the 
transverse wave in all directions greater than 7r/2 from the direction of 
propagation, varying from a maximum at tt to nothing at ir/2. 

The proportion of undulations within a distance r, of the axis iu the 
direction of propagation scattered by the passage of a wave by a single 
inequality is extremely small, for, although the small surfaces of freedom do 
relax, to some extent, the stresses consequent on the undulations in the 
medium, a singular surface is so small as compared with the wave-length, 
that they follow the motions of undulation, and are subject to nearly the 
same stresses as if there were no inequalities. 

Then if we consider a space, through which the waves are passing, to 
be occupied with negative inequalities in somewhat close order it does 
not appear that the rate of propagation would be greatly altered owing to 
relaxation of the elasticity of the medium. 

But the rates of propagation do nut, as it seems, depend solely on the 
elasticity ; for the singular surfaces, owing to their cohesion, introduce 
another system of possible vibrations — the internal vibrations of the n^puive 
inequalities. 

That the vibrations possible in the inequalities may be instituted as 
the rt^sult of undulator}' strenses re<|uires only a coincidence in the periods 
of the waves and the vibrations of the inequalities. Then since the evidet*ce 
of the exist4»nce of a considerable number of periods of vibration in all 
inequalities is acconling to evi<lence, and it has been shown that however 
small the eflTects of the undulations solitary grains do cause a certain dis- 
turbance in the negative inequalities, it follows that the passage of a wave 
through a space in which the inei|ualities are somewhat cloae will malt, 
if continuetl for a suflicient time, in imparting periodic motiooa to tlie 
inequalities having periods coinciding with the wave perioda 
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Then supposing the regular undulation to cease, the vibrations of the 
inequalities would institute waves of the same period until their energy was 
exhausted. Whence it follows that in the case in which waves are passing 
steadily into and through a space occupied by inequalities in somewhat close 
order, they will maintain the vibration of the molecules and at the same 
time pass through the medium, and then the energy of the waves and the 
vibration of the inequalities together would be greater than that of the 
inequalities alone in the ratio 

energy of wave motion + energy of inequalities 
energy of wave 

Then supposing a steady state to have been reached, if either of these 
actions were diminished it would receive assistance from the other; and 
from this it follows directly that, while the energy in a wave-length before 
entering the space containing the inequalities is the only energy of the 
undulation, the energy in a wave-length in the space would be the energy 
of the undulation before passing plus the energy of the inequalities. 

Then again if the mean rate of the motion of the energy of both 

undulation and inequality were that of the undulation, there would be more 

energy passing out of the space than that entering, and the state could 

not be maintained steady. But if, on the other hand, after entering the 

space with inequalities, the rate of passage of the total energy was that 

given by 

energy of wave 

energy of wave -h energy of inequalities ' 

the state would be steady, and the rate of propagation diminished in the 
same ratio. 

It has thus been shown that in the granular medium waves corresponding 
to light waves are capable of communicating energy to the negative 
inequalities corresponding to molecules, which was the object in this some- 
what long article. 

268. Refraction of waves in the granular medium, when passing from 
one space to another which differs as to the closeness of the arrangement, 
follows directly from the paragraph last but one. Art. 267, in which it is 
shown that the waves pass from a space in which there are no inequalities 
into a space in which the inequalities are in some close order; the ratio 
of the rate in the space without inequalities to the rate in the space with 
inequalities is as 

ener gy of propagation -f energy of inequalities 
energy of propagation 

and this is the expression which corresponds with the index of re- 
fraction. 
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It also appears that in the main the cause of refraction is coincidence 
in the wave period with the period of vibration in the inequaiiiiefl. The 
relaxation of the elasticity of the medium by the freedom of the centre* 
must cauHO diminution in the velocity of propagation, but it would neem to be 
indefinitely small. 

269. The effect which, in a granular medium, corresponds to the dU- 
persion of the rays in the 8[>ectroscope, at once receives itH mechanicml 
explanation from the explanation (Art. 268) of the effects which corre^paid 
to refraction together with the evidence (Art. 261) that as the waves become 
shorter their effects in dissociating the compound molecules increase. The 
mechanical explanation is that there are more coincidences in |)enod in 
the case of short waves than in the longer. And this refraction increases as 
the length of the wave decreases, or, the shorter the waves the higher the 
index of refraction. 



270. The reflection of the wave of light which results when the light 
passing from a space in which there are no inequalities into a space in which 
the inequalities are in somewhat close order, depends, when the direction of 
propagation is not perpendicular to the reflecting surface, on the direction 
of the transverse motion in the wave front. Thus, supposing the direction 
of propagation is parallel to the paper and acnxss the page, if the motion 
in the wave front is jmrallel to the |>aper an<l the reflecting surfiice is 
a plane perpendicular to the paper and inclined to the direction of pn>paga- 
tion, there may be, at the same time, motion in the wave* front perpendicular 
to the paper, which motion is independent of the normal to the paper as 
illustrated in the figure below : 

Fio. 6. 





AB direclkm of propa^lion, 

Cl> Irac* of plane of rvfleciion perpendicaUr to the paper, 

OH direction of motioD parallel to plane of reflection turned at 90°, 

KF direction of motion perpendicular to propagation. 

The general motion of the medium thus indicatiKl may be realised by 
imagining a HhtH.*t of pap(*r to hei moving with a point revolving steadily with 
a radius <H|ual to half the amplitude of the wave, without turning the piiper 
in its plane, which must b4> perpendicular to the paper. The two molioiui 
EF and GH may be considered as analytically distinct. 
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The vertical harmonic motions, in the medium EF in planes parallel to 
the paper, in varying phases, without any motion in the direction of propa- 
gation, which constitute the undulations, must as the undulations arrive 
at the inclined reflecting surface of the space enclosing the inequalities, 
undergo partial reflection in the direction KL on account of the relaxation 
at the surface caused by the inequalities. This relaxation is proportional, 
other things being the same, to the number of singular surfaces in unit 
volume. 

The angle of incidence on the surface of the space enclosing the in- 
equalities at which the reflection is a maximum is of necessity such that 
the reflected and refracted rays are at right angles in the plane of incidence, 
and in this case the motions in the medium which are reflected are parallel 
to the plane of incidence and thus correspond to light polarised in the plane 
of incidence. 

Then again, the portion of the waves in which the motion of the medium 
is perpendicular to the plane of incidence, although subject to the same 
refraction as that in which the motion of the medium is parallel to the 
plane of incidence, undergoes no reflection at the surface CD. 

The waves in the granular medium are a consequence of the motions 
in the medium which are transverse to the direction of propagation ; these 
may be anything perpendicular to the direction of propagation. But they 
admit of being resolved in any two directions at right angles to each other 
and perpendicular to the direction of propagation, and when so resolved 
are analytically independent, that is to say, if the components of the trans- 
verae motions of the medium in one direction ceased to exist the motions of 
the other component would not be affected. 

Thus if transverse motions in the medium were confined to one direction, 
and that in a plane parallel to the plane of the paper, the shearing stresses 
would be all parallel to the paper in planes at right angles to the direction 
of propagation : hence these stresses would propagate transverse motions 
parallel to the paper but would not propagate motions normal to the paper ; 
and on the other hand transverse motions in the medium normal to the 
paper would cause transverse shearing stresses normal to the paper which 
would propagate motions normal to the paper but would not propagate 
motions parallel to the paper. 

It therefore follows that the transverse waves in which the motion is 
parallel to the paper can, in a granular medium, be instituted only by 
rotational stress in which the rotation is parallel to the paper. And such 
transverse waves will propagate parallel to the paper in the direction to 
which these planes are normal. And further, on arriving at a surface the 
normal to which is parallel to the paper, beyond which surface there are 
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inequalities, the wave will be reflected according to the laws of reflection, 
such reflection being strictly parallel to the paper. 

On the other hand, it follows that the transverse waves in which the 
motion is normal to the paper can, in a granular medium, be instituted only 
by rotational stress in which the rotation is normal to the paper; such waves 
propagate parallel to the paper in the direction to which their planes are 
normal, and are not subject to reflection at an inclined surfisu^ perpendicular 
to the paper, as shown in Fig. 5, since the motion in these transverse waves 
is entirely normal to the paper, as is shown by the line QU, tamed 
through 90"" in Fig. 6. Thus it is seen that the only reflection resultiiig 
from both components of the motion in the medium when the waves paos 
from a space without inequalities into a space with inequalities is the 
reflection resulting from the inclination of the surface parallel to the plane 
of incidence, as shown in Fig. 5. 

It may appear from what precedes that there is a difference besides that 
of the motion of one of the rays being parallel and the other normal to 
the paper, since so far no mention has been made of any reflection of the 
ray in which the motion is perpendicular to the paper. This apparent 
difference disappears, however, since if the reflecting surface in the plane 
of incidence were removed and replaced by a surface nonnal to the paper 
inclined at a corresponding angle to the direction of propagation, then 
the reflection would be from the waves perpendicular to the plane of 
incidence, and there would be no reflection from the plane of incidence. 

It is thus shown that in the granular medium when the transverse stresses 
in the meilium are equal in all directions normal to the direction of propa- 
gation, when waves proceed from a space in which there are no ioetiualitias 
into a space in which there are inequalities, if the separating surface in 
inclined to the direction of propagation there will be reflection iu the plane 
of incidence of that component of the wave which is in the plane of incidence, 
in a degree depending on the closeness of the ine<|ualities and the angle of 
incidence, while the other component of the wave-motion will not be subject 
to any reflection resulting from the inclination. And as this applies whatever 
the direi'tion of propagation may be, it affords a definite proof that the 
motion in the mtHliuni which is reflected is in the plane of incidence. 

This rt'iHult iu the granular medium corresponds in every particular with 
the experiences of polarisation except that heretofore it seems to have been 
a moot question whether or not the motion in the ether which is polarised by 
reflection was parallel or perpendicular to the plane of the medium*. 

* ** In Iht ihforioH of YttmnfX and Caoohy tht Tibrmiioni are M«un«d to hm p«rp«Mliettl«r to Uw 
plMM of poUriialion — in Ihoce of MacCulUgh and Neumann to b« parallel to il. BtokM arrinwl 
at tht ooneluftion that thrj an* parallel, while by a similar experiment Hultxman arrtwd at tlM 
oppOAle eooeltuion. ** Uojd. H ere Theory of Light, 1S57. 
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Thus not only does the analysis of the granular medium account by purely 
mechanical considerations for the phenomena of polarisation, but also removes 
all doubt, if the explanation is mechanical, as to the fundamental necessity 
that the motion in the medium that can be reflected must be in a plane 
parallel to the plane of incidence. 

The foregoing proof that that component of the motion of the medium 
which is reflected is that parallel to the plane of incidence has been based on 
the relaxation of the mean coefficient of rotational elasticity owing to the 
presence of negative inequalities, as discussed in Art. 267. This was all 
that was required, as the relaxation in translucent matter is comparatively 
very small. When, however, we come to metallic reflection, which in the 
case of mercury at perpendicular incidence is 0*666 as against 0*0018 for 
water, it appears that the relaxation is altogether of another order than in 
translucent substances. 

In the mechanical medium such difference is accounted for by the 
extremely small size of the singular surfaces, the radii of which are about 
2 X 10~*° or 2 X 10~* of the length of the shorter waves. These singular 
surfaces as long as their arrangement is in open order will cause relaxation 
which is small but which increases somewhat proportionally to the number of 
such surfaces in unit space, each surface being, as it were, independent, so that 
the abnormal pilings which embrace every grain will only meet at a few 
points. But as the inequalities approach the closest order the rate of 
decrease of the relaxation increases very rapidly until the normal piling 
of the singular sur&ce becomes nearly continuous. The surface of the space 
enclosing the inequalities then becomes a singular surface of the aggregation 
of inequalities outside of which the piling is abnormal. 

To realise the evenness of such a boundary surface embracing the whole 
or any part of the aggregate inequalities it is only necessary to remember 
that the radii of the singular surfaces are less than one ten-thousandth of the 
wave-length, whence the roughness which would be less than 1 x 10~* cm. and 
thus would be smoother than any artificial polish which can be imparted to 
metal, and hence could only compare with the surface of mercury. 

It is thus shown that the granular medium not only affords an explana- 
tion of the polarisation of light but also affords an explanation of metallic 
reflection. And these explanations being accomplished it appears that the 
mechanical explanation of the rest of the phenomena of light must of 
necessity follow. 

271. The aberration of light admits of an explanation so simple and the 
coincidence of the value of the velocity of light thence deduced with that 
derived from the observations of the eclipses of Jupiter's satellites is so re- 
markable as to leave no doubt in the mind as to the truth of the explanation. 
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But when the aberration is subjected to closer examination the explana- 
tion is found to rest on the heretofore unexplained al>sence of any resistaDCt* 
to the motion of the ether through matter ; for notwithstanding the eflbrta 
made to rest the explanation on another basis this has not been completely 
accomplished. 

The difficulties in conceiving the free motion of the ether through matter 
do not present themselves in the analysis of the properties of the gnuiular 
medium as now accomplished. This follows from the analysis which has been 
effected in this and the previous section. 

It is shown : — 

(1) That the motions of the singular surfaccH are independent of the 
mean-motion of the grains in the medium (Art. 233). 

(2) That the institution of undulations depends on the var)'ing strains 
resulting from relative motion of the singular surfaces (Art. 264). 

(3) That the energy of the wave is absorbed by the singular surfaces, 
and that the energy thus absorbed is conducted and conveyed through the 
aggregate singuUir surfaces (Art. 266). 

Whence it follows that the singular surfaces which correspond to matter 
are free to move in any direction through the medium without resiiitance, and 
rice versti the minlium is free to move in any direction through the singular 
8urfjic<?» without resistance. And that the waves corresponding to thoe«e of 
light are instituted and absorbed by the singular surfaces only. So that after 
institution at the place where the singular surfaces are, the motion of the 
waves de]K'nds solely on the mean motion of the medium, and the rate of 
propagation is e<|ual in all directions until they again come to singular 
surfaces. Thus all paradox is removed and the explanation of aberration 
is established on the basis of the absence of any appreciable resistance to 
the miHiium in passing through matter. 

Thus b<*sides the expUuiations by definite analysis of: 
the potential energy, 

the propagation of transverse waves of light, 
the appan>nt absence of any rate of degradation of light, 
the lack of evidence of normal waves, 
the gravitation of matter, 
chKJtricity. 

which explanations render the purely mechanical substructure of the universe 
iodeBnitely probable, we have by further analysis obtained : — 
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The explanation of the blackness of the sky on a clear night. (Art. 258.) 

The definite proof of the fundamental dissipation of the energy of the 
waves of light and the relative energy of the molecules to increase the mean 
irreversible relative motion of the grains ; which dissipation is independent 
of that which tends to the equalisation of the mean energy of the molecules. 
(Art. 259.) 

The number of grains, the displacement of which through a unit distance 
represents the electrostatic unit. (Art. 260.) 

The proof of the coincidences between the periods of vibration of the 
molecules and the periods of the waves. (Art. 261.) 

Proof that dissociation of compound molecules proves the previous state 
to have been one of limited stability. (Art. 262.) 

Proof that light is produced by the reversion of complex inequalities. 
(Arts. 263—264.) 

Proof that the reassociation of compound molecules results from the 
reversion of complex inequalities. (Art. 265.) 

Proof of the absorption of the energy of light by inequalities. (Art. 266.) 

Proof that negative inequalities afifect the waves passing through. 
(Art. 267.) 

Proof that refraction is caused by the vibrations of the inequalities having 
the same periods as the waves. (Art. 268.) 

Proof that dispersion results from the greater number of coincidences as 
the waves get shorter. (Art. 269.) 

Proof that the polarisation of light by reflection is caused only by that 
component of the transverse motion in the medium which is in the plane of 
incidence, and results from the passage of the light from a space without 
inequalities through a surface into a space in which there are inequalities. 
(Art. 270.) 

Proof that metallic reflection results from the relative smallness of the 
dimensions of the molecules compared with the wave-length, and the close- 
ness of their piling, when the waves pass from a space without inequalities 
across the surfiEice beyond which the inequalities are in closest order. 
(Art. 270.) 

Proof that the aberration of light results from the absence of any 
appreciable resistance to the motion of the medium when passing through 
matter. (Art. 271.) 
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